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Abstract. Cellular neural networks (CNNs) are one type of interconnected neural net-
work and differ from the well-known Hopfield model in that each cell has a piecewise linear
output function. In this paper, we present a multi-valued CNN model in which each non-
linear element consists of a multi-valued output function. The function is defined by a
linear combination of piecewise linear functions. We conduct computer experiments of
auto-associative recall to verify our multi-valued CNN’s ability as an associative memory.
In addition, we also apply our multi-valued CNN to a disease diagnosis problem. The
results obtained show that the multi-valued CNN improves classification accuracy by prop-
erly selecting the output level q. Moreover, these results also show that the multi-valued
associative memory can expand both the flexibility of designing the memory pattern and
its applicability.
Keywords: Cellular neural networks, Multi-valued output function, Associative mem-
ory

1. Introduction. Cellular neural networks (CNNs), which were proposed by Chua in
1988 [1], have attracted a lot of attention in various fields such as signal/image processing,
optimization and associative memory [2, 3, 4, 5, 6, 7]. CNNs differ from the well-known
Hopfield model [8, 9] in that each non-linear element (called a cell) has self-feedback and
a piecewise linear output function. These features provide extremely robust performance
as an associative memory [10, 11].

In previous studies, however, the cell output levels have been limited to two levels
{−1, 1} or three levels {−1, 0, 1}. Thus, the CNN elements so far have only been cells of
low-output resolution, which has limited the design flexibility of the memory patterns. For
example, Liu and Michel reported a design procedure of CNNs for associative memories,
and applied it to character recognition [12]. Since conventional CNNs have bipolar states,
their associative memories are appropriate for binary image processing. Later, Kanagawa
et al. proposed a three-valued CNN, and applied it to a liver disease diagnosis problem
[13]. In addition, Zhang et al. reported a design method for two- or three-valued CNN
output functions to improve the capability of auto-associative recall [11]. In this case,
the memory vectors in the three-valued CNNs have three output states that correspond
to quantized levels, such as low, middle and high. On the other hand, Yokosawa et al.
have proposed a CNN with multi-valued output functions that have arbitrary multiple
output states [14]. Their goal has been to extend the CNNs to image processing with
multiple gray levels. To the best of our knowledge, however, the design method for
associative memories based on a multi-valued CNN has not yet been reported. In this
paper, we propose such a design method for associative memories using the CNN with
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Figure 1. A two-dimensional cellular neural network of size M × N ar-
ranged in M rows and N columns. The ith unit in the network, which is
called the cell, is expressed by C(i).

a multi-valued saturation function that is called the q-valued CNN. The output function
is first constructed from a linear combination of piecewise linear functions. Then, the
properties of the associative memory using the proposed q-valued CNN are investigated
by evaluating the recall capability in computer experiments. In addition, we propose a
method for applying the proposed q-valued CNN to pattern classification problems. These
results show that the associative memory using the proposed q-valued CNN expands the
design flexibility of memory patterns and improves the diagnosis accuracy.
The remainder of this paper is organized as follows. In Section 2, we review previous

works of CNN-based associative memories. In Section 3, we describe a design method for
the multi-valued output function, which is defined by linear combinations of piecewise lin-
ear functions. Then we discuss the stability of the q-valued CNN. In Section 4, we conduct
computer experiments to verify the error-correcting capability of associative memories us-
ing the q-valued CNN. In Section 5, we present a method for applying the q-valued CNN
to a disease diagnosis problem. Finally, the study in this paper is summarized in Section
6.

2. Review of CNN-based Associative Memories. The cellular neural network (CNN)
is an artificial neural network, which has a predetermined local interconnection structure.
The structure of an associative memory using the CNN is designed by the eigenstruc-
ture method shown in references [12, 15]. In the following, note that Rn denotes real
n-dimensional space, and a ∈ Rn denotes an n-dimensional column vector, respectively.
Let Bn = {y ∈ Rn | yi = −1 or 1, i = 1, . . . , n}. If A = [Aij] is an arbitrary matrix, then
A⊤ is the transpose of A.

2.1. Dynamics of a cell. We first consider the two-dimensional CNN shown in Figure
1, which is composed of M×N non-linear units that are called cells. The cell C(i) denotes
the units of the ith cell, where i = (v − 1)N + u (v = 1, . . . ,M and u = 1, . . . , N) and
the number of cells is n = M × N (refer to Figure 1). The dynamics of the ith cell is
expressed as follows:

dxi(t)

dt
= −xi(t) +

n∑
j∈Ni(r)

Tij · g(xj(t)) + Ii, (1)

where xi and Ii represent the state variable and bias value, respectively. Tij are the cou-
pling coefficients between the ith and jth cells. Nr(i) represents the set of r-neighborhood
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Figure 2. The piecewise-linear output functions of cell C(i)

cells corresponding to the ith cell, where the integer r is positive. Note that in this paper
to simplify the discussion, we only consider fully-interconnected cells.

In addition, g(·) represents the non-linear output function of each cell. The output
function of the original CNN is expressed as follows:

sat(xi) =
1

2
(|xi + 1| − |xi − 1|) . (2)

The output function shown in Figure 2(a) is a piecewise-linear function, and has two
saturated levels. Thus, the output value of each cell is bipolar ±1 for |xi| > 1. On the
other hand, the three-valued output function shown in Figure 2(b), which was proposed
by Zhang et al. in [11], is defined by the following equation:

sat(xi) =



1, s+ L ≤ xi

(x− s)/L, s < xi < s+ L

0, |xi| < s

(x+ s)/L, −s− L < xi < −s

−1, x ≤ −s− L

, (3)

where the parameters s and L represent the length of saturation and slope region, re-
spectively. The parameter K in Figure 2(b) represents the convergence point of the cell.
In addition, Zhang et al. reported experimentally determined parameters with s = 0.3,
L = 0.5 and K = 1.335. The function shown in Figure 2(b) has three saturated levels:
{−1, 0, 1}. In other words, this function is a three-valued CNN output function.

2.2. Design procedure. First we express the differential equation of (1) in vector no-
tation. The two-dimensional CNNs, which have M rows and N columns, are represented
as follows:

d

dt
x(t) = −x(t) + Ty + I, (4)

where x = [xi] ∈ Rn, y = [yi] = [sat(xi)] ∈ Rn and I = [Ii] ∈ Rn represent a state vector,
an output vector, and a bias vector, respectively. The matrix T = [Tij] ∈ Rn×n is a
template matrix composed of row vectors whose elements are zero when the corresponding
cells have no connections. The network in (4) has a number of asymptotically stable
equilibrium points, since all their n eigenvalues in (4) are −1.

To design the CNN as an associative memory, we compute the coefficient matrix T
and the bias vector I in (4) by following Liu and Michel’s design procedure detailed in
[12, 15].
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Suppose that we are given m desired memory patterns α1, . . . ,αm, and assume the
asymptotic stable equilibrium points βk corresponding to αk are such that:

βk = Kαk (k = 1, . . . ,m), (5)

where the real number K is the convergence point of the cells. When the systems in
(4) are in the equilibrium state limt→∞ ẋ(t) = 0, the state vector x(∞) is expressed by
xe = βk, and so the output vector is ye = sat(xe) = αk. By assigning αk and βk to (4)
with ẋ(t) = 0 the following equation can be obtained.

−β1 + Tα1 + I = 0

−β2 + Tα2 + I = 0
...

−βm + Tαm + I = 0

. (6)

Here we set matrices Y and Z as follows:

Y =
(
α1 −αm,α2 −αm, . . . ,αm−1 −αm

)
,

Z =
(
β1 − βm,β2 − βm, . . . ,βm−1 − βm

)
,

and obtain the following equations:

Z = TY , (7)

I = βm − Tαm. (8)

The matrix T ∈ Rn×n can be solved from matrix Y , Z ∈ Rn×(m−1). Since Y is a
non-square matrix, we apply singular value decomposition (SVD) to the matrix Y to
obtain the template matrix T . Furthermore, I can be obtained by solving (8). In the
network designed by this method, all of the desired patterns are guaranteed to be stored
as asymptotically stable equilibrium points [16].

3. CNNs with a Multi-Valued Output Function. In this section, we give a design
procedure for constructing the multi-valued output function as expressed by the conven-
tional output function in (2).

3.1. q-valued output function. To extend the conventional output function in (2) to
our multi-valued output function, we introduce a base wave function in Figure 3(a). Let L
and C be the length of the slope range and the length of the saturation range, respectively.
We give a saturation function that consists of both of the above-described parameters C
and L as expressed in Equation (2) in the following equation:

g0(xi) =
1

L

(∣∣∣∣xi +
L

2
∆q

∣∣∣∣− ∣∣∣∣xi −
L

2
∆q

∣∣∣∣) , (9)

where ∆q = 1/(q−1) and q is the output-level. In addition, we assume that the equilibrium
points of each cell are determined by a parameter K. Thus, the values of both parameters
C and L are defined by the following equation:

K =
1

2
(C + L) , where C,L > 0, (10)

and the ratio of parameter L to C + L is as follows:

rL =
L

C + L
=

L

2K
. (11)

Figure 3(b) illustrates the relation between the parameter rL and the output charac-
teristics in (9). If rL = 0, then the function in (9) is the sign function. If 0 < rL < 1, then



DESIGN OF MULTI-VALUED CNNS FOR ASSOCIATIVE MEMORIES 1579

0

L

−1.5 −1 −0.5 0 0.5 1 1.5

−1.5

−1

−0.5

0

0.5

1

1.5

 

 

(a) Definition of g0(xi) (b) Output characteristics

Figure 3. The base wave function and its parameters, where (a) defines
the base function of our multi-valued output function, and (b) shows the
output characteristics in (9) with K = 1.0 and q = 2

the function in (9) is a piecewise-linear function. In addition, if rL = 1, then the function
in (9) is a linear function.

Since the base function in (9) has two saturation ranges, the saturation ranges with
q-level are generated by linear combinations of (9) with both shrinking and shifting of the
waveforms. Therefore, a q-valued output function is defined as follows:

gq(xi) = g0(xi)× δ +
P∑

j=1

{g0(xi − γj) + g0(xi + γj)} , (12)

where P = (q − 2 + q mod 2)/2, and the coefficients (δ, γj) in (12) are represented as
follows:

(δ, γj) =

{
(0, (2j − 1)K∆q), if q is odd

(1, 2jK∆q), if q is even.

If q = 2, the output function in (12) is the same as the function in (9): g2(xi) = g0(xi).
In addition, we introduce the following notation.

For integer q as the output level of CNNs, let

Mn
q = {y ∈ Rn | yi = (−q + 2k − 1)∆q, k = 1, . . . , q; i = 1, . . . , n} . (13)

For example, if the output-level is q = 4, M4 = {y ∈ R | y = ±1 or ± 1/3}. Also, if
q = 3 as shown in Figure 4(b), then M3 = {y ∈ R | yi = ±1 or 0}, and for the memory
vector α ∈ Mn

3 , let

C(α) =

 xi > (C/2 + L)∆q if αi = 1
x ∈ Rn |xi| < C∆q/2 if αi = 0, i = 1 . . . , n

xi < −(C/2 + L)∆q if αi = −1

 ,

where C(α) is the saturation region in the multi-valued output function in (12). In the
saturation region, we have g3(x) = α for x ∈ C(α) because αi = ±1 or 0 for all i. Thus
the system (4) of x for x ∈ C(α) is

ẋ = −x+ Tα+ I, α = gq(x). (14)

As β = Tα+I is constant, this equation has an asymptotic equilibrium point at xe = β.
If β ∈ C(α), this equilibrium point is also asymptotically stable since all the eigenvalues
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Figure 4. Examples of multi-valued output functions in (12), where (a)
shows waveforms with q = 2, 3, 4, 5, having parameters K = 1.0 and rL =
0.5, and (b) illustrates saturation and slope regions in g3(·)

of (14) are −1. In Section 2.2, it is shown T and I can be constructed such that β =
Tα + I ∈ C(α) for a given α. So the CNN using the three-valued output function in
(12) has three-levels as the cell states: {−1, 0, 1}. In the case of general multiple q-valued
output, it can be proved in the same manner that the CNN has the corresponding number
of convergence points. We call this network a q-valued CNN.

3.2. Stability of q-valued CNNs. To design an associative memory, the CNN must
always converge to a constant steady state, which is initialized by a given input pattern.
For analyzing the convergence properties of the proposed q-valued CNN, the Lyapunov
function [1, 14] is as follows:

E(t) = −1

2

∑
i

∑
j

Tijyi(t)yj(t)−
∑
i

Iiyi(t) +
∑
i

∫ yi(t)

0

g−1
q (v)dv, (15)

where g−1
q (s) is the inverse function of the multi-valued output function shown in (12).

In the following theorem, we prove that E(t) in (15) is a monotone decreasing function.

Theorem 3.1. If Tij = Tji, the energy function in (15) is monotonously decreasing.

Proof: From the symmetry assumption Tij = Tji, the differentiation of E(t) in (15)
with respect to time t is as follows:

dE(t)

dt
= −

∑
i

∑
j

Tij
dyi
dxi

dxi(t)

dt
yj −

∑
i

Ii
dyi
dxi

dxi(t)

dt
+
∑
i

dyi
dxi

dxi(t)

dt

d

dyi

∫ yi

0

g−1
q (τ)dτ.

(16)
Here,

dyi
dxi

=

{
2/L if xi ̸∈ C(α)

0 if xi ∈ C(α)
.



DESIGN OF MULTI-VALUED CNNS FOR ASSOCIATIVE MEMORIES 1581

The inverse function g−1
q (y) of the multi-valued output function in (15), however, does

not exist because g−1
q (y) is underspecified for x. Thus, according to the Yokosawa et al.

definition in [14], we consider the following pseudoinverse function:

d

dyi

∫ yi

0

g−1
q (v)dv ≈ d

dyi

(
1

2
Ky2i

)
= xi.

For (16), if xi(t) is in the slope region, we obtain

dE(t)

dt
= −

∑
i

2

L

dxi(t)

dt

(∑
j

Tijyj + Ii − xi(t)

)
. (17)

Substituting the cell dynamics (1) into (17), and recalling L > 0 in assumption (10), we
obtain

dE(t)

dt
= −

∑
i

2

L

(
dxi(t)

dt

)2

≤ 0. (18)

Theorem 3.2. If the parameter K satisfies

K >
L

2

the CNN has a stable equilibrium point at any constant region of the output function gq(x).

Proof: If the matrix T in (4) satisfies (7), given m vectors α1, . . . ,αm are stored as
memory vectors for (4). From Z = KY , we can rewrite (7) as

(KE − T )Y = 0, (19)

where E is a unit matrix. The indeterminate Equation (19) has the following trivial
solution:

Tij =

{
K, i = j

0, i ̸= j
. (20)

To simplify the discussion, we consider the ith cell of the CNN given by (20). Then the
cell dynamics in (1), which has no connections with its neighborhood cells, are rewritten
in the following equation:

dxi(t)

dt
= −xi(t) + Tiiyi + h(t), where h(t) =

∑
j ̸=i

Tijyj + Ii.

If h(t) = 0, then

dxi(t)

dt
= −xi(t) +Kyi, where yi(t) =


2

L
xi(t) +

C

L
∆qγ if xi ̸∈ C(α)

ξ if xi ∈ C(α)
. (21)

Here, the intercept coefficient γ = −q+ 2k, k ∈ {1, 2, . . . , q− 1} corresponds to xi(t) and
the output value in the saturation region, ξ ∈ Mq. Then, the solution of (21) is obtained
as follows:

xi(t) =

{ −K∆qγ + (xi(0) +K∆qγ) exp {(2K/L− 1) t} if xi(t) ̸∈ C(α) (22)

(xi(0)−Kξ) exp(−t) +Kξ if xi(t) ∈ C(α). (23)

Since 2K/L > 1, the cell (21) has q−1 unstable equilibrium points at xi(t) = K∆qγ, and
q asymptotic stable equilibrium points at xi(t) = Kξ. Hence, if any equilibrium point
exists in the linear regions, it is unstable. Therefore, all cells of the CNN have a stable
equilibrium point at the saturation regions of gq(·).
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Figure 5. An example of the time-varying parameter rL(t) with rL(0) = 0.85

From the above theorems, the steady-state behavior of the q-valued CNN is summarized
by the following theorem.

Theorem 3.3. Under the assumptions

Tij = Tji and K >
L

2

and constraint condition

|xi(0)| ≤ K

all the cells of the q-valued CNN have a stable equilibrium point in the saturation regions.

3.3. Time-varying parameter. To improve the performance of auto-associative recall
of the q-valued CNN, we introduce a time-varying parameter; it is a slope parameter
with time-variant rL(t). This parameter rL(t) produces an annealing effect on the energy
function in the state space of CNNs. The parameter rL in (11) changes the characteristics
of the output function shown in Figure 3(b). If rL → 0, the output function in (9)
forms an approximate sign function. This means the peaks of the energy function in (15)
have steep gradients. On the other hand, if rL → 1, the output function in (9) forms a
linear function. This means the energy function (15) has gently-sloping peaks. Therefore,
adjusting the slope parameter L can be expected to improve convergence to the desired
equilibrium points [17]. For time step t, like in the annealing schedule, an update role of
the slope parameter rL(t) is defined as the following equation:

rL(t) = max
(
rL(0)× (1− t/τ), 10−6

)
, (24)

where rL(0) is an initial value of the rL(t), and τ is a time constant. If τ = inf, rL
remains constant. For the time constant τ , Figure 5 shows an example of the time-
varying parameter. Note that the interval of numerical integration is set from t0 = 0 to
tf = 10 in this paper.

4. Numerical Examples. We evaluate the error-correcting performance of the proposed
q-valued CNN by using computer simulation.
Each q-valued CNN in these examples is constructed with n = 400 cells in order to

memorize the linearly-independent vectors αk ∈ M400
q (k = 1, . . . , 120). Both the tem-

plate matrix T and bias vector I are designed following the procedure in Section 2.2.
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Figure 6. Example of the error correction in the q-valued CNN (q = 2),
where (a) shows the memory pattern with 20 × 20 cells, (b) the initial
pattern that was made by adding white noise with SD = 1.0 to the memory
pattern (a), (c) the recalled pattern obtained by the q-valued CNN from the
initial pattern (b), (d) the initial pattern that was made by adding white
noise with SD = 2.0 to the memory pattern (a) and (e) the recalled pattern
obtained by the q-valued CNN from the initial pattern (d)

Noisy memory patterns are generated as inputs by the following equation:

x(0) = K(αk + ε), k ∈ {1, . . . , 120}, (25)

where ε = [εi ×∆q] ∈ Rn is the noise vector, whose elements εi correspond to the normal
distribution of a certain standard deviation (SD). Then the elements are scaled by the
output level q; ∆q = 1/(q − 1). The inputs are amplified by the parameter K = 1.0 for
both the randomly-selected memory pattern and the noise vector in (25). The states of
network x(t) in (4) are solved by using numerical integration 1. By recording the final
state of the network, the root mean squared error is computed by the following equation.

RMS Error(itr) =
1

2∆q

√
n
∥αk − ye∥, itr = 1, 2, . . . Ntr. (26)

The average of RMS Error(itr): RMS Error is computed to follow (26) among Ntr =
300 trials, where the kth vector αk is selected by sampling with repetition from the set
of memory patterns {1, . . . , 120}. Figure 6 illustrates examples of auto-associative recall,
which are evaluated by the RMS Error(itr) in (26). Figure 6(a) shows an example memory
pattern, (b) the initial patterns that were made by adding white noise with SD = 1.0 to
the memory pattern (a), (c) the recalled pattern obtained by the q-valued CNN from
the initial pattern (b), (d) the initial pattern that was made by adding white noise with
SD = 2.0 to the memory pattern (a), and (e) the recalled pattern obtained by the q-valued
CNN from the initial pattern (d).

1In this paper, we used the fourth-order Runge-Kutta algorithm with an adaptive step-size routine:
ode45.m, which is MATLAB’s standard solver for ordinary differential equations.



1584 T. AKIDUKI, Z. ZHANG, T. IMAMURA AND T. MIYAKE

1 1.2 1.4 1.6 1.8 2

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

SD

R
M

S
_
E

rr
o
r

 

 
q=2

q=3

q=4

q=5

q=10

q=20

R
M

S
_
E

rr
o
r

1 1.2 1.4 1.6 1.8 2

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

SD

 

 
q=2

q=3

q=4

q=5

q=10

q=20

(a) τ = inf, rL(0) = 0.85 (b) τ = 20, rL(0) = 0.85

Figure 7. Error correcting capabilities for the white noise of the certain
standard deviation (SD)

Figure 7 shows that the associative memories based on the proposed q-valued CNN
succeed in recalling multi-valued patterns. The effect of the time constant τ for the time-
varying slope parameter rL(t) can be seen by comparing Figures 7(a) and 7(b). The initial
value of slope rL(0) = 0.85 was empirically selected to be the best-performing in terms
of error correction capability. Figure 7(b) shows that the proposed q-valued CNNs with
the time-varying rL(t) improve the error correcting capability of the conventional CNNs
with the time-invariant rL which include the three-valued CNNs shown in [11]. From the
result of our preliminary experiments, the time constant τ should be selected within the
range of approximately 2.0 times the interval of integration, i.e., τ = 20 in the case of
this paper. The result of our experiment corresponds with related work [17].

5. Application. In this section, we consider a method for applying the proposed q-valued
CNN to pattern classification problems. These problems are aimed at diagnosis problems
in the fields of medicine or mechanical faults. In the following, we firstly introduce a
classification method by using the proposed q-valued CNN that is called associative clas-
sification. Then, the associative classification is applied to the diagnosis of liver disease
as a typical example in the medical field.

5.1. The method. We consider the classification method based on associative memory
neural networks. The data to classify, which is a set of feature values, are expressed
as a bit map pattern, and stored as a memory pattern in the network. The network
classifies the inputs by recalling a correlated memory pattern using network dynamics.
The associative classification procedure using the proposed q-valued CNN is as follows:

1) Consider a q-valued CNN with n = M × N cells to allocate n features f1, . . . , fn to
each cell.

2) Compute the centroids for each cluster Ck (k = 1, 2, . . . ,m) in the feature space from
a set of training data, and then discretize the centroid vectors corresponding to the
output level q using (12) with rL = 0. These computed vectors αk ∈ Rn, k = 1, . . . ,m
are called memory patterns, where m is the number of classes.

3) Store the memory patterns in the network of (4) by using Liu and Michel’s design
procedure in Section 2.2.
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Figure 8. An image of process of auto-associative classification in two-
dimensional state space with the proposed q-valued CNN. (a) Illustrates
the stored four vectors in 2-valued CNN ([1, 1]⊤, [−1, 1]⊤, [1,−1]⊤ and
[−1,−1]⊤); (b) illustrates the stored five vectors in 3-valued CNN ([1, 1]⊤,
[−1, 1]⊤, [1,−1]⊤, [−1,−1]⊤ and [0, 0]⊤).

4) Set an input vector in the set of test data to be the initial state x(0) = x0 of (4). Then
the output of limit state ye is obtained as a recalled pattern by solving its q-valued
CNN by using the Runge-Kutta algorithm.

5) Discriminate a class of the input vector from the following similarity measurement
between the recalled pattern ye and the memory patterns αk. First, we calculate both
vectors p and qk by the following equations:

p = ye − x0, qk = αk − x0 for each k.

Then we also calculate a measure of distance dk between p and qk and angle sk between
p and qk. Both measures are calculated from the following equations, respectively.

dk =
∥qk − p∥
2
√
n

, sk =
1

π
cos−1 ⟨p, qk⟩

∥p∥∥qk∥
,

where dk, sk ∈ [0, 1]. As a result, the class of the input vector is predicted as follows:

Predicted Label = argmin
k

M(dk, sk), where M(dk, sk) =
2dksk
dk + sk

. (27)

Figure 8 illustrates an image of associative classification. Each input vector is classified
to correspond to the memory pattern by the dynamics of the proposed q-valued CNN.
Note that each unfilled black circle represents the position of the memory pattern, and the
other plotted dots represent the positions of each input vector. Each arrow represents the
convergent direction and distance to the memory pattern. Moreover, from Figures 8(a)
and 8(b), we can see that it is possible to improve the probability of correct classification
by a proper choice of the output level q.

5.2. Diagnosis of liver disease. In previous studies [11, 13], the data of medical blood
tests shown in Table 1 were used as the confirmation data set. In Table 1, fi denotes i

th

inspection item after normalizing the blood test result ui by the scaling function.
Each q-valued CNN in this problem is constructed with n = 12 cells to memorize five

vectors αk ∈ M12
q (k = 1, . . . , 5) corresponding to classes of liver disease. The memory
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Table 1. Inspection items in blood test

Item Attribute Scaling function
f1 TBiL log(u1/50) + 3.71
f2 DBiL (u2 − 50)/26
f3 ALP (u3 − 80)/30
f4 γ-GTP u4/35− 1.2
f5 Abl-G (u5 − 3.8)/0.55
f6 CHE (u6 − 215)/93.75
f7 GPT log(u7/90)
f8 GOT log(u8/90)
f9 PLT (u9 − 23)/13
f10 ALB (u10 − 54.8)/6.5
f11 AFP log(u11/50)
f12 AFP = f11
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Figure 9. Patterns of five liver diseases for q-valued CNN

patterns are computed by the following equation:

αk = gq(f
k
ave) |rL=0,K=1.2, where fk

ave =
1

Nk

∑
j∈Ck

fj for each k. (28)

Here, Nk is the number of data fj that is a sample of class Ck. The inputs are amplified
by K = 1.2 before being fed into these networks. The slope of the output in (24) is
defined by rL(0) = 0.85 and τ = 20.
Figure 9 illustrates the memory patterns for the five classes, i.e., “Healthy person”,

“Hepatoma”, “Acute Hepatitis”, “Chronic Hepatitis” and “Liver Cirrhosis”. As indicated
in Figure 9, each box represents the q-valued memory pattern of the disease, with each cell
corresponding to a vector component which is allowed to assume values between −1 and
1. Here, −1 represents black, 1 represents white and the intermediate values correspond
to intermediate grey levels.
To evaluate the result of diagnosis, we define a classification accuracy, which depends

on the number of correctly classified samples.

Accuracy = Tcorrect/Nall × 100(%), (29)

where Tcorrect is the number of sample cases correctly classified, and Nall is the total
number of sample cases. In this paper, we used 399 sample data (Nall = 399). The
accuracy was computed by counting the number of all correctly classified samples obtained
by the 10-cross validation method [18].
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5.3. Results and discussion. By using the proposed q-valued CNN, the liver disease
classification task shown in [11, 13] was performed. Figure 10 shows that the proposed
q-valued CNN improves the classification accuracy of conventional CNNs at q = 5. The
accuracy increases as the output level q increases, and saturates from approximately
q = 10 to higher output levels. Hence, the q-valued CNN improved the classification
accuracy by selecting the output level q properly. Moreover, the optimal output level q
in this task was q = 5 in Figure 10.

On the other hand, we also compared the classification accuracy of the same task
between the proposed q-valued CNN and other pattern classification methods, such as
template matching (TMP), k-nearest neighbor (k-NN), multi-layer perceptron (MLP),
support vector machine (SVM), and the three-valued CNN proposed by Zhang et al. in
[11] (3-CNN). The TMP uses the mean vectors for each class as the templates. The
k-nearest neighbor uses k = 20 prototype vectors. The MLP is constructed by two
hidden layers and four total layers, which has 11 input neurons, 33 + 17 hidden neurons,
and 5 output neurons. The weights in the MLP are trained by the back propagation
algorithm with learning rate η = 0.005. The SVM uses the Radial Basis Function (RBF)
ker(x1,x2) = exp(−0.5∥x1 − x2∥2/σ2) with σ = 20.5 and regularization constant Creg =
21. Moreover, the 3-CNN in [11] uses the output function of (3). For each classifier, the
accuracy of (29) is computed by using the 10-cross validation method. The parameters of
each classifier are selected to maximize the accuracy. For more details of these methods
and implementations using MATLAB refer to [18, 19].

From Figure 11, we can see that the proposed q-valued CNN improves the classification
accuracy of the 3-CNN in [11] by more than 8%. Moreover, the classification accuracy of
the proposed q-valued CNN is higher than those for typical classification methods, i.e.,
MLP and SVM, although it is smaller than those for the TMP and k-NN. The reasons
being considered are that the local partition approaches (TMP, k-NN and q-CNN) are
superior to the global partition approaches (SVM and MLP) for this example since the
dataset has high within-class variance relative to between-class variance. On the other
hand, one of the main advantages of associative classification using the proposed q-valued
CNN is that the amount of calculation for solving (4) shows no further increase with
subsequent additions of data. The associative memory using the proposed q-valued CNNs
can expand both the applicability and flexibility of designing its memory vectors. Since the
CNNs can perform parallel signal processing in real time through VLSI implementation,
the results in this paper suggest that it may be possible to obtain a novel architecture for
a high-speed and fault-tolerant pattern recognition system by using the proposed q-valued
CNN.

6. Conclusions and Remarks. In this paper, we proposed a new q-valued CNN for as-
sociative memories that includes a multi-valued saturation function as the output function.
The multi-valued output function is defined by a linear combination of piecewise-linear
functions, and can construct the q-valued output level. The stability of the CNN with
the multi-valued output function was then discussed based on the theorems of [1, 14].

Numerical examples showed that the proposed q-valued output function with time-
varying parameter rL(t) improved the error correction capability of the associative mem-
ory using q-valued CNNs. Finally, we showed the method of associative classification with
the proposed q-valued CNN and demonstrated the diagnosis of liver disease. For output
level q, these results showed that the proposed q-valued CNN improved classification
accuracy by properly selecting the output level q.

As further work we need to investigate the capacity and limits of associative memory
in the proposed q-valued CNN and explore the relationship between the output level q
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Figure 10. Classification results of the proposed q-valued CNN for output
level q
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Figure 11. Comparison results of the conventional classification method
(TMP, k-NN, MLP, SVM and 3-CNN) and the proposed q-valued CNN
(q-CNN)

and the number of memory vectors stored for the network. Moreover, we also need to try
to develop a design procedure of associative memories, which uses a convex optimization
method, i.e., LMI (linear matrix inequality) in [20], to further improve the recall capability
of the proposed q-valued CNN.
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