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Abstract. A class of partial differential-integral equation systems is derived in oper-
ations research including queueing theory, inventory and reliability. The existence and
uniqueness for solutions of the class of equation systems have not been investigated yet.
In this paper, we present a solution to the class of partial differential-integral equation
system via the Markov skeleton process theory and then obtain the existence of the solu-
tions to such equation systems. Furthermore, we prove that the solution is the minimal
nonnegative solution of a linear equation system.
Keywords: Markov skeleton process, Partial differential-integral equation system, Queue-
ing model, Minimal nonnegative solution

1. Introduction. In the course of solving stochastic models by the density evolution
method, the partial differential-integral equation systems (partial differential equation
systems with integral terms) are usually built to characterize the evolutionary behavior of
stochastic models. Thus, a large number of partial differential-integral equation systems
emerge in the literature of queueing theory, inventory theory and reliability theory.

Example 1.1. Consider a two-unit parallel reliability model. Suppose the system is com-
posed of two different units and a repairman. The system is in work state if two units
work or one works and the other fails. The system is in failure state only if both of the two
units fail. If one unit breaks down, the repairman will repair the failed unit immediately.
Suppose the lifetime and repairing time are independent random variables with the density
functions fi(x) and gi(x), i = 1, 2, respectively and

Fi(x) =

∫ x

0

fi(t)dt, Gi(x) =

∫ x

0

gi(t)dt, i = 1, 2.

Let

L(t) =


0, if two units work at the time t,
1, if unit 1 is being repaired and unit 2 works at the time t,
2, if unit 2 is being repaired and unit 1 works at the time t,
3, if unit 1 is being repaired and unit 2 is to be repaired at the time t,
4, if unit 2 is being repaired and unit 1 is to be repaired at the time t,
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Xi(t) =

 the elapsed continuous working time for unit i up to the time t
if unit i is working at the time t,

if unit i is being repaired at the time t,

and

Yi(t) =

 the elapsed repairing time for unit i in the time t
if unit i is being repaired at the time t,

if unit i is working at the time t.

Clearly, {(L(t), X1(t), X2(t), Y1(t), Y2(t))} is a continuous-time Markov process.
Let

P0(t, x1, x2)△x1△x2 = P (L(t) = 0, x1 < X1(t) ≤ x1 +△x1, x2 < X2(t) ≤ x2 +△x2),

P1(t, x2, y1)△x2△y1 = P (L(t) = 1, x2 < X2(t) ≤ x2 +△x2, y1 < Y1(t) ≤ y1 +△y1),

P2(t, x1, y2)△x1△y2 = P (L(t) = 2, x1 < X1(t) ≤ x1 +△x1, y2 < Y2(t) ≤ y2 +△y2),

P3(t, y1)△y1 = P (L(t) = 3, y1 < Y1(t) ≤ y1 +△y1),

P4(t, y2)△y2 = P (L(t) = 4, y2 < Y2(t) ≤ y2 +△y2),

λi(x) =
fi(x)

1− Fi(x)
, µi(y) =

gi(y)

1−Gi(y)
.

[1, Section 5.3.2] provided that {Pi(·, ·, ·), i = 0, 1, 2, 3, 4} satisfies the following partial
differential-integral equations:(

∂

∂t
+

∂

∂x1

+
∂

∂x2

)
P0(t, x1, x2)

= (λ1(x1) + λ2(x2))P0(t, x1, x2)

+

∫ ∞

0

P1(t, x2, y1)µ1(y1)dy1 +

∫ ∞

0

P2(t, x1, y1)µ2(y2)dy2,[
∂

∂t
+

∂

∂y1
+

∂

∂x2

+ λ2(x2) + µ1(y1)

]
P1(t, x2, y1) = 0,[

∂

∂t
+

∂

∂x1

+
∂

∂y2
+ λ1(x1) + µ2(y2)

]
P2(t, x1, y2) = 0,[

∂

∂t
+

∂

∂y1
+ µ1(y1)

]
P3(t, y1) =

∫ ∞

0

λ2(x2)P1(t, x2, y1)dx2,[
∂

∂t
+

∂

∂y2
+ µ2(y2)

]
P4(t, y2) =

∫ ∞

0

λ1(x1)P2(t, x1, y2)dx1.

The boundary conditions are

P0(t, 0, x2) =

∫ ∞

0

P1(t, x2, y1)µ1(y1)dy1,

P0(t, x1, 0) =

∫ ∞

0

P2(t, x1, y2)µ2(y2)dy2,

P1(t, x2, 0) =

∫ ∞

0

P0(t, x1, x2)λ1(x1)dx1,

P2(t, x2, 0) =

∫ ∞

0

P0(t, x1, x2)λ2(x2)dx2,

P1(t, 0, y1) = 0, P2(t, 0, y2) = 0,

P3(t, 0) = 0, P4(t, 0) = 0.
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The regular conditions are
∞∫
0

∞∫
0

P0(t, x1, x2)dx1dx2 +

∞∫
0

∞∫
0

P1(t, x2, y1)dx2dy1 +

∞∫
0

∞∫
0

P2(t, x1, y2)dx1dy2

+

∞∫
0

P3(t, y1)dy1 +

∞∫
0

P4(t, y2)dy2 = 1.

The initial conditions are

P0(t, x1, x2) = δ(x1)δ(x2),
P1(0, x2, y1) = 0, P2(0, x1, y2) = 0,
P3(0, y1) = 0, P4(0, y2) = 0,

where δ(t) is the Dirac generalized function.

Example 1.2. In the course of solving the Frac/G/1 queueing system, the following
partial differential-integral equations are obtained (see [2]):(

∂

∂t
+

∂

∂u

)
P0,x(u, v, t) = −λ(u)P0,x(u, v, t) +

∫ ∞

0

P1,x(u, v, t)µ(v)dv,(
∂

∂t
+

∂

∂u
+

∂

∂v

)
Pi,x(u, v, t) = −[λ(u)− µ(v)]Pi,x(u, v, t).

The boundary conditions are

P0,x(0, v, t) = 0,

Pi,x(0, v, t) = IA(x)

∫ ∞

0

Pi−1,f−1(x)(u, v, t)λ(u)du

+[1− IA(x)]

∫ ∞

0

Pi,f−1(x)(u, v, t)λ(u)du, (i = 1, 2, . . . , v > 0).

The initial conditions are

P0,x(u, v, 0) = δ(u− θ1(0)),

Pi,x(u, v, 0) = δL(0),iδx,x(0)δ(u− θ1(0))δ(v − θ2(0)), (i = 1, 2, . . . , u, v > 0),

Pi,x(u, v, 0) =

∫ ∞

0

Pi−1,x(u, v, t)µ(v)dv, (i = 0, 1, 2, . . .),

where f is a map without fixed point, and λ, µ are given functions.

Example 1.3. Consider a problem of the large-project completion time [3]. By the similar
derivation as [1, 2], this problem can be reduced to solve a partial differential-integral
equation system. For the example in [3], we can obtain an equation system including
seventeen equations. Due to limitation of the page space, we will not list the equation
system here.

Is the class of partial differential-integral equation systems able to be solved? For
the special cases (e.g., in Example 1.1, either (or both) of lifetime and repairing time of
units are exponentially distributed), the analytic solution may be obtained by Laplace
transform. However, for the general cases, it is hard to solve the equation systems; one
of the main difficulty is that there exist the integral terms in the equation systems. In
this paper, we will demonstrate an approach based on the Markov skeleton process theory
for solving this class of partial differential-integral equation systems by investigating two
typical equation systems.
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Markov skeleton processes (MSP), first introduced by Hou, Liu and Zou ([4, 5]) in
1997, include many important processes such as Davas’s “piecewise-deterministic Markov
processes” and processes in GI/G/1 queues. The class of processes has demonstrated its
usefulness in many fields of application including queueing theory, inventory, reliability
and risk theory.
For the class of partial differential-integral equation system mentioned above, by the

MSP theory we solve a practical model from which the equation system is derived, and
then obtain a solution of the equation system through some deductions. The main char-
acter of the approach and results in this paper is as follows. (1) The MSP approach used
in the paper can deal with more general models. The previous methods, e.g., density
evolution methods, need to assume the distribution functions of (random) variables in
the models are absolutely continuous at most time, while the MSP approach can work for
the model without the assumption. (2) Solving process is comparably simple for tackling
models via the MSP approach. From the density evolution method, solving the practical
model is reduced to solve a class of partial differential-integral equation systems. To our
best knowledge, the class of equation systems are difficult to tackle and the related results
are rare. In contrast, for the MSP approach, we only need to deal with a system of linear
equations; by the theory of minimal nonnegative solutions, we can give the approximated
minimal solutions by zero-initial-value iteration. (3) By the MSP theory, we can obtain
a solution of the partial differential-integral equation system derived from the density
evolution method. More importantly, our providing solution is constructive, which can
be given by iteration.
The remainder of this paper is organized as follows. In Section 2, we introduce MSPs

and provide their basic properties. In Section 3, we discuss the partial differential-integral
equation system derived from the GI/G/1/N queueing system. In Section 4, we discuss the
partial differential-integral equation system, which is composed of denumerable equations,
derived from the GI/G/1 queueing system. In Section 5, we give a summary of the paper.

2. Markov Skeleton Processes. In this section, we introduce Markov Skeleton Pro-
cesses (MSPs), and present some basic properties of MSPs (see [5] for more details of
MSPs).
Let (E, E) be a measurable space. Let X = {X(t, ω), 0 ≤ t < ∞} be a right continuous

stochastic process defined on a completed probability space (Ω,F , P ) taking values in
(E, E), and {FX

t , t ≥ 0} be the natural flow of σ-algebras generated by X. Let θt be a
shift operator:

(θtw)s = wt+s, (ws)s≥0 ∈ Ω.

Definition 2.1. A stochastic process X = {X(t, ω), 0 ≤ t < ∞} is called a Markov skele-
ton process (MSP) if there exists a sequence of stopping times {τn}n≥0, satisfying
(C1) τ0 = 0, τn < ∞ (n ≥ 1), τn ↑ ∞;
(C2) for all n = 0, 1, · · · , we have τn+1 = τn + θτnτ1;
(C3) for each τn and any bounded E [0,∞)-measurable f defined on E[0,∞),

E
[
f(X(τn + ·))|FX

τn

]
= E [f(X(τn + ·))|X(τn)] , a.s.,

where FX
τn = {A : ∀t ≥ 0, A ∩ (ω : τn ≤ t) ∈ FX

t } is a σ−algebra on Ω. {τn}∞n=0 is called
the skeleton time sequence of X.

Let
p(x, t, A) = P{X(t) ∈ A | X(0) = x},
h(x, t, A) = P{X(t) ∈ A, t ≤ τ1 | X(0) = x},
q⟨n⟩(x, t, A) = P{X(τn) ∈ A, τn ≤ t | X(0) = x},
q⟨n⟩(x, ds, dy) = P{X(τn) ∈ dy, τn ∈ ds | X(0) = x},
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q(x, t, A) = q⟨1⟩(x, t, A), q(x, ds, dy) = q⟨1⟩(x, ds, dy).

Theorem 2.1. Suppose X = {X(t), t ≥ 0} is a MSP with the skeleton time sequence
{τn}∞n=0. Then, for any x ∈ E, t ≥ 0, A ∈ E ,

p(x, t, A) = h(x, t, A) +

∫
E

∫ t

0

(
∞∑
n=1

q⟨n⟩(x, ds, dy)

)
h(y, t− s, A). (2.1)

Thus, {p(x, t, A)} is a minimal non-negative solution to the following non-negative equa-
tion system:

p(x, t, A) = h(x, t, A) +

∫
E

∫ t

0

q(x, ds, dy)p(y, t− s, A), x ∈ E, t ≥ 0, A ∈ E . (2.2)

Proof: For any x ∈ E, t ≥ 0, A ∈ E , n ∈ Z+,

P (X(t) ∈ A, τn ≤ t < τn+1|X(0) = x)

=

∫
E

∫ t

0

P (X(t) ∈ A, τn ≤ t < τn+1|X(τn) = y, τn = s,X(0) = x)

·P (X(τn) ∈ dy, τn ∈ ds|X(0) = x)

=

∫
E

∫ t

0

P (X(t− s+ τn) ∈ A, t− s < θτn · τ1|X(τn) = y, τn = s,X(0) = x)

·q<n>(x, ds, dy).

From this, it follows that X = {X(t), t ≥ 0} is of the Markov property at τn. Thus, we
immediately get

P (X(t− s+ τn) ∈ A, t− s < θτn · τ1|X(τn) = y, τn = s,X(0) = x)

= P (X(t− s) ∈ A, t− s < τ1|X(0) = y) = h(y, t− s, A).

Then, we have

P (X(t) ∈ A, τn ≤ t < τn+1|X(0) = x) =

∫
E

∫ t

0

q⟨n⟩(x, ds, dy)h(y, t− s, A).

Therefore,

P (x, t, A) = P (X(t) ∈ A|X(0) = x)

= P (X(t) ∈ A, t < τ1|X(0) = x) +
∞∑
n=1

P (X(t) ∈ A, τn ≤ t < τn+1|X(0) = x)

= h(x, t, A) +

∫
E

∫ t

0

∞∑
n=1

q⟨n⟩(x, ds, dy)h(y, t− s, A).

Namely, {p(x, t, A); t ≥ 0, x ∈ E} satisfies Equation (2.1). By Theorem A.2, {p(x, t, A)}
is the minimal nonnegative solution of the equation system (2.2). �

The equation system (2.2) is called the backward equation system of the MSP {X(t), t ≥
0}. Noting that (2.2) is a nonnegative linear equation system, from the theory of minimal
nonnegative solutions (see Appendix), the approximated minimal solution of (2.2) can be
given by zero-initial-value iteration.
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3. The Partial Differential-Integral Equation System Derived from GI/G/1/N
Queueing System. Consider a single-server queueing system, wherein the inter-arrival
times and service times are independent and identically distributed random variables,
where their density functions are a(x) and b(x), respectively, and their distribution func-
tions are A(x) =

∫ x

0
a(t)dt and B(x) =

∫ x

0
b(t)dt, respectively. Assume that the buffer

capacity for waiting custumers is N − 1 (i.e., the maximum number of units allowed in
the system is N). Then, a GI/G/1/N queueing system is defined.
Let L(t) denote the length of GI/G/1/N queue (i.e., the number of customers in the

queue at the time t including the customers being served); let X(t) denote the interval
between the time t and the arrival time of last customer before the time t; let Y (t) denote
the elapsed service time for the customer currently in service at the time t. Obviously,
{(L(t), X(t), Y (t))} is a continuous-time Markov process. Let

P0(t, x)△x = P (L(t) = 0, x < X(t) ≤ x+△x),

Pn(t, x, y)△x△y = P (L(t) = n, x < X(t) ≤ x+△x, y < Y (t) ≤ y +△y),

1 ≤ n ≤ N,

λ(x) =
a(x)

1− A(x)
, µ(y) =

b(y)

1−B(y)
.

[9, Section 7.2] proved Pn(· · · ) satisfied the following partial differential-integral equation
system: [

∂

∂t
+

∂

∂x
+ λ(x)

]
P0(t, x) =

∫ ∞

0

P1(t, x, y)µ(y)dy,[
∂

∂t
+

∂

∂x
+

∂

∂y
+ λ(x) + µ(y)

]
Pn(t, x, y) = 0, (1 ≤ n ≤ N − 1),[

∂

∂t
+

∂

∂x
+

∂

∂y
+ µ(y)

]
PN(t, x, y) = 0.

The boundary conditions are

Pn(t, x, 0) =

∫ ∞

0

Pn+1(t, x, y)µ(y)dy, 1 ≤ n ≤ N − 1,

Pn(t, 0, y) =

∫ ∞

0

Pn−1(t, x, y)λ(x)dx, 2 ≤ n ≤ N − 1,

P0(t, 0) = 0,

PN(t, x, 0) = 0,

P1(t, 0, 0) =

∫ ∞

0

P0(t, x)λ(x)dx,

PN(t, 0, y) =

∫ ∞

0

PN−1(t, x, y)λ(x)dx+

∫ ∞

0

PN(t, x, y)λ(x)dx.

The regular conditions are∫ ∞

0

P0(t, x)dx+
N∑

n=1

∫ ∞

0

∫ ∞

0

Pn(t, x, y)dxdy = 1.

The initial conditions are

Pn(0, x, y) = δnn0δ(x− x0)δ(y − y0),

P0(0, x) = δ0n0δ(x− x0),
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where δnn0 =

{
1, as n = n0,
0, as n ̸= n0.

For the above equation system (we denote it by the equation system (I)), [9] did not
investigate the existence and uniqueness of the solution and merely got such conclusion
that if the transient probability density functions of states for the GI/G/1/N queueing
system exist, then the set of densities is a solution of the above equation system. However,
the densities of a queueing system may not exist. Thus, the existence of solutions of the
equation system (I) needs to be studied further. In this paper, by using the MSP theory
we will prove that the transient probability density functions of states for the above
queueing system exist indeed. Thus, the existence of a solution of the equation system (I)
is obtained. Moreover, we prove that the densities are the minimal nonnegative solution
of a linear equation system.

Now, we give the transient distribution of (L(t), X(t), Y (t)) via the MSP theory.
Let

Ax(t) =
A(x+ t)− A(x)

1− A(x)
= 1− exp

(
−
∫ x+t

x

λ(s)ds

)
,

By(t) =
B(y + t)−B(y)

1−B(y)
= 1− exp

(
−
∫ y+t

y

µ(s)ds

)
.

Let r0 = 0, r1, r2, · · · denote the discontinuous points of {(L(t), X(t), Y (t))} (The times
when a customer arrives and/or a customer finishes the service and departs are discon-
tinuous points. Besides, while the queue length is N , the time when customer arrives
and departs immediately is also a discontinuous point.). Then, {(L(t), X(t), Y (t))} is a
Markov skeleton process with r0, r1, r2, · · · as its skeleton time sequence.

For i, j ∈ {0, 1, · · · , N}, x̂, ŷ, x, y ∈ R+, let

h(i, x̂, ŷ, j, x, y, t)
= P (L(t) = j,X(t) ∈ [0, x], Y (t) ∈ [0, y], t < r1 | L(0) = i,X(0) = x̂, Y (0) = ŷ),

p(i, x̂, ŷ, j, x, y, t)
= P (L(t) = j,X(t) ∈ [0, x], Y (t) ∈ [0, y] | L(0) = i,X(0) = x̂, Y (0) = ŷ).

(3.1)

From the model assumptions, we can get the following lemma immediately.

Lemma 3.1.

h(i, x̂, ŷ, j, x, y, t) =

 0, j ̸= i,
I[0,x](x̂+ t)(1− Ax̂(t))I{0}(ŷ), j = i = 0,
I[0,x](x̂+ t)(1− Ax̂(t))I[0,y](ŷ + t)(1−Bŷ(t)), j = i > 0.

Since {(L(t), X(t), Y (t))} is a MSP with r0, r1, r2, · · · as its skeleton time sequence, from
Theorem 2.1, the following theorem is obtained.

Theorem 3.1. {p(i, x̂, ŷ, j, x, y, t), i, j = 0, 1, · · · , N} is the minimal nonnegative solution
and the unique bounded solution of the following nonnegative linear equations:

p(i, x̂, ŷ, j, x, y, t)

=h(i, x̂, ŷ, j, x, y, t)

+

∫ t

0

(1− Ax̂(s))dBŷ(s)p(i− 1, x̂+ s, 0, j, x, y, t− s)

+ I{0}(i)

∫ t

0

dAx̂(s)p(i+ 1, 0, ŷ + s, j, x, y, t− s)



6806 Z. HOU AND B. WANG

+ I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))dAŷ(s)p(i+ 1, 0, ŷ + s, j, x, y, t− s)

+ I{N}(i)

∫ t

0

(1−Bx̂(s))dAŷ(s)p(N, 0, ŷ + s, j, x, y, t− s), i = 0, 1, · · · , N.

(3.2)

From the density evolution theory (e.g., see [10]), a solution of the equation sys-
tem (I) under the given initial conditions is the transient probability densities of states
for the above GI/G/1/N queueing system, which are the densities of transition prob-
ability functions from the state (n0, x0, y0) determined by the initial conditions to the
states (n, x, y) through the time t. That is to say, P0(t, x) and Pn(t, x, y) are the den-
sities of p(n0, x0, y0, 0, x, 0, t) and p(n0, x0, y0, n, x, y, t), 1 ≤ n ≤ N . However, for a
general GI/G/1/N queueing system, the density functions of p(n0, x0, y0, 0, x, 0, t) and
p(n0, x0, y0, n, x, y, t), 1 ≤ n ≤ N do not exist necessarily. Do the densities of the queue-
ing model in this section exist? In the following, we will answer the question by providing
a rigorous proof.
For i, j ∈ {0, 1, · · · , N}, x̂, ŷ, x, y ∈ R+, n = 0, 1, · · ·, let

p(n)(i, x̂, ŷ, j, x, y, t)

= P (L(t) = j,X(t) ∈ [0, x], Y (t) ∈ [0, y], rn ≤ t ≤ rn+1 | L(0) = i,X(0) = x̂, Y (0) = ŷ).

By the complete probability formula,

p(0)(i, x̂, ŷ, j, x, y, t) = h(i, x̂, ŷ, j, x, y, t), (3.3)

p(i, x̂, ŷ, j, x, y, t) =
∞∑
n=0

p(n)(i, x̂, ŷ, j, x, y, t). (3.4)

Noting

Ax(t) = 1− exp

(
−
∫ x+t

x

λ(s)ds

)
, By(t) = 1− exp

(
−
∫ y+t

y

µ(s)ds

)
are absolutely continuous, let ax(t) and by(t) denote the density functions of Ax(t) and
By(t), respectively. Then,

ax(t) = (λ(x+ t)− λ(x)) exp

(
−
∫ x+t

x

λ(s)ds

)
,

by(t) = (µ(y + t)− µ(y)) exp

(
−
∫ y+t

y

µ(s)ds

)
.

Thus, using the similar argument as Theorem 2.1, we get

p(n+1)(i, x̂, ŷ, j, x, y, t)

=

∫ t

0

(1− Ax̂(s))bŷ(s)p
(n)(i− 1, x̂+ s, 0, j, x, y, t− s)ds

+ I{0}(i)

∫ t

0

ax̂(s)p
(n)(i+ 1, 0, x̂+ s, j, x, y, t− s)ds

+ I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)p
(n)(i+ 1, 0, x̂+ s, j, x, y, t− s)ds

+ I{N}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)p
(n)(N, 0, ŷ + s, j, x, y, t− s)ds, n ≥ 0.

(3.5)



MSP APPROACH TO PARTIAL DIFFERENTIAL-INTEGRAL EQUATIONS 6807

By Lemma 3.1,

h(i, x̂, ŷ, j, x, y, t)

=

 0, 1 ≤ j ̸= i ≤ N,
(1− Ax̂(t))I{0}(ŷ)I[x̂+t,∞](x), j = i = 0,
(1− Ax̂(t))(1−Bŷ(t))I[x̂+t,∞](x)I[ŷ+t,∞](y), 1 ≤ j = i ≤ N.

Then, we have

∂̃

∂̃x
h(i, x̂, ŷ, 0, x, 0, t) =

{
0, 1 ≤ i ≤ N,
(1− Ax̂(t))I{0}(ŷ)δ(x− (x̂+ t)), i = 0,

and

∂̃2

∂̃x∂̃y
h(i, x̂, ŷ, j, x, y, t)

=

{
(1− Ax̂(t))(1−Bŷ(t))δ(x− (x̂+ t))δ(y − (ŷ + t)), 0 ≤ j = i ≤ N,
0, 0 ≤ j ̸= i ≤ N,

where ∂̃
∂̃x

and ∂̃2

∂̃x∂̃y
denote the weak derivative (see [11, 12]). It is straightforward to verify

that

h(i, x̂, ŷ, 0, x, 0, t) =

∫ x

0

∂̃

∂̃u
h(i, x̂, ŷ, 0, u, 0, t)du,

h(i, x̂, ŷ, j, x, y, t) =

∫ x

0

∫ y

0

∂̃2

∂̃u∂̃v
h(i, x̂, ŷ, j, u, v, t)dvdu, 1 ≤ j ≤ N.

Hence, ∂̃
∂̃x
h(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
h(i, x̂, ŷ, j, x, y, t) are the density functions of h(i, x̂,

ŷ, 0, x, 0, t) and h(i, x̂, ŷ, j, x, y, t), (1 ≤ j ≤ N), respectively. That’s to say, ∂̃
∂̃x
p(0)

(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃u∂̃v
p(0) (i, x̂, ŷ, j, x, y, t), (1 ≤ j ≤ N) are the density functions

of p(0) (i, x̂, ŷ, 0, x, 0, t) and p(0)(i, x̂, ŷ, j, x, y, t), (1 ≤ j ≤ N), respectively.
To check the existence for density functions of p(n)(i, x̂, ŷ, j, x, y, t), n ≥ 1, we need the

following lemma.

Lemma 3.2. Assume f(x, y) ≥ 0, x ∈ Ω (R or R2), y ∈ R. f(x, y) and
∫
R

f(x, y)dy are

locally integrable with respect to x, i.e., for any compact subset K of Ω,
∫
K

f(x, y)dx < ∞

and
∫
K

∫
R

f(x, y)dydx < ∞. If ∂̃
∂̃x

∫
R

f(x, y)dy exists, then

∂̃

∂̃x

∫
R

f(x, y)dy =

∫
R

∂̃

∂̃x
f(x, y)dy.

Proof: Since f(x, y) is locally integrable with respect to x, then from [11, 12], the
generalized function f(x, y) can be defined as follows:

⟨f(x, y), φ(x)⟩ =
∫
Ω

f(x, y)φ(x)dx,
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where φ(x) ∈ C∞(Ω). By the definition of weak derivatives, for any φ ∈ C∞(Ω), we have⟨ ∂̃
∫
R

f(x, y)dy

∂̃x
, φ(x)

⟩
= −

⟨∫
R

f(x, y)dy,
∂φ(x)

∂x

⟩

= −
∫
R

∫
Ω

f(x, y)
∂φ(x)

∂x
dxdy = −

∫
R

⟨
f(x, y),

∂φ(x)

∂x

⟩
dy

=

∫
R

⟨
∂̃f(x, y)

∂̃x
, φ(x)

⟩
dy =

⟨∫
R

∂̃f(x, y)

∂̃x
dy, φ(x)

⟩
,

where the last line follows from Fubini’s Theorem. Thus, we get the conclusion of the
lemma. �
From (3.3) and (3.5), it follows that

p(1)(i, x̂, ŷ, j, x, y, t)

= I{0}(i)

∫ t

0

ax̂(s)h(i+ 1, 0, ŷ + s, j, x, y, t− s)ds

+

∫ t

0

(1− Ax̂(s))bŷ(s)h(i− 1, x̂+ s, 0, j, x, y, t− s)ds

+I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)h(i+ 1, 0, x̂+ s, j, x, y, t− s)ds

+I{N}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)h(N, 0, ŷ + s, j, x, y, t− s)ds, i, j = 0, 1, . . . , N.

By Lemma 3.2 and Fubini’s Theorem, ∂̃
∂̃x
p(1)(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(1)(i, x̂, ŷ, j, x, y, t),

(1 ≤ j ≤ N) exist, and

p(1)(i, x̂, ŷ, 0, x, 0, t) =

∫ x

0

∂̃

∂̃u
p(1)(i, x̂, ŷ, 0, u, 0, t)du

p(1)(i, x̂, ŷ, j, x, y, t) =

∫ x

0

∫ y

0

∂̃2

∂̃u∂̃v
p(1)(i, x̂, ŷ, j, u, v, t)dvdu, 1 ≤ j ≤ N.

By using the mathematical induction in a straightforward way, for all n ≥ 1, ∂̃
∂̃x
p(n)(i, x̂,

ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(n)(i, x̂, ŷ, j, x, y, t), (1 ≤ j ≤ N) exist and they are the density

functions of p(n)(i, x̂, ŷ, 0, x, 0, t) and p(n)(i, x̂, ŷ, j, x, y, t), (1 ≤ j ≤ N), respectively.
Now, we consider the existence of density function of p(i, x̂, ŷ, j, x, y, t), i, j = 0, 1, . . . , N.

Firstly, we divide p(n)(i, x̂, ŷ, j, x, y, t) into the discrete part and the continuous part.
Summating the discrete part of p(n)(i, x̂, ŷ, j, x, y, t) from n = 0 to ∞, we get a sum,
which is the discrete part of p(i, x̂, ŷ, j, x, y, t). Since the density functions of discrete
parts exist surely, we only need to deal with the continuous parts of p(i, x̂, ŷ, j, x, y, t) and
p(n)(i, x̂, ŷ, j, x, y, t), (n = 0, 1, · · · ), which are denoted by p̃(i, x̂, ŷ, j, x, y, t), p̃(n)(i, x̂, ŷ, j, x,
y, t), (n = 0, 1, · · · ). In views of the previous discussions, p̃(n)(i, x̂, ŷ, j, x, y, t), (n =
0, 1, · · · ) are absolutely continuous, and

p̃(i, x̂, ŷ, j, x, y, t) =
∞∑
n=0

p̃(n)(i, x̂, ŷ, j, x, y, t).
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By Fibini’s Theorem on Derivation [13, P.56], it follows that

∂̃

∂̃x
p̃(i, x̂, ŷ, 0, x, 0, t) =

∞∑
n=0

∂̃

∂̃x
p̃(n)(i, x̂, ŷ, 0, x, 0, t), a.e. (3.6)

∂̃2

∂̃x∂̃y
p̃(i, x̂, ŷ, j, x, y, t) =

∞∑
n=0

∂̃2

∂̃x∂̃y
p̃(n)(i, x̂, ŷ, j, x, y, t), a.e.

From Fibini’s Theorem (on Integration), we have∫ x

0

∂̃

∂̃u
p̃(i, x̂, ŷ, 0, u, 0, t)du =

∫ x

0

∞∑
n=0

∂̃

∂̃u
p̃(n)(i, x̂, ŷ, 0, u, 0, t)du

=
∞∑
n=0

∫ x

0

∂̃

∂̃u
p̃(n)(i, x̂, ŷ, 0, u, 0, t)du

=
∞∑
n=0

p̃(n)(i, x̂, ŷ, 0, x, 0, t)

= p̃(i, x̂, ŷ, 0, x, 0, t).

Using the similar argument as the proof of the above equation, we have∫ x

0

∫ y

0

∂̃2

∂̃u∂̃v
p̃(i, x̂, ŷ, j, u, v, t)dvdu = p̃(i, x̂, ŷ, j, x, y, t), 1 ≤ j ≤ N.

Thus, we obtain that ∂̃
∂̃x
p̃(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p̃(i, x̂, ŷ, j, x, y, t) (1 ≤ j ≤ N) are the

density functions of p̃(i, x̂, ŷ, 0, x, 0, t) and p̃(i, x̂, ŷ, j, x, y, t) (1 ≤ j ≤ N), respectively.
Noting

p(n0, x0, y0, 0, x, 0, 0) = h(n0, x0, y0, 0, x, 0, 0) = δ0n0I{x0}(x),

p(n0, x0, y0, n, x, y, 0) = h(n0, x0, y0, n, x, y, 0) = δ0n0I{x0}(x)I{y0}(y),

we have that ∂̃
∂̃x
p(n0, x0, y0, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(n0, x0, y0, n, x, y, t) (1 ≤ n ≤ N) sat-

isfy the initial conditions of the equation system (I). By the density evolution theory,
∂̃
∂̃x
p(n0, x0, y0, 0, x, 0, t) and

∂̃2

∂̃x∂̃y
p(n0, x0, y0, n, x, y, t) (1 ≤ n ≤ N) also satisfy the bound-

ary conditions and regular conditions of the equation system (I). So far, we have proved
the existence for the density functions of p(n0, x0, y0, 0, x, 0, t) and p(n0, x0, y0, n, x, y, t)
(1 ≤ n ≤ N) which a (generalized) solution of the partial differential-integral equation
system (I).

From the previous analysis, we obtain the following theorem.

Theorem 3.2. For the GI/G/1/N queueing system, assume that the distribution func-
tions of customers’ inter-arrival times and service times are absolutely continuous. Then
the densities of p(n0, x0, y0, 0, x, 0, t) and p(n0, x0, y0, n, x, y, t) (1 ≤ n ≤ N) exist and
constitute a (generalized) solution of the partial differential-integral equation system (I),
where {p(n0, x0, y0, 0, x, 0, t), p(n0, x0, y0, n, x, y, t) (1 ≤ n ≤ N)} defined by (3.1), is the
minimal nonnegative solution of (3.2).

In addition, ∂̃
∂̃x
p(n0, x0, y0, 0, x, 0, t) and

∂̃2

∂̃x∂̃y
p(n0, x0, y0, n, x, y, t) (1 ≤ n ≤ N) are also

the minimal nonnegative solutions of the following nonnegative linear equation systems,
respectively.
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Theorem 3.3. (i)
{

∂̃
∂̃x
p(i, x̂, ŷ, 0, x, 0, t), i = 0, 1, · · · , N

}
is the minimal nonnegative so-

lutions of the following nonnegative linear equation system.

Q(i, x̂, ŷ, 0, x, 0, t)

=
∂̃

∂̃x
h(i, x̂, ŷ, 0, x, 0, t)

+I{0}(i)

∫ t

0

ax̂(s)Q(i+ 1, 0, ŷ + s, 0, x, 0, t− s)ds

+

∫ t

0

(1− Ax̂(s))bŷ(s)Q(i− 1, x̂+ s, 0, 0, x, 0, t− s)ds

+I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)Q(i+ 1, 0, ŷ + s, 0, x, 0, t− s)ds

+I{N}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)Q(N, ŷ + s, 0, x, 0, t− s)ds,

where Q is an unknown function.

(ii)
{

∂̃2

∂̃x∂̃y
p(i, x̂, ŷ, j, x, y, t), i, j = 0, 1, · · · , N

}
is the minimal nonnegative solution of

the following nonnegative linear equation system.

Q(i, x̂, ŷ, j, x, y, t)

=
∂̃2

∂̃x∂̃y
h(i, x̂, ŷ, j, x, y, t)

+I{0}(i)

∫ t

0

ax̂(s)Q(i+ 1, 0, ŷ + s, j, x, y, t− s)ds

+

∫ t

0

(1− Ax̂(s))bŷ(s)Q(i− 1, x̂+ s, 0, j, x, y, t− s)ds

+I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)Q(i+ 1, 0, ŷ + s, j, x, y, t− s)ds

+I{N}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)Q(N, ŷ + s, 0, x, 0, t− s)ds.

Proof: By (3.3), (3.5) and Lemma 3.1, we have

∂̃

∂̃x
p(0)(i, x̂, ŷ, 0, x, 0, t) =

∂̃

∂̃x
h(i, x̂, ŷ, 0, x, 0, t),

and

∂̃

∂̃x
p(n+1)(i, x̂, ŷ, 0, x, 0, t)

= I{0}(i)

∫ t

0

ax̂(s)
∂̃

∂̃x
p(n)(i+ 1, 0, ŷ + s, 0, x, 0, t− s)ds

+

∫ t

0

(1− Ax̂(s))bŷ(s)
∂̃

∂̃x
p(n)(i− 1, x̂+ s, 0, 0, x, 0, t− s)ds

+I{1,2,··· ,N−1}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)
∂̃

∂̃x
p(n)(i+ 1, 0, x̂+ s, 0, x, 0, t− s)ds

+I{N}(i)

∫ t

0

(1−Bx̂(s))aŷ(s)
∂̃

∂̃x
p(n)(N, 0, ŷ + s, 0, x, 0, t− s)ds, n ≥ 0.
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By (3.6) together with the minimal nonnegative solution theory (see Appendix), we obtain
(i). Using the same argument, we can get the proof of (ii), and so we omit it. �

4. The Partial Differential-Integral Equation System Derived from GI/G/1
Queueing System. When the buffer capacity for waiting customers is infinite, the
queueing model in the previous section is changed into the GI/G/1 queueing system. For
this queueing system, [9, Section 3.2] proved that {Pn(·, ·, ·), (n = 0, 1, 2, · · · ; t, x, y > 0)}
satisfies the following partial differential-integral equation system:[

∂

∂t
+

∂

∂x
+ λ(x)

]
P0(t, x) =

∫ ∞

0

P1(t, x, y)µ(y)dy,[
∂

∂t
+

∂

∂x
+

∂

∂y
+ λ(x) + µ(y)

]
Pn(t, x, y) = 0, n = 1, 2, 3, · · · .

The boundary conditions are

Pn(t, x, 0) =

∫ ∞

0

Pn+1(t, x, y)µ(y)dy, n = 1, 2, · · · ,

P1(t, 0, 0) =

∫ ∞

0

P0(t, x)λ(x)dx,

P0(t, 0) = 0.

The initial conditions are

Pn(0, x, y) = δnn0δ(x− x0)δ(y − y0),

P0(0, x) = δ0n0δ(x− x0).

The regularly conditions are∫ ∞

0

P0(t, x)dx+
∞∑
n=1

∫ ∞

0

∫ ∞

0

Pn(t, x, y)dxdy = 1.

The above partial differential-integral equation system (we denote it by the equation
system (I′)) which consists of denumerable equations, as we know, is difficult to tackle by
general theory of partial differential equation. However, in accordance with the density
evolution theory, the transient probability densities of states for the queueing model con-
stitute a solution of the equation system (I′) if the densities exist. However, it may not
exist for a general queueing system. In this section, we will discuss whether the transient
probability densities of states for the above GI/G/1 queueing model exist or not.

We now deal with the queueing model by the approach used in Section 3 and continue
to use the notations in Section 3 as well.

[1] gave the following Lemma 4.1 and Theorem 4.1.

Lemma 4.1.

h(i, x̂, ŷ, j, x, y, t) =

 0, j ̸= i,
I[0,x](x̂+ t)(1− Ax̂(t))I{0}(ŷ), j = i = 0,
I[0,x](x̂+ t)(1− Ax̂(t))I[0,y](ŷ + t)(1−Bŷ(t)), j = i > 0.

Theorem 4.1. {p(i, x̂, ŷ, j, x, y, t)} is the minimal nonnegative solution and the unique
bounded solution of the following nonnegative linear equations:

p(i, x̂, ŷ, j, x, y, t)

=h(i, x̂, ŷ, j, x, y, t)
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+ I{0}(i)

∫ t

0

dAx̂(s)p(i+ 1, 0, ŷ + s, j, x, y, t− s)

+ I{1,2,··· }(i)

∫ t

0

(1− Ax̂(s))dBŷ(s)p(i− 1, x̂+ s, 0, j, x, y, t− s)

+

∫ t

0

(1−Bx̂(s))dAŷ(s)p(i+ 1, 0, ŷ + s, j, x, y, t− s), i, j = 0, 1, · · ·

(4.1)

Noticing

p(0)(i, x̂, ŷ, j, x, y, t) = h(i, x̂, ŷ, j, x, y, t),

p(i, x̂, ŷ, j, x, y, t) =
∞∑
n=0

p(n)(i, x̂, ŷ, j, x, y, t).

By Theorem 4.1, we have

p(n+1)(i, x̂, ŷ, j, x, y, t)

=

∫ t

0

(1− Ax̂(s))bŷ(s)p
(n)(i− 1, x̂+ s, 0, j, x, y, t− s)ds

+I{0}(i)

∫ t

0

ax̂(s)p
(n)(i+ 1, 0, x̂+ s, j, x, y, t− s)ds

+I{1,2,··· }(i)

∫ t

0

(1−Bx̂(s))aŷ(s)p
(n)(i+ 1, 0, x̂+ s, j, x, y, t− s)ds.

By Lemma 4.1, we have

∂̃

∂̃x
h(i, x̂, ŷ, 0, x, 0, t) =

{
0, i ≥ 1,
(1− Ax̂(t))I{0}(y0)δ(x− (x̂+ t)), i = 0,

and

∂̃2

∂̃x∂̃y
h(i, x̂, ŷ, j, x, y, t)

=

{
(1− Ax̂(t))(1−Bŷ(t))δ(x− (x̂+ t))δ(y − (ŷ + t)), j = i > 0,
0, j ̸= i.

Hence, ∂̃
∂̃x
p(0)(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(0)(i, x̂, ŷ, j, x, y, t) (j ≥ 1) are the density functions

of p(0)(i, x̂, ŷ, 0, x, 0, t) and p(0)(i, x̂, ŷ, j, x, y, t) (j ≥ 1), respectively.

By Lemma 3.1, Fubini’s Theorem and mathematical induction, for all n ≥ 1, ∂̃
∂̃x
p(n)(i, x̂,

ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(n)(i, x̂, ŷ, j, x, y, t) (j ≥ 1) exist, which are the density functions

of p(n)(i, x̂, ŷ, 0, x, 0, t) and p(n)(i, x̂, ŷ, j, x, y, t) (j ≥ 1), respectively. Using the similar

discussion as the previous section, we obtain ∂̃
∂̃x
p(i, x̂, ŷ, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(i, x̂, ŷ, j, x, y, t)

(j ≥ 1) are the density functions of p(i, x̂, ŷ, 0, x, 0, t) and p(i, x̂, ŷ, j, x, y, t) (j ≥ 1),
respectively.

It is straightforward to verify that ∂̃
∂̃x
p(n0, x0, y0, 0, x, 0, t) and

∂̃2

∂̃x∂̃y
p(n0, x0, y0, n, x, y, t),

(n ≥ 1) satisfy the initial conditions of equation system (I
′
). So far, we have obtained the

existence for the density functions of p(n0, x0, y0, 0, x, 0, t) and p(n0, x0, y0, n, x, y, t)(n ≥ 1)
which are the (generalized) solution of the partial differential-integral equation system (I

′
).
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Theorem 4.2. For the GI/G/1 queueing system, assume that the distribution functions of
customers’ inter-arrival times and service times are absolutely continuous. Then, the den-
sities of p(n0, x0, y0, 0, x, 0, t), p(n0, x0, y0, n, x, y, t), n ≥ 1 exist and constitute a (general-
ized) solution of the partial differential-integral equation system (I′), where {p(n0, x0, y0, 0,
x, 0, t), p(n0, x0, y0, n, x, y, t), n ≥ 1} is the minimal nonnegative solution of (4.1).

Moreover, ∂̃
∂̃x
p(n0, x0, y0, 0, x, 0, t) and ∂̃2

∂̃x∂̃y
p(n0, x0, y0, n, x, y, t) (n ≥ 1) are also the

minimal nonnegative solution of nonnegative linear equations.

5. Concluding Remarks. The study for solutions of partial differential equations is a
hot topic in the mathematical field [14, 15, 16, 17, 18, 19]. In this paper, by using the
MSP approach we discuss a class of partial differential-integral equation systems derived
from operations research, of which the results are rare. Particularly, we remark that our
approach is not confined to deal with several equation systems listed in the paper; it can
work for a large class of partial differential-integral equation systems (e.g., [1, 10]) derived
from queueing theory, inventory theory and reliability theory.

For the future work, a challenging problem is the uniqueness of the class of partial
differential-integral equation systems. Although the minimal nonnegative solution of lin-
ear equations is unique, it cannot ensure the uniqueness of the solutions of the partial
differential-integral equation systems. The properties of the class of equation systems and
the relationship of the class of equation systems and the corresponding linear equations
may need to be investigated further.
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Appendix A. Theory of Minimal Nonnegative Solutions. Now, we provide the
definition and the basic approximation scheme of minimal nonnegative solutions. See
[1, 20] for details.
Let H be a set of mappings for the non-empty set E to R+. H contains the identity

and is closed under the nonnegative linear combination and monotone increasing limit.
Denote by A the set of all such mappings A : H 7→ H, which satisfying the hypothesis:

A0 = 0,

A(c1f1 + c2f2) = c1Af1 + c2Af2,

fn ↑ f ⇒ Afn ↑ Af,

where c1, c2 ≥ 0, and f1, f2, fn ∈ H.

Definition A.1. Let A ∈ A and g ∈ H. f ∗ ≥ 0 is called the minimal nonnegative
solution (abbrev. minimal solution) of the linear equations

f(x) = (Af)(x) + g(x), x ∈ E (A.1),

if f ∗ satisfies (A.1), for any solution f̃ ∈ H, we have

f̃(x) ≥ f ∗(x), x ∈ E.

Next, we give the successive approximation scheme for the minimal nonnegative solu-
tions.

Theorem A.1. Let (gn)n≥1 ∈ H. Define

f̃ (1) = g1, f̃ (n+1) = Af̃ (n) + gn+1, n ≥ 1.

If
∑∞

n=1 gn = g, then
∑∞

n=1 f̃
(n) = f ∗. In particular, if let

f̃ (1) = g, f̃ (n+1) = Af̃ (n),

then f ∗ =
∑∞

n=1 f̃
(n).


