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Abstract. The linear-quadratic (LQ) optimal problem based on dynamic compensation
is considered for a general quadratic performance index in this paper. First, it is shown
that there exists a dynamic compensator with a proper dynamic order such that the closed-
loop system is asymptotically stable and its associated Lyapunov equation has a symmetric
positive-definite solution. Then, the quadratic performance index is derived to be a simple
expression related to the symmetric positive-definite solution and the initial value of the
closed-loop system. In order to solve the optimal control problem for the system, the
proposed Lyapunov equation is transformed into a Bilinear Matrix Inequality (BMI) and
a corresponding path-following algorithm to minimize the quadratic performance index
is proposed in which an optimal dynamic compensator can be obtained. Finally, several
numerical examples are provided to demonstrate the effectiveness and feasibility of the
proposed approach.
Keywords: Optimal control, Dynamic compensation, Linear system, Path-following
algorithm, Bilinear matrix inequality (BMI)

1. Introduction. Optimal control theory has attracted considerable attention for many
years owing to its comprehensive practical applications. Many fruitful results have been
achieved for the linear-quadratic (LQ) optimal control problem, which is for normal linear
systems [1-12] and discrete-time stochastic linear systems [13]. Most of the results are
focused on state feedback control and output feedback control. For some types of systems,
it is not possible or economically feasible to measure all state variables in applications,
so the designer wants to control the system based on directly observed outputs of the
system, like static output feedback [5] or dynamic compensation [6,7]. In [5], an algebraic
necessary condition for minimizing the performance index is given and an algorithm for
computing optimal feedback gain is presented. In [6], the optimal control problem by the
dynamic compensator with fixed dimension is also considered. [7] has studied the design
method of a dynamic compensator only associated with the derivatives of the output
signals. Moreover, [8] has given a survey of static output feedback control problems
and presented that the dynamic compensator can be brought back to the static output
feedback case, and provided some useful methods for the research of this paper. Also
some researchers have studied the relationship between state feedback control and static
output feedback control, and the optimal output feedback control law is derived from the
corresponding state feedback problem, see [9-12].
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As we know, the LQ optimal control problem can be transformed into a problem of
solving Riccati equations/inequalities, and there have been some algorithms to solve these
nonlinear matrix equations/inequalities. [5,6] have given an algorithm, named Levine-
Athans algorithm, for solving algebraic Riccati equation. [14-16] have introduced some
iterative algorithms for solving matrix equations. [17,18] have proposed a simple matrix
transformation for turning Nonlinear Matrix Inequatility (NLMI) to Linear Matrix In-
equatility (LMI), while [19-22] have investigated how to convert BMI problem into an
iterative LMI algorithm. However, these algorithms cannot be applied directly to solve
the LQ optimal problem based on dynamic compensation. Among these algorithms, path-
following algorithm [22] is verified to be much more effective since it is to linearize the
BMI using a first order perturbation approximation and then iteratively compute a per-
turbation that “slightly” improves the controller performance by solving a semidefinite
program (SDP). It is easy to implement in control theory and engineering.
Dynamic compensation plays an indispensable role in controller design, since static

output feedback may not be able to stabilize the system in some cases even if the system is
controllable and observable; however, such stabilization problem can be solved by dynamic
compensation with same conditions. Furthermore, dynamic compensation has already
been applied in H∞ control [23], quadratic zero-sum game [24] and so on. LQ optimal
control problem based on dynamic compensation, which represents a promising research
area, is not well studied yet. So in this paper, we will present the LQ optimal problem for
a general quadratic performance index based on dynamic compensation. First, we will
show that there exists a dynamic compensator with a proper dynamic order such that the
closed-loop system is asymptotically stable, and its associated Lyapunov equation has a
symmetric positive-definite solution. Then, the given quadratic performance index can be
derived to be a simple expression related to the solution of the Lyapunov equation and
the initial value of the closed-loop system. An iterative algorithm is proposed in the light
of the path-following algorithm to solve the optimization problem for the given quadratic
performance index. By applying this algorithm, we can achieve an optimal dynamic
compensator and the minimum value of the quadratic performance index. Finally, several
numerical examples are provided to demonstrate the effectiveness and feasibility of the
proposed approach.

2. Problem Statement and Preliminaries. Consider the following linear time-invar-
iant system {

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t)
x(0) = x0

(1)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector, y(t) ∈ Rr is the output
vector, A ∈ Rn×n, B ∈ Rn×m and C ∈ Rr×n are constant matrices. We assume that the
realization {A,B,C} is both controllable and observable.
Consider the following performance index with the linear quadratic form

J =
1

2

∫ ∞

0

[
xT(t)Qx(t) + uT(t)Ru(t)

]
dt (2)

where Q ∈ Rn×n and R ∈ Rr×r are weight matrices which are symmetric and positive-
definite.
For the system (1), we consider the dynamic compensator{

ẋc(t) = Acxc(t) +Bcy(t)
u(t) = Ccxc(t) +Dcy(t)
xc(0) = xc0

(3)
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where xc(t) ∈ Rl (l ≤ n) is the state vector of the compensator, Ac ∈ Rl×l, Bc ∈ Rl×r,
Cc ∈ Rm×l and Dc ∈ Rm×r are matrices of the dynamic compensator which are to be
determined.

The purpose of this paper is to design dynamic compensator (3) with proper dynamic
order l for the system (1) such that the closed-loop systems is asymptotically stable and
the linear quadratic performance index (2) is minimized.

Remark 2.1. The literature [6] considered the compensator (3) but the quadratic perfor-
mance index is special and the given algorithm is not suitable to solve the LQ optimal
problem of this paper. [7] used the performance index (2) but the dynamic compensator is
only associated with the derivative of the output signals and the obtained performance in-
dex is inferior to the performance index based on state feedback. So the problem considered
in this paper is more general.

3. Main Results.

3.1. Optimal control based on dynamic compensation. The resultant closed-loop
system from system (1) and its dynamic compensator (3) is

ξ̇(t) =

[
A+BDcC BCc

BcC Ac

]
ξ(t) (4)

where

ξ(t) =

[
x(t)
xc(t)

]
.

We define

Ā :=

[
A+BDcC BCc

BcC Ac

]
and let

Â =

[
A 0
0 0

]
, B̂ =

[
B 0
0 I

]
, Ĉ =

[
C 0
0 I

]
, K =

[
Dc Cc

Bc Ac

]
and Ā = Â+ B̂KĈ, then the closed-loop system with a dynamic compensator of order l
can be written as a static output feedback controller structure.

Here, the quadratic performance index (2) is described by

J =
1

2

∫ ∞

0

[
ξT(t)Q̄ξ(t)

]
dt (5)

where

Q̄ = Q̂+ ĈTKTR̂KĈ, Q̂ =

[
Q 0
0 0

]
, R̂ =

[
R 0
0 0

]
.

Remark 3.1. Applying Q̂, R̂, K and C to Q̄, we obtain

Q̄ =

[
Q+ CTDT

c RDcC CTDT
c RCc

CT
c RDcC CT

c RCc

]
.

Apparently, Q̄ is symmetric and positive-semidefinite.

Lemma 3.1. [8] Let the time-invariant system be defined as in (1), there exists dynamic
compensator (3) with dynamic order l ≥ n−max{m, r}, such that the closed-loop system
(4) is asymptotically stable.

The next result characterizes linear quadratic optimal control in terms of Lyapunov
equation of the closed-loop system (4).
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Theorem 3.1. Consider the time-invariant system (1), if there exists a dynamic com-
pensator (3) with dynamic order l ≥ n−max{m, r} such that the closed-loop system (4)
is asymptotically stable and Q̄ > 0. Then the following Lyapunov Equation (6)

ĀTP + PĀ+ Q̄ = 0 (6)

has symmetric positive-definite solution P , and the performance index J = 1
2
ξT (0)Pξ(0).

Proof: From Lemma 3.1 we know that there exists dynamic compensator (3) with
order l ≥ n − max{m, r} such that the closed-loop system (4) is asymptotically stable
and the Lyapunov Equation (6) has the symmetric positive-definite solution P since Ā is
stable and Q̄ > 0. So we choose a Lyapunov function as

V (ξ, t) = ξT(t)Pξ(t) > 0. (7)

It is obvious that V (ξ, t) is positive-definite, and the time-derivative of V (ξ, t) along the
solution of (4) is given by

V̇ (ξ, t) = 2ξ̇T(t)Pξ(t) = ξT
[
ĀTP + PĀ

]
ξ(t). (8)

Then from (6),

V̇ (ξ, t) = −ξT(t)Q̄ξ(t) (9)

is negative-definite. From (7) and (9), we obtain

ξT(t)Q̄ξ(t) = − d

dt

[
ξT(t)Pξ(t)

]
. (10)

Substituting (10) into (5),

J =
1

2

∫ ∞

0

ξT(t)Q̄ξ(t)dt = −1

2
ξT(t)Pξ(t)

∣∣∣∞
0

= −1

2
ξT(∞)Pξ(∞) +

1

2
ξT(0)Pξ(0). (11)

Because the poles of the closed-loop system are in the open left-half-plane, Re[λ(Ā)] < 0
and ξ(∞) → 0, the following (12) can be obtained.

J =
1

2
ξT(0)Pξ(0). (12)

The matrix P is the solution of the Lyapunov Equation (6).
In order to obtain the optimal performance index, we should solve the minimization

problem described by

min J = 1
2
ξT(0)Pξ(0),

s.t.

{
ĀTP + PĀ+ Q̄ = 0,
P > 0, Q̄ > 0.

(13)

In next section, we will give an iterative algorithm based on the path-following method
[22] to solve the problem (13). The algorithm demonstrates to be promising.

3.2. Solution of the minimization problem. In order to solve that Lyapunov equation
conveniently, we should add a small positive slack factor ε1 > 0 and transform that
Lyapunov Equation (6) into the following inequality∣∣ĀTP + PĀ+ Q̄

∣∣ < ε1I (14)

where I is an identity matrix, which has the same dimension as of Ā, and |X| < ε1I is
interpreted as −ε1I < X < ε1I.
Equation (14) represents

ĀTP + PĀ+ Q̄ = M
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where |M | < ε1. That is

ĀTP + PĀ+ Q̄−M = 0.

Let Q̄approx = Q̄−M , then Q̄ = Q̄approx +M , the corresponding performance index is

2J =

∫ ∞

0

ξT(t)
(
Q̄approx +M

)
ξ(t)dt = ξT(0)(Papprox +M)ξ(0) ≈ ξT(0)Papproxξ(0).

So, by adding a small positive slack factor ε1 > 0 to transform Equation (6) into
inequality (14), one can see that the performance index is approximately obtained. If ε1
is small enough, then the approximation is the performance index to be expected.

As K in Ā and P are both unknown matrix variables, the inequality (14) is actually
BMI, which cannot be solved directly by LMI. In the following, we present a path-following
method for solving BMI (14). In fact, this BMI is linearized by using a perturbation
approximation, and then it becomes a LMI. The detailed algorithm is as follows.

Algorithm 3.1

• Step 1: Let j = 1. Select an initial feedback gain Kj satisfying that Ā is stable.
• Step 2: Solve the following LMI problem

min Jj = ξT0 Pjξ0,

s.t.


|(Â+ B̂KjĈ)TPj + Pj(Â+ B̂KjĈ)

+Q̂+ ĈTKT
j R̂KjĈ| < ε1I,

Pj > 0.

(15)

We obtain Pj and Jj. If this LMI optimal problem has solution go to Step 3.
Otherwise, go to Step 1.

• Step 3: Substituting Pj = Pj+δP , Kj = Kj+δK into (15), one can assume that δP
and δK are small and therefore by neglecting the second order terms we can obtain
the following optimization problem:

min δJ = ξT0 δPξ0,

s.t.



|ÂTPj + PjÂ+ PjB̂KjĈ + ĈTKT
j B̂

TPj

+PjB̂δKĈ + ĈTδKTB̂TPj + δP Â+ ÂTδP

+δP B̂KjĈ + ĈTKT
j B̂

TδP + Q̂

+ĈTKT
j R̂KjĈ + ĈTKT

j R̂δKĈ

+ĈTδKTR̂KjĈ| < ε2I.

(16)

Note that the constraints of δP and δK are

|δP | < I, (17)

δKTδK < I. (18)

Suppose that ε2 is a small positive scalar, then we can obtain δP and δK. If this
LMI problem has a solution, go to Step 4. Otherwise, go to Step 1.

• Step 4: Let j = j + 1, Pj = Pj−1 + δP , Kj = Kj−1 + δK, compute Jj =
1
2
ξT0 Pjξ0. If

Jj < Jj−1, Jj−1 − Jj > ε3 and j < N (ε3 is a given small positive scalar, N is the
upper bound for the iteration number), then go back to Step 2. Otherwise, stop.
Then the optimal performance index is obtained.

This iterative algorithm ends until a desired performance is achieved, or the performance
cannot be improved further. The choice of initial values ofK1 is important for convergence
to an acceptable solution [22]. The numerical examples are shown that as long as we can
find a K1 such that the closed-loop system is asymptotically stable, we conclude that K1
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can be adjusted iteratively using the free variable δK and the optimal performance index
J can be obtained accordingly.
The algorithm above can also be applied to solve the problem of optimal control based

on static output feedback by solving the BMI. Compared with results in the existing
literatures, the proposed method is more general. The numerical examples in next section
demonstrate the effectiveness of the proposed approach.

4. Numerical Examples. Since the performance index is related to the initial value
of the closed-loop system, we set xc0 = 0 in the following examples so as to obtain the
minimal index for convenient comparisons.

Example 4.1. [4] Consider a linear system (1) and its quadratic performance index (2)
with the the following given parameters

A =

[
0 1
0 −1

]
, B =

[
0
1

]
, C =

[
1 0

]
, Q =

[
1 0
0 1

]
,

R = 1, and the initial value of the state vectors x (0) =
[
1 0

]T
.

(1) We first design a state feedback controller:

u(t) = Kx(t) (19)

where K is the state feedback controller gain.
Using the lqr() function in MATLAB, we can obtain the optimal controller gain K =

[−1 −1] and the minimal performance index J∗ = 1. The trajectories of the state vectors
are shown in Figure 1.
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Figure 1. Optimal state curves of state feedback
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(2) Secondly, we design a static output feedback controller:

u(t) = Ky(t) (20)

where K is the static output feedback controller gain.
In [4], one can obtain the optimal controller gain K = −0.565 and the minimal perfor-

mance index J∗ = 1.0548. Now simulation curves of the state vectors are shown in Figure
2.
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Figure 2. Optimal state curves of static output feedback

(3) Finally, we design a dynamic compensator (3) with first order, that is xc(t) ∈ R1.
In light of Algorithm 3.1 and MATLAB LMI Toolbox, we can obtain the optimal dynamic
compensator.

Let

K1 =

[
−3 1
1 −7

]
,

after 34 steps iteration, we can obtain the optimal controller gain

K =

[
−1.3667 1.3833
3.7448 −6.7164

]
and the minimal performance index J∗ = 0.8219. Now the trajectories of the state vectors
are shown in Figure 3.

Example 4.2. [10] Consider a linear system (1) and its quadratic performance index (2)
with the the following given parameters

A =

[
0 1
−1 0

]
, B =

[
0
1

]
, C =

[
1 0

]
, Q =

[
1 0
0 1

]
,
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Figure 3. Optimal state curves of dynamic compensator

R = 1, and the initial value of the state vectors is a random vector with E{ξ(0)ξ(0)T} = I.

We first design a state feedback controller (19). By using lqr() function in MATLAB,
we can obtain the optimal controller gain K = [−0.4142 − 1.3522] and the minimal
performance index J∗ = 1.6323.
[10] claimed that it can be easily verified that this system cannot even be stabilized by

linear static output feedback control, and hence it does not admit a LQ optimal output
feedback. Compared with [10], designing a dynamic compensator with order one, we will
obtain the optimal controller gain as follows:

K =

[
0.1815 0.1446
3.9474 −0.8421

]
and the minimal performance index is J∗ = 1.3670. It is smaller than the performance
index based on optimal state feedback.

Example 4.3. [11] Consider a linear system (1) and its quadratic performance index (2)
with the the following given parameters

A =

[
0 1
−1 0

]
, B =

[
0
1

]
, C =

[
1 1

]
, Q =

[
1 0
0 1

]
,

R = 1, and the initial value of the state vectors is a random vector with E{ξ(0)ξ(0)T} = I.

In [11], one can easily obtain the optimal state feedback controller gain is K = [−0.4142
−1.3522], and the minimal performance index is J∗ = 1.6323. Moreover, one can find an
unique static output feedback gain K = −1.1877 such that J = 1.9789 is minimized.
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Designing a dynamic compensator with order one, we will achieve the optimal controller
gain is

K =

[
−1.1217 0.0320
−0.3557 −1.0408

]
and the minimal performance index is J∗ = 1.4230. It is smaller than the performance
index based on state feedback case and static output feedback.

Example 4.4. Consider a linear system (1) and a quadratic performance index (2) with
the following parameters

A =

 0 1 0
0 0 1
1 −1 0

 , B =

 0
0
1

 , C =
[
1 0 0

]
, Q =

 1 0 0
0 1 0
0 0 1

 ,

R = 1, and the initial value of the state vectors x (0) =
[
1 0 1

]T
.

(1) Similarly, we first design state feedback controller (19). By using the lqr() function
in Matlab, we can obtain the optimal controller gain

K = [−2.4142 − 1.8521 − 2.1689]

and the minimal performance index J∗ = 12.0309.
Although this system is controllable and observable, one can verify that this system

can not be stabilized by a static output feedback as well as by the first order dynamic
compensator. From [8], we know that dynamic compensator with the order l ≥ n −
max{m, r} can make the system stable theoretically, so we design dynamic compensator
with order two.

(2) We then design a dynamic compensator (3). For the controller with second order,
that is xc(t) ∈ R2. In light of Algorithm 3.1 and MATLAB LMI Toolbox, we can obtain
the optimal dynamic compensator.

Let

K1 =

 −1.1 0 −1
−1 −1 −0.5
−0.1 −0.3 −0.5

 ,

after 3 steps iteration, we can obtain the optimal controller gain

K =

 −1.2049 −0.2782 −1.1769
−1.1769 −0.7623 −0.4556
−0.0770 −0.4207 −0.7704


and the minimal performance index J∗ = 5.0144.

Example 4.5. Consider a linear system (1) and a quadratic performance index (2) with
the following parameters

A =

 −2 −2.5 −0.5
1 0 0
0 1 0

 , B =

 1
0
0

 , C =
[
0 1.5 1

]
, Q =

 1 0 0
0 1 0
0 0 1

 ,

R = 1, and the initial value of the state vectors x (0) =
[
1 0 2

]T
.

If K = 0, we can obtain the performance index J∗ = 18.4444.
(1) We first design a state feedback controller (19). By using lqr() function in MATLAB,

we can obtain the optimal controller gain

K = [−0.5761 − 0.8182 − 0.6180]

and the minimal performance index J∗ = 6.4438.



3752 G. ZHANG, L. LIU AND W. LIU

(2) We then design static output feedback controller (20). By implementing Algorithm
3.1, we can obtain the optimal feedback controller by MATLAB LMI Toolbox.
Let K1 = −1, after 43 steps iteration, we can obtain the optimal controller gain K =

−0.5399 and the minimal performance index J∗ = 6.5517.
(3) Finally, we design a dynamic compensator (3). For the controller with first order,

that is xc(t) ∈ R1. In light of Algorithm 3.1 and MATLAB LMI Toolbox, we can obtain
the optimal dynamic compensator.
Let

K1 =

[
−0.9501 0.6068
0.2311 −0.4860

]
,

after 4 steps iteration, we obtain the optimal controller gain

K =

[
−0.5713 0.4997
1.2157 −0.5463

]
and the minimal performance index J∗ = 2.1578.
Proceeding in this way, for the controller with second order, we can obtain the optimal

dynamic compensator.
Let

K1 =

 −1.5495 3.0845 0.3377
0.0872 −0.1524 1.2497
−0.4150 −0.9583 −0.9734

 ,

after 10 steps iteration, we can obtain the optimal controller gain

K =

 −0.8355 2.6966 1.0080
−0.0554 −0.5650 2.1049
0.3623 −0.9350 −0.9440


and the minimal performance index J∗ = 1.6511.
For the controller with third order, we can obtain the optimal dynamic compensator.
Let

K1 =


−1.2 2 1.5 −0.5
0.5 −1 1.24 −0.6
−0.1 −1.4 −0.97 0.01
0.1 2.5 1.5 −1

 ,

after 8 steps iteration, we can obtain the optimal controller gain

K =


−0.3958 1.8714 2.2275 −0.4953
0.4773 0.3807 1.4127 −0.8622
−0.0614 −0.3818 −0.8328 −0.0580
−0.5852 3.0625 2.6635 −1.1452


and the minimal performance index J∗ = 0.6730.
We can also design a controller with fourth order, and the minimal performance index

can be obtained, that is J∗ = 0.0811.

Remark 4.1. The comparisons of the performance indices under different controllers are
shown in Table 1.

Remark 4.2. From the performance indices of feedback forms with different orders, we
find that the dynamic compensator with higher order can achieve smaller performance
index. So we conjecture that the performance index will approach to zero with the increase
of the compensator’s dynamic order if the system is controllable and observable.
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Table 1. Performance index comparison

Examples Controller form Index

Example 4.1

State Feedback 1.0000
Static Output Feedback 1.0875
Dynamic Compensator with order 1 0.8219

Example 4.2
State Feedback 1.6323
Dynamic Compensator with order 1 1.3670

Example 4.3
State Feedback 1.6323
Static Output Feedback 1.9787
Dynamic Compensator with order 1 1.4230

Example 4.4
State Feedback 12.0309
Dynamic Compensator with order 2 5.0144

Example 4.5

Uncontrolled 18.4444
State Feedback 6.4438
Static Output Feedback 6.5517
Dynamic Compensator with order 1 2.1578
Dynamic Compensator with order 2 1.6511
Dynamic Compensator with order 3 0.6730
Dynamic Compensator with order 4 0.0811

Remark 4.3. Although the linear quadratic optimal control with higher order compen-
sator can achieve better performance, the dynamic compensator with lower order can be
implemented easily and economically. So in engineering practice, one needs to consider
the trade-off between the performance index and the order of the compensator to reach a
balance.

5. Conclusions. In this paper, we have considered the optimal control problem in terms
of dynamic compensation for linear system with a general quadratic performance index.
It is shown that if there exists a dynamic compensator with proper dynamic order such
that the closed-loop system is asymptotically stable, then a Lyapunov equation has a
symmetric positive-definite solution and the given quadratic performance index can be
expressed as a simple form. By transforming the Lyapunov equation into a BMI, a
new algorithm has further been proposed in terms of path-following algorithm, then the
optimal dynamic compensator and the minimum value of the quadratic performance index
can be obtained by MATLAB LMI Toolbox. Finally, several numerical examples are given
to show that dynamic compensators with higher order can achieve better performance by
comparison of the quadratic performance indices.
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