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ABSTRACT. This paper studies the antiwindup synthesis problems for plants with coprime
factor uncertainties. The proposed technique utilizes an equivalent framework of compen-
sated systems to investigate the robustness of the antiwindup compensators. The penalty
operators of the input saturation are studied originally in general cases. Robustness crite-
ria are proposed for an antiwindup compensated system with different model uncertainties
including the additive uncertainty and the coprime factor uncertainties. Linear matrix
inequality based techniques can synthesize an antiwindup compensator to conform the
system to better robustness requirements for input saturation problems. The simulation
results show that the antiwindup compensator synthesized in this paper is more adequate
to plants with coprime factor uncertainties. A system which is a rotorcraft model in
hover flight condition is presented as a practical example to show the robustness and the
performance of the antiwindup compensator from the proposed approach.

Keywords: Antiwindup, Coprime factor uncertainty, Input saturation, Linear matrix
inequality (LMI), Robustness

1. Introduction. Researchers have paid significant attention to antiwindup synthesis
for linear control systems over last two decades. An antiwindup compensator is intended
to recover as much as possible performance for a compensated system in the presence of
input saturation. Early studies on this topic developed many qualitative approaches to
particular instances of antiwindup synthesis (e.g., [1-3]). Campo et al. constructed an
antiwindup augmentation configuration [4]. That is perhaps the most typical embodiment
configuration. The antiwindup technique has become one of the most popular solutions
to input saturation problems. More recent studies presented a number of antiwindup
schemes with better stability and performance. These studies proposed many systematic
approaches, including the H* based optimal control technique [5-7], the reference gov-
ernor scheme [8-10] and the linear matrix inequality (LMI) based techniques (see e.g.,
[11-13]). The antiwindup synthesis is still supported by further theoretical studies and
applications. For more comprehensive overviews of antiwindup approaches, see the work
in [14]. Instead of going into detail on the above approaches, this paper focuses on anti-
windup synthesis to ensure the robustness of the compensated system in the presence of
model uncertainties.

Robust controller design has been a prominent issue in control research for many years.
For instance, Sun et al. proposed an approach to the synthesis for a nonlinear robust
controller and a parameter updating law simultaneously by using modified adaptive back-
stepping sliding mode control and Lyapunov methods [15]. Some of the robust nonlinear
control syntheses were presented based on the LMI approach [16,17]. The model uncer-
tainty and input saturation control problems are usually separated in syntheses. Gomes
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da Silva and Tarbouriech proposed an approach to an antiwindup gain for larger regions
of stability in linear systems [18]. Hu et al. also presented LMI-based synthesis meth-
ods for the optimization of the regional stability and performance of linear antiwindup
compensators [12]. The static antiwindup problem for plants with magnitude and rate
saturation was addressed by Galeani et al. [19]. They also provided an LMI-based pro-
cedure for the construction of a linear antiwindup gain by using the generalized sector
condition. The input saturation in their approach can be regarded as another type of un-
certainty that can be handled by the standard robust control techniques [20]. Turner et
al. accounted for the model uncertainty in synthesis [21]. Based on [21], they treated the
robustness problem of antiwindup synthesis with additive model uncertainty [22]. They
also discussed the requirements of the stability robustness optimization and proposed the
LMI approach to optimize the robustness and performance of antiwindup synthesis. The
coprime factor uncertainties were studied in [23]. Essentially, for the sake of small gain
theorem, the coprime factor uncertainties can release the constraint of the same pole num-
ber on the closed right half plane (RHP) for all possible plants within uncertainties. Deng
et al. proposed a design scheme for the output tracking of nonlinear feedback systems
with perturbation based on robust right coprime factorization [24]. Young synthesized
the decoupling controller for non-minimum phase plants with different pole numbers on
RHP within uncertainties [25].

The purpose of this paper is to obtain the robustness requirements of antiwindup syn-
thesis for plants subject to coprime factor uncertainties and input saturation. Inspired
by [22], this paper constructs an equivalent framework of the compensated systems to
facilitate the construction of uncertainty 1/O maps. Analysis of the coprime factor un-
certainties in antiwindup synthesis can be achieved by using this equivalent framework.
The stability robustness requirements addressed in this paper can be also represented by
an LMI. They cannot be extended straightforward from those in [22] due to significantly
different equivalent frameworks and penalty operators. Conversely, the results are more
generally compared with those in [22]. This paper originally studies the penalty matrix
operators and the robustness criteria of an antiwindup compensator for a plant subject
to model uncertainties such as the additive uncertainty and the coprime factor uncertain-
ties. Without loss of generality, this study considers the left coprime factor uncertainties
of plants. Finally, the simulation results compared with those in [22] show that the pro-
posed approach is more appropriate to plants with coprime factor uncertainties in both
time responses and frequency responses.

This paper uses standard notations. RH., denotes the space of proper, real-rational
functions with no poles on the closed RHP, ||G(s)||,, denotes the H.-norm of G(s) €
RH, and a matrix P > 0 (P < 0) means P is a positive (negative) definite matrix. In
particular, SC denotes the Schur complement operation for a negative definite matrix,

CT  denotes the operation of the congruence transformation diag (Xy,---,X,), and
X1, Xn
S : . : s| A|B
= denotes the state space representation of a transfer function, i.e., G(s)= {T‘T]

means G(s) = C(sI — A)"'B + D. An induced Ly-norm of an operator I' is defined as

[l = sup 1z where [zl is the Lynorm of a vector x(t). [|T;, = [|T, if T'is
’ x#0,2€ Lo 2 ’

a linear operator. Hereafter in this study, a transfer function G may be written instead

of G(s), effectively implying the s-dependence of the transfer function matrix.

2. The Antiwindup Framework with Coprime Factor Uncertainties. Consider
the configuration of linear systems in Figure 1, where G5 is the nominal plant of the
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true plant, Gy. Gy = M™'N = NM~!is a p x ¢ multiinput-multioutput (MIMO)
controlled plant, where (M, N) and (M, N) are the left and right coprime factor pairs
of Gy, respectively. Gy = (M + WAMWM)_l(N + WANWN) represents a plant subject
to the frequency-weighted coprime factor uncertainties where W, Wy and W,,, are all
known. Without loss of generality, let the coprime factor uncertainties, Ay and Ay,
be frequency-weighted inherently, i.e., Ay = WANWN and Ay = WA, W, Thus,
Go= (I 4+ M 'Ay) " HGy+ M1Ap).

M™A,,

’—o K, +y, H G, +=

F1GURE 1. The robust control problems with coprime factor uncertainties

— K M™A,
\+

In this paper, the robust bound evaluated for the compensated system is || (—M 1Ay,
M~'Ay) |, instead of [[(—=Ap, An)]| since ||[(—=M 1Ay, M*Ay)||, retains the bound
of uncertainties for different possible denominators of the left coprime factors, M. Figure
1 shows that the I/O maps between the coprime factor uncertainties are

() = (i S s ) ()

According to the small gain theory, if and only if the compensated system is stable, then

—(I — GgKg)il (I — G2K2>71 MﬁlAM 0 <1
—KQ(I — GQKQ)il KQ([— GgKg)il 0 MﬁlAN ~ ’
or
1
H( K, ) (_[_G2K2)_1( —MﬁlAM MﬁlAN ) ‘ < 1. (1)

If M~1A,; = 0, the system depicted in Figure 1 will degenerate into a plant subject to
additive uncertainties, i.e., ||[K2(I — G2K3) "M tA x| < 1. In case G5 has a stabilizable
and detectable state space representation as

the state space representation of its right coprime factors can be
- A+ BF | B
( M ) ST F T, (3)
C+DF|D
where the eigenvalues of A+ BF are all on open left half plane (LHP).
Figure 2 shows a typical antiwindup synthesis for a plant subject to coprime factor

uncertainties. The system will be a problem of the antiwindup synthesis if M~*Ay = 0
and M 1Ay, = 0. In addition, it will become an internal model control (IMC) antiwindup

N

scheme if M is equal to unity. Based on the suggestion of Weston and Postlethwaite, this
paper states that M is equal to the right coprime denominator factor of G, or M=M
(refer to [26] for the details). The aim of the antiwindup design is to synthesize M — I and
G M blocks in Figure 2. Inherently, the feedback controller, K, should robustly stabilize
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the plant if there is no input saturation. Therefore, we make the following assumptions
throughout this paper.

o G

FIGURE 2. Antiwindup synthesis with coprime factor uncertainties

Assumption 1. G; € RH;
Assumption 2. ( Ay Ay ) € RH;

I —Ky\ !
~Gy I

In Assumption 1, the system will maintain global finite-gain stability in case of input
saturation. Assumption 2 is necessary for the small-gain theory even though the poles of
(M + Ajpr)~! may not be always on open LHP, i.e., the uncertain plant Gy is not always
stable within uncertainties. Assumption 3 indicates that the linear closed-loop system is
robustly asymptotically stable and well-posed within uncertainties. That is, the system
compensated by Ks is robustly asymptotically stable in the presence of coprime factor
uncertainties without input saturation nonlinearity. By this assumption and according to

Assumption 3. € RH, ‘v’( Ay Ay ) € RH..

(1), | (~M8y MAx )| < = where
(2 )o-omr]

3. Penalty Operator of Input Saturation for Antiwindup Synthesis. Figure 3
shows the equivalent representation of Figure 2 with M = M, where [(wyp) is the mapping
from wy;, to u. All signals are the same as those in Figure 2. Figure 4 shows the equivalent
block diagram of I'(wy;,), where ¥ is a nonlinear operator substituting the dead zone block
diagram in Figure 3 and it can be a diagonal matrix, i.e.,

o1 0
02

0 o

and 0,€[0,1),i=1,2,--- ,q. I+ (M —1I) is invertible for all possible values of X, i.e., the

nonlinear mapping from wy;, to @ can be expressed as 4 =T"(uy,) =% | [+ (]\Z/ — DY wyn.
Let u = I'sug,, then

o=x[1+01-nz| (5)
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where I'y; is also a nonlinear operator since ¥ is a nonlinear operator. According to (5),
the I/O maps between the coprime factor uncertainties in Figure 3 become

(yM ) _ ( —(I — GQKQ)A_l + NFZK2(I — GQKQ)_l (I — GQKQ)A_l — NFEKQ(I — GQKQ)_l > (’LLM )
YN —(] — Mrz)Kz(I — GQKQ)_l (I — MFE)KQ(I — G2K2)—1 UN

- I —NFZ —(I— G2K2)71 (I - G2K2)71 Upnpr
“\0T-MTs, ) \ —Ko(I —G2Ky) ™" Ko(I —GaKo)™' ) \uy )

According to the small gain theory,

I —NFZ —(I — GQKQ)_l (I — GQKQ)_l M_IAM 0 <1
01— MTs —Ko(I — GaKo)™t Ko(I — GoKo) ™t 0 M~ 'Ay i ’
or
I —NTs I . . .
~ I —GK —M—A M—A 1
H(o I—MF2)<K2)( ke " N)i2< ¥
Penalty Operator .
T, —— |
E M-1 i” 7 !
u, T -
i - / i J!l-'.j‘ N
I L _'_.;%_ J ]y
- MUA
)
ll+

>
U

lin

o, =tan@,

FIGURE 4. The equivalent block diagram of I'(u;,) with possible different
nonlinearity gains
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The robustness of the antiwindup schemes for systems subject to input saturation and
coprime factor uncertainties can be obtained from (6), i.e.,

~NT I _
e

~NT, -
0 s )|,

-1

02

(k. Ju-eaer

-1

Y

oo

where ( [é. ) (I — GyKy)™! is the robust bound of the systems without the non-
2 o0
—NT'y .
linearity of the input saturation. results from the input satura-
O I — MTy i
’ 1
tion in the robust antiwindup system. From (4), ||( —M Ay M'Ay )| < ot if
<y

I —NIy v 31
( 0 I_ Ny, ) < 5. From (5), I — MT'y = (I — X)(I — X+ MX)~"'. In case

i,2
of a special condition that ¥ = 0, I'y = 0 and H] MFEH |7, = 1. Then
I — MTs|| >1 (the same as that in [22]), i.e.,
0,2
~NTy
> 1.
H(O I— MFE)M_ (7)
I —NTy L :
~ can be regarded as the penalty operator for the nonlinearity of input
0 I—MTy

saturation and v > 1. That is, the antiwindup scheme cannot be expected to have
better robustness in nonlinear plants than linear plants. This result is more general for
the robust antiwindup synthesis. For instance, there is no penalty for the robustness of
the compensated system if the system is linear, or I's = 0. In this case, the penalty
operator becomes an identity matrix. In case M 1Ay = 0, or Ag, = M 1Ay, where
Ag, is defined as the additive plant uncertainty of G, or Gy = Gy + Ag,, the robustness
requirement of the uncertain system is the same as the result in [22]. Consequently, if
G = Gy + Ag,, (6) degenerates into

H([ ~ M) Ks(I — GaKy) A,

<1, (8)
(2
or (I — MT ) is the penalty operator of the compensated system subject to input sat-
uration and additive plant uncertainties. Furthermore, if there is no input saturation in
the system, or I's = 0, (8) also turns into a standard robust control problem with the
additive plant uncertainty, i.e., || Ka(I — GoKo) ' Ag, |l <1

Table 1 provides the uncertainties I/O gains for the antiwindup scheme with and with-
out input saturation. The robustness criteria of the compensated system will depend on its

uncertainty type. For instance, H(I — MFZ)KQ([ — GLKy)™ ‘ 7 and H( —NT'y )

0 I-— MFE
I ) _
(I — GoKs) 1
( Ky 1,2

for the antiwindup scheme with the additive uncertainty and the coprime factor uncer-
tainties, respectively. According to the different robustness criteria, it can conclude that

-1
are the different robustness criteria of the compensated system
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one compensator which may be better than the other compensator for a kind of robustness
criteria is not always better for other kinds of robustness criteria.

TABLE 1. Uncertainty 1/O gains for the antiwindup scheme

Model uncertaint
‘ Y Plant with additive uncertainty Plant with coprime factor uncertainties
ype
Input saturation No Yes No Yes
Uncertainties . I I _Kry I
Ko(I — GoKo) ™1 | (I — MPyg)Ko(I — GoKg) 1t (I —GaKy)~ ! (I — GaKp)~t
I/O gain Ko 0 I — MIyg Ko

4. The Stability Robustness of the Compensated System. The block with dash-
dot border in Figure 3 shows the mapping of the penalty operator since

(20 )= (Sl S e (),

or yg = Gouwyn — upr + uy. Figure 5 is the equivalent block diagram of the penalty

operator for the input saturation with coprime factor uncertainties. Thus, ZM =
N
Yag — N U .
~ or equivalentl

(yM>:(G2ulm—uM+~UN_Nﬁ). (9)

YN Ulin — Mu

i Penalty Operator :

i

= i "TJ_ ] >V
i H
i

M i

+, }\_ '

-
*) ; YV,

iy

FI1GURE 5. Block diagram of the penalty operator ( [ =NTs ) from

Ulin Yn

According to (2) and (3), the state equations of (9) can be as follows.
i1 = (A+ BF)x, + Bi (10)
Ty = Axo + Buy,. (11)
Then
Yo = Cxo + Dugin, — upr + un. (12)
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In addition, some necessary outputs for the antiwindup synthesis are as follows.

ym = —(C + DF)xy + Cxy — D+ Duyiy, — upy + up, (13)
yn = —Foy —u + uyp, (14)
ug = Fxq, (15)
ya = (C + DF)x; + Dii. (16)

The criterion for stability robustness optimization has been proposed for systems with
both input saturation and additive plant uncertainties in [22]. Similarly, the compen-
sated system can be guaranteed to be robustly stable for a plant with the coprime factor
uncertainty matrix ( ~M7'Ay M'Ay ), the dead-zone nonlinearity constraint [27],

a? A(ugin, — ug — ) > 0, and the induced Lo-norm of the penalty operator

I —NTsx
0 I— MTIy

d Ym Ya
Jp=— (TP
f dt(x x)+H<Z/N) (Ulm

where P > 0 and A = diag(\y, -+, A;) > 0. (17) shows the robustness requirement for in-
2 2
Ym 2 Ya
( YN ) 7 ( Ulin )
in Equation (17) represented the effects of the induced Lo-norm of the penalty operator,
I —NTI'g
0 I—MTy

erator cannot be simply realized. Furthermore,

<7

0,2
if

2

2
2 + 207 A(ugin, — ug — ) <0,  (17)

-7

put saturation with coprime factor uncertainties. The terms

< ~, since the nonlinear operators of either I'y; or the penalty op-

1,2

UM iy (9) is in terms of the inputs

U, Upin, upr and uy, exclusive of T'(uy,). That is, @, (the output of I'(wy,)) is independent
of uy, (the input of I'(u,,)) whatever I'(uy,) is. It is obvious that @7 A(ugy, — ug — @) is
equal to zero in the linear zones of inputs and is greater than zero in the input saturation
zones. Theorem 4.1 gives the LMI constraint of the robust stability for the antiwindup
scheme.

Theorem 4.1. The antiwindup compensator guarantees the robustness stability of the
compensated system subject to the input saturation and the coprime factor uncertainty

matriz (—M " Ay, M~YAN) as shown in Figure 2 if the matrices P = ( Ijle ]]j?’ ) > 0,
5 e
A =diag(Mi, -+, A,) >0, and F satisfy the following LMI.

(A+ BF)Y'P,+ P(A+ BF) (A+BF)'P,+P,A PB—FTA

* ATPQ—FPQA—’YQOTO P3TB
* * —2A
* * *
X X *
* * *
* * *
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PsB 0 (C+DF)T" FT
P,B—~2CTD —~2CT —cT 0
A 0 DT I
—*(DTD+1) —4*DT DT I | <. (18)
% —2] —I 0
* —I 0
* * * -1

T
T I
o) T2
Jp = U Rr U < 0.
Ulin Ulin
un — um UN — um
Thus
(A+BF)TP + Pi(A+BF)+ FTF+ (C+DF)T(C+DF) (A+BF)TP;+ P;A— (C+ DF)TC
X ATP, + PbA—~2CTC +CTC
§RR = * *
* *
* *

PiB—FTA+FT 4+ (C+DF)TD PsB-FT —(C+DF)TD —(C+DF)T

PI'B-CTD P.B—-~+2CTD+CTD 1-~?CT
—2A+I+DTD A-I-DTD -DT
* (1-=~*){I +DTD) (1-~*)DT
* * (1 —~I
(A+BF)TP + PI(A+BF)+ FT'F (A+BF)TP;+P3A P B—FTA+FT
* AT Py + PoA—~2CTC PI'B
* * —2A+1T
* * *
* * *
P3sB—FT 0 (C+DF)T
P.B—~2CTD  —2CT -cT
A-T 0 DT
—2(DTD+1)+1 —~2DT -DT
* —2I I
* * -1
(A+BF)TPL+ PL(A+BF) (A+BF)TP;+P3A P B-FTA
* ATP, + P, A—~2CTC PIB
* * —2A
SC * *
T * * *
* * *
* * *
P3B 0 (c+DF)T FT
P,B—~+2CTD —~207T -cT 0
A 0 DT I
—v2(DTD+1) —~2D7T -DT -1 |<o.
—~2I —I 0
* —1 0
* * -1

Since the LMI in (18) holds, (17) will be satisfied and the compensated system is stable
in the presence of the coprime factor uncertainties and input saturation nonlinearity.
Hence, the robust bound of the compensated system, H( —M7'Ay M 'Ay )||OO, is

1
less than 5 The diagonal terms of the matrices during the derivations of the proof are

all negative definite. These terms also represent the necessary conditions of the LMI in
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(18). Therefore, v > 1. This result is the same as anticipated in (7). These necessary
conditions are helpful to assess the satisfaction of (12). If P = ( B0 ) > 0, or

0 B
P3 =0, and after the congruence transformation diag (Q1,1,V,1,1,1,1), (18) becomes
QAT + AQ, + L"BT + BL 0 BV — LT
* ATP2 -+ PQA - ’}/2CTC 0
* * =2V
cr
p * * *
QuIVIIII . 3 3
* * *
* * *
0 O.CT +LTDT LT 0
P,B —2CTD —cr 0 —~2CT
I VDT Vv 0
—2(DTD + 1) _pT I —?DT | <o, (19)
* —1I 0 —1I
* * —1I 0
* * * —~2T

where Q; = P!, L = FQ, and V = A~'. LMI in (19) ensures the robustness re-
quirement of the compensated system subject to input saturation and the coprime factor
uncertainties. The antiwindup compensator can be found, i.e., F = LQ;'. The state
space representation of the antiwindup compensator can be written as

- A+BLQ;' | B
(MN I)i LQ;C |0 |. (20)
C+DLQ;'| D

5. The Robustness and Performance of the Compensated System. The anti-
windup compensator is expected to maintain the performance of a linear control system
subject to input saturation while guaranteeing the global stability or minimizing perfor-
mance deterioration. However, (17) cannot guarantee the performance of the compen-
sated system. The criterion of the optimization for the robustness and performance was
proposed in [20] and can be adopted in this paper, i.e.,

1 2
d W{ﬁyd v 9
Jp = o (xTPJJ) + W%MyM — 2 ( e ) 4+ 207 Mgz, — ug — @) < 0, (21)
IgNyN

where Wp, Wgra and Wgry are the weighting matrices for the performance and robustness
of coprime factors, respectively, and
2

1
W{ﬁ Yd y 2
1 2 G
I;NyN

Wp, Wgy and Wiy can reveal the relative significance of performance or robustness in
the antiwindup synthesis. For instance, if Wp is equal to zero or a small value compared
with those of Wxy, and Wgky, the robustness of the antiwindup system is more important
than the performance. The optimization for J, will degenerate into the robustness opti-
mization as in Theorem 4.1. Similarly, if Wgy, and Wgy are chosen small compared with



ROBUST COMPENSATOR SYNTHESIS FOR ANTIWINDUP DESIGN 1621

that of Wp, the antiwindup system performance is more significant than the robustness.
In Theorem 5.1, (21) can be formulated using LMI through some Schur complement opera-
tions and congruence transformations for any possible relative significance of performance
and robustness.

Theorem 5.1. The antiwindup compensator will guarantee the robustness stability and

the performance of the closed-loop system in the presence of input saturation and the

coprime factor uncertainty matric ( —M7TAy MAy ) if (22) holds as well as the

f,)%p ?’ ) >0, A = diag(A1,---, ;) > 0, and F exist such that the
3 2

following LMI is satisfied.

matrices P =

(A+ BF)'P,+ P(A+ BF) (A+BF)'P,+ P3A P B—FTA

* ATP2+P2A—’)/QCTC P?)TB
* * —2A
* * *
* * *
* * *
* * *
* * *
P;3B 0 (C+DRT FT  (C+DF)T
P,B —~2CTD —~2C07T -CT 0 0
A 0 DT 1 DT
—~2(I + DTD) —~2DT -DT —1I
T . ) iy 1 0 0 <0 ()
x * Win 0 0
* * * —Wg&, 0
* * * * —W;l

Proof: Following the similar procedure in the proof of Theorem 4.1 including (16), we
have

T
Tt T
T2 T2

Jp = U Rp U <0,
Ulin Ulin
UnN — Um Uy — Um
where
(A+ BF)TPy+ Pi(A+ BF) + FTWgnF 4 (C + DF)T(Wp + Wgan ) (C + DF)
*
Rp =

*
*
*

(A+ BF)T'P3+ P3A— (C+ DF)"WgyC PiB—FTA+ FTWgy + (C+ DF)Y(Wp + Wga)D

AT P, +P2A—'yQCTC'+CTWRMC P?TB—CTWRMD
* —2A + Wgy + DT (Wp + Wgar)D
* *

* *
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PsB — F"Wgy — (C+ DF)"WgyD  —(C + DF)'Wgy

PQB—’YQCTD+CTWRMD CT(WRM —
A —Wgyn — D"WgarD —~DTWgru

ZD

Wry + DTWgy D — ~%(1 + DTD) DT (Wgn —+*1)

* (Wrm —

(24)

Applying some Schur complement operations and the congruence transformation

_1 _1 _1
diag <I, LI LW We2, W, ) the LMI can be as follows:

(A+ BF)TP, + P((A+ BF) (A+BF)TPy+PA PB—FTA

* ATP2 + PyA — ’72CTC PSTB
* * —2A
cT * * *
%P 1 1 1 * * *
IILIILIW,2 Wp2 W, 2 * * *
* * *
* * *
P;B 0 (C+bDF)T FT (C+DF)T
P,B—~+2CTD —2CT -CT 0 0
A 0 DT 1 DT
—2(I+DTD) —42DT  —DT -1 0
x 221 -1 0 0
* * _WEJif 0 0
* * * —W?{, 0
* * * * —W;,l
(23) can be proven.
From (22), the necessary condition of the robustness is
~ 1
— 3 0
G ) (M wd )]
— 2
s 0 Wan i
i.e.,
(-8 [
0 I-MTs /i, Wy 0
z 0 Wkn
WRM O 2 . ¥
In (4,4) block of (24), 0 W < 71, or equivalently, >
RN Wery 0

1. In other words, the antiwindup scheme cannot be expected to have better robustness
for nonlinear plants than that for linear plants in either the stability robustness or the
robustness and performance of the compensated system. We can also suggest that P =

( ];1 ]g ) > 0, or Py =0. In this case, (23) becomes
2

BV — LT

QAT + AQ, + LTBT + BL 0
* ATPQ + PQA - ’YQCTC
* *
cT * *
P Q1,1,V,I,II,I,I * *
* *
* *
* *

0
-2V

EE S
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0 0 o.Cct+ LD LT Q0T+ LTDT

P,B —~*CTD  —~2CT -CcT 0 0
I 0 VDT % VDT

2 T 2 NT T
—72(I+D"D) —+2D -D —I 0
( " ) 2] 1 0 0 <0, (%)

* * ~Wpiy 0 0
* * * —Wgﬁ, 0
* * * * —VVP_1

where Q, = P!, L = FQ, and V = A~!. The antiwindup compensator which guarantees
the robustness stability and the performance of the closed-loop system as specified in (22)
can be synthesized, i.e., F = LQ;', where L satisfies the LMI in (25). Furthermore, its
state space representation is similar to (20).

6. Examples. Example 6.1 accounts for the differences in the robustness criteria between
the additive uncertainty and the coprime factor uncertainties. The robustness analysis
involves the maximal singular values of the uncertainty I/O map. Two different feedback
compensators provide the typical robustness measurements for both kinds of uncertainties.
Examples 6.2 and 6.3 that have been carried out in [22] demonstrate the implications of the
LMI approach to the antiwindup synthesis proposed in this paper. Furthermore, the time
responses of two more perturbed plants which are both unstable are utilized to compare
the robustness of the antiwindup compensators in [22] with that in this paper. Example
6.4 presents the antiwindup synthesis for a rotorcraft model in hover flight condition. It
illustrates the proposed approach applied to a practical system.

Example 6.1. Consider the following multivariable system. The state-space matriz of
the plant is described as follows.

—0.0250 0.0750 | 4.4000 4.2800
s | 0.0750 —0.0250 | 5.6000 5.7200
~ | 0.0150  0.0050 [0.0500 0.0600

0.6500  0.0500 | 3.0000 3.6000

Two possible feedback compensators that stabilize Gy are respectively described by the state-
space matrices

G

—3.1390 —0.3453 | 0.02528  0.8622
o —4.0810 —0.5892 | 0.03005 0.9999
2 —-10.59 —1.666 | —0.0500 —3.0000
—10.38  —1.640 | —0.0600 —3.6000

and
—0.08834 0.03105 | —0.0009227 —0.03230

w5 0.02173  —0.08151 | 0.0001539  0.005388
2 0.01381  0.005244 | 0.0004078  0.01427

0.01381  0.005244 | 0.0004078  0.01427

Figure 6 plots the maximal singular values of the uncertainty 1/O maps for the closed-
loop systems with K, and K,. Figure 6(a) illustrates that the robustness of the closed-
loop system with K, is better than that with K, for the additive uncertainty since
H[_(Q(I — GQK'Q)_lHOO = 0.0223 and ||K>(I — G2K») Y|, = 0.2041. From the small gain
theorem, the uncertainty bounds of the stability for the additive uncertainty are 44.8505
and 4.8746 with the compensators K, and K, respectively. However, Figure 6(b) shows

that DY (1= GoRy) || = 1.10429 and LY 1 —ary)t|| = 1.00003.
KQ K2

o0 o0
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FIGURE 6. The maximal singular values for uncertainty 1/O maps

That is, similarly from small gain theorem, the robustness for the coprime factor uncer-
tainties with K5 is better than that with K,. According to the above analysis, there is
no obvious correlation for robustness between the additive uncertainty and the coprime
factor uncertainties. As a result, one compensator that may be better for one kind of
uncertainties is not always better for the other kind of uncertainties.

Example 6.2. Consider the benchmark example in [22]. The nominal plant, G5, described
by the state-space matriz is as follows.

S0 1o
Gy=| —10 —10]10
1 00

Three perturbed plants are utilized to compare the time responses of the compensated
systems between compensators in this paper. Their state-space matrices are described as
follows.

0 1 0
Perturbed Plant 1: Gyp S 210 —0.01]10 :
i 0 \ 0
; [0 1 [0 ]
Perturbed Plant 2: Gopo=| —10 0.44 | 10 |;
1 0 |0
S0 10 1
Perturbed Plant 3: Gops= | —10 0.45 ] 10
1 0 |0

Perturbed Plant 1 is the same as that in [22]. Perturbed Plants 2 and 3 are both
unstable. The feedback controller, K, which was designed for (G5 is described as

80 0 25 |0 -1
s| 1 0 0 |0 0
I 0 -25[1 0

—90450 3375 337.5|0 —135

K= (K K)
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With claim to robustness of the system in [22], the full order antiwindup compensator
was synthesized as

_ 0 1 0

Mp—1\s| —9.9998  —10.0000 |10
N 0.00002242 0.00000446 | 0 |’
" 1 0 0

where Fip = (1 0.2242 0.0446 ) x 107, and the weighting matrices W, = 0.001 and W, =
1. The robustness of the antiwindup synthesis in this example is more significant than
performance. In this paper, we similarly choose Wp = 0.001, Wgy, = 1 and Wiy = 1.
According to (25), Fr = ( 0.001382 0.001560 ) The antiwindup compensator can be

~ 0 1 0
Mp—1TY\s| —9.9861 —9.9844 |10
Ng 0.001382 0.001560 | 0

|t

|

1 0 0

TABLE 2. The induced Lo-norms of I/O maps with different ¥ in Example 6.2

5 0.37 0.6 0.07

H(I — NITs)Ea(I — GoKs) ! H 94.4983 53.9990 13.4998
7,2

H(I — MDs)Ka(I — GoK)™! H 94.4983 53.9990 13.4998
7,2

H(I — MDs)Ka(I — GokK) ™t 4.0186 x 105|4.5939 x 1078[1.7232 x 10~°

— H(I — MDs)Ka(I — GaKa) ™

i,2

2

( é 1__]\]]5?2 ) ( ]é) )(I - G2K,) ™! 94.5036 54.0083 13.5367
i,2

(é 1_1\1]\:5121 )(é )(I—Gsz)*1 94.5036 54.0083 13.5367

— MTs ) v
7,2
I —NT I
(o 1 s ) ( K> )(I_GQKQ) 1
- 0,2 4.0184 x 1078]4.5931 x 1078|1.7184 x 108

(8 Y (O Y

The antiwindup compensator does not influence the system within the linear zone, or
as X = 0. The robustness of the compensated system depends on K5 only as ¥ = 0
(refer to Table 1). Table 2 compares the induced Ly-norms of I/O maps for the additive
uncertainty and coprime factor uncertainties with different . The robustness has no
significant differences between these two antiwindup compensators. In fact, the robustness
of the antiwindup compensator synthesized in this paper is little better than that in
[22] both for the additive uncertainty and the coprime factor uncertainties as shown

’(I — M) (I = Goo) Y| > ) (I — MTy)Ks(I — GoK) Y|

7, 1,2

I —NTs I ~ I —NTs I _

= I —GoKy) | > - I —GyK,)™!
(0]_MFE>(K2)( =) ;2 KOI—MFE)(K?)( K2 0,2

for all different 3. In general, the control input is assumed to be saturated at +1. Figure
7 shows the time responses of the compensated systems (including G5, Gap1, Gape and
Gop3) with the above two antiwindup compensators to a pulse reference of magnitude 1.2.
The pulse reference has the same pattern in [22]. The output time responses for these two
compensators are almost the same as well in Figure 7. The performance of the antiwindup
compensators in this paper are close to that in [22] in both frequency domain and time

7,2

in Table 2 since and
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domain for either the nominal plant or the perturbed plants when the robustness is more
significant than performance.

The approach in [22] The approach in [22]
08 —— The approach in this paper || — Thé approach in this paper
| ary .
04
0.5k
02 |
~ o . ol
02
04} 05
06
1
<08
-4 N bl .
0 10 20 30 40 50 60 15 0 20 20 40 50 60
Time (s) Time (s)
(a) Nominal Plant (b) Perturbed Plant 1
1.5 1.3
== The approach in [22] -—-—The approach in [22]
. ——The approach in this paper . ) e The appromeh in this paper
1 a f I.I. _,\.‘ 1 II-'\I " fi - |I l'. \
! (BRI .' ) | ] |
| | | | [ II |
| |
0.5 | | [ 1 o5] | | I ‘
| o
‘ | | |
o | ’ o
| | |
| | | [
05 N | 0.5t |
| 1 1
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5= . . . . . ) -
! 50 0 20 30 A0 a0 Gl '1'_1!:- 10 @0 a0 A0 50 60
Time is] Time {5}
(¢) Perturbed Plant 2 (d) Perturbed Plant 3

FIGURE 7. Output time responses of plants with Wp = 0.001, Wgy = 1
and WRN =1

Example 6.3. This example emphasizes the performance rather than robustness of the

closed-loop system. The nominal plant and the perturbed plants considered are the same

as Ezample 6.2. In [22], Fp = ( —13138 —1424 ) as the weighting matrices W, = 1 and
W, = 0.0001. It yields the full-order antiwindup compensator described as

_ 0 1 0

Mp—1T \s | —131390 —14250] 10

Np | —13138 1424 | 0

1 0 0

According to the proposed approach in this paper in (25), Fp = ( 0.1794 0.2101 ) with
Wp =1, Wgry = 0.0001 and Wry = 0.0001. A full-order antiwindup compensator is
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synthesized as follows.
3 0 1 0
Mp—1 Y\ s | —82061 —7.8992]10
Np 0.1794 0.2101 | 0
1 0 0

-
L
=]

B

=

-
]
E=]

L]

a

-
=
(=

=]

=
T

(= MT, K, (- GKL) ' — = . '
n) Kl Bk (=M, K, (I -G, K,) I“‘-._‘

o

=
;
@
=

o

=
:
o
=]

(=M, K1 -G,

w7 10’ 10 10 o 107 10° 10 1o
i

I
=

B

=]

(= MT, K, (I -G,E,)

15}
=

Singular values of uncertainty W3 map as T=s06
[
=

Sngular valves ol uncedamly 1O map as Z=09

(a) £ = 0.6 (b) £ = 0.9

FIGURE 8. The singular values of (I—MT's)Ks(I—GyK,)~! for the additive
uncertainty with Wp =1, Wgy, = 0.0001 and Wxy = 0.0001

s
B
=1

=

o

=

-
=]
=]

o

]

=]

T

Y

@ @

7 . 7

- el =

" i — i/ | " Y O F

n I =N, ! ] g e o [I P‘Io_q ][f—G Kyt

& _— {f—(r-_!ka) =3 = - 342

g1 LJ I—Mfu]bﬂ, BN g1oor L0 J-MT,, MK, N

2 ' g -

‘g &0 _g a0

S (1 -AT, (1) | - [I Ao, J[;

E - -GKy._ 5 0 7-Mr,, LK,

3 La 1—;‘1rfl'w)!\K._J Bl : s

% 40 é a0

5 : E

2 o0 ™20

g & ]
0 o -
w* 10 0 iI's 10t 10" 0° 10° 10 10

(a) X=0.6 (b) ¥ =0.9

. I —NTy I B o
FIGURE 9. The singular values of < 0 I I, ) < K, > (I — G5 Ky)

for the coprime factor uncertainties with Wp = 1, Wgy, = 0.0001 and
Wrn = 0.0001

Figures 8 and 9 present the frequency responses of the 1/O maps for the additive uncer-
tainty and the coprime factor uncertainties with different X, respectively. The frequency
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responses reveal the robustness of the compensators. Figures 8 and 9 show that the
robustness of the antiwindup compensator proposed in this paper is better than that
proposed in [22] for the additive uncertainty and the coprime factor uncertainties. The
induced Lo-norms of the I/O maps illustrated in Table 3 elucidate the assessments of the
robustness between these two antiwindup compensators for the additive uncertainty and
the coprime factor uncertainties. The differences in induced Lo-norms for the 1/O maps
between these two antiwindup compensators become more obvious as the nonlinearity
increases, i.e., > increases.

TABLE 3. The induced Ly-norms of 1/O maps with different ¥ in Example 6.3

) 0.3] 0.61 0.97
(I — MT'5)Ky(I — GoK)~ Y| ) 94.4983 | 53.9990 | 13.4998
(I — MT's)K>(I — GoI5)~! , 134.4149 | 133.6900 | 129.4575

H(I MTs)Ko(I — GoKy) ™! 30.9166 | 79.6910 | 115.9578

—HI MTUs) Ko (I — GoKo) ™!

1,2 i2
—NT's I B
(0 I NITs, ) ( K, ) (I — GoF,) ™t . 94.5036 | 54.0083 | 13.5367
_NFE < ! (I- G2K2)71 134.4186 | 133.6938 | 129.4615
0 I—MTy |\ Ko .
< 0 1_]\17\;; ) < Ig (I = GoKa) ™!
2
: 39.9151 | 79.6855 | 115.9248

H( 0 I_AJ[\%E ) < b )(1G2K2)1

Figure 10 presents the output time responses of the nominal plant and the perturbed
plants. The control input is also assumed to be saturated at 1. The reference input
pattern is the same as in [22]. These two antiwindup compensators have the same time
responses for the nominal plant as shown in Figure 10(a). Figure 10(b) shows the time
responses of the compensated system for Gop; with these two compensators. The stable
responses reveal that these two compensators are robust enough to stabilize G5p; although
oscillation arises more with the compensator in [22] than with the compensator synthesized
in this paper. Figures 10(c) and 10(d) compare the time responses of the other two
unstable perturbed plants, Gops and Gaps, respectively. The antiwindup compensator in
[22] is also robust for the unstable perturbed plant Gaps but it causes the more oscillatory
response compared with that of Gp;. This indicates the compensator in [22] is poor
robust for Gaps. As shown in Figure 9(d), the compensator in [22] cannot stabilize
Gop3 which has an unstable pole farther from image axis than the poles of Gops. The
compensator synthesized in this paper is intuitively superior to that in [22] for both Gaps
and Gops. This compensator is capable of stabilizing not only Gap; and Gops but Gaops.
Furthermore, the responses using the antiwindup compensator synthesized in this paper
are less oscillatory. The stable responses imply the proposed approach in this paper has
the intrinsic robustness properties when the perturbed plants have different pole numbers
on RHP within uncertainties from the nominal plant.

9,2

Example 6.4. A linear rotorcraft model of the Sikorsky S-61 helicopter in hover flight
condition with the rotor disk tilted instantaneously is as follows [28].

& = Ax + Bu,,
y = Cz + Du,,
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F1GURE 10. Output time responses of plants with Wp = 1, Wgy, = 0.0001
and Wgry = 0.0001

where u. is the control vector, x is the state vector, and y is the measured output vector.
U, T and y are defined as

—OR

Or ’

(QF ¢r qr Pr U U)T

U

T

and
(gr pr —¢r Or )T-

Or is the pitch attitude of fuselage; ¢r is the roll angle of fuselage; qr is the pitch rate
of fuselage; pr is the roll rate of fuselage; u and v are the velocities along the x-axis and
y-axis of the fuselage, respectively; Og is the pitch (longitudinal) tilt angle of the rotor;
and ¢r is the roll (lateral) tilt angle of the rotor. Both Or and ¢r are assumed to be
saturated at 2 units. Gy which is the nominal transfer function from u. to y has state

Y
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space representation as

0 0 1 0 0 0 0 0 7
0 0 0 1 0 0 0 0
0 0 -0.042 032 0.003 0.001 | =03 6.3
0 0 -123 —-16 0.004 -0.012| -23 —1.1
a5 —-322 0 4.7 -1 —0.02 —-0.005 1 —32.2
2 0 322 -1 —4.7 0.006 —-0.02 | —32.2 1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

The eigenvalues of Gy are —1.4924, —0.6390, 0.0585 + 0.5049; and 0.1662 + 0.3751.
This helicopter has 4 modes involving 2 stable subsidence (overdamped) modes and 2
unstable oscillation modes (4 eigenvalues on RHP) for the nominal model. The states of
this helicopter will diverge due to a small disturbance even the states are all in equilibrium
simultaneously. One of the feedback compensator, K5, synthesized to stabilize G5 has a
state space representation as follows (Refer to Theorem 1 in [25] with v = 2.7397 to obtain
K).

0 0 0.9667 0.2559 0 0 0.0333 —0.2559 0 0
0 0 —0.2559 0.9667 0 0 0.2559 0.0333 0 0
—5.7322 —-0.2912 —11.4193 0.3932 0.0224 —0.0012 | 4.6085 —0.0364 0 0
K 7.3391 —10.1627 —0.9263 —36.6256 —0.0329 —0.0384 | —0.0364  14.9563 0 0
27| —2.7553  1.2519  —228.8171 —69.6919 —0.1198 0.0056 | 268.0919  68.0397 0 0
7.9304  17.9085  —79.0435 209.5562 —0.0387 —0.0577| 75.6935 —242.2332 0 O
—0.5499  0.8861 0.0793 1.7406 0.0029  0.0023 0 0 -1 0
L —1.8459 —0.0502 —2.145 0.0946 0.0063 —0.0006 0 0 0 -1 ]

From Theorem 5.1 with Wp =1, Wgy = 1 and Wiy = 1, we have

r_ 1.8773 x 1072 1.4766 x 10~! 3.6554 x 1072 6.4866 x 10~! 1.2102 x 10~* 1.2797 x 10>
| —=1.5025 x 107! 1.5633 x 102 —7.3015 x 10~! 3.0896 x 1072 1.1603 x 107° —1.3782 x 10~* | *

or the state space representation of the antiwindup compensator is

(52

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0
—9.5218 x 1071 5.4193 x 102 —4.6529 3.2005 x 10~1  3.0368 x 1073 1.2790 x 10~% | —0.3 6.3
—2.6652 x 1071 —3.4133 —1.2676 —16.5531 1.2037 x 1073 —1.2143 x 1072 | —23 —1.1
—27.3433 —3.5573 x 10~1 28.2473 —1.3462 —2.0253 x 1072 —5.4944 x 1074 1  —32

—7.5475 x 10~1 27.4611 —2.9072 —25.5559 1.1147 x 1073 —2.0550 x 10~2| =32 1

1.8773 x 102 1.4766 x 101 3.6554 x 10~2 6.4866 x 10~ 1.2102 x 10~%  1.2797 x 10~ ° 0 0
—1.5025 x 10~1  1.5633 x 1072 —7.3015 x 10~! 3.0896 x 1072 1.1603 x 10~° —1.3782x 10~*| 0 0

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

1.8773 x 1072 1.4766 x 107! 3.6554 x 1072 6.4866 x 107! 1.2102 x 10~*  1.2797x 1075 | 1 0

| —1.5025 x 10! 1.5633 x 1072  —7.3015 x 10~! 3.0896 x 1072 1.1603 x 1075 —1.3782x 107%| 0 1

Figure 11 sketches the maximal singular values of (I — MT's) Ky(I — G K,) ™! with ¥ =
0.31, 0.61 and 0.97. That is, the robust bounds for additive uncertainty are 1.0640, 0.7424
and 0.5382 for ¥ = 0.3/, 0.6 and 0.91, respectively. They reflect the robustness of the
antiwindup compensator with different 3 for the additive uncertainty criterion. Similarly,
Figure 12 shows the robustness of the same antiwindup compensator for criterion of the

coprime factor uncertainties with different ». Their robust bounds for coprime factor
uncertainties are 0.3995, 0.3223 and 0.1543 for > = 0.37, 0.6/ and 0.91, respectively.



ROBUST COMPENSATOR SYNTHESIS FOR ANTIWINDUP DESIGN

18- Ty =031
o ‘ ------ =06
E 1.6 | T =097
o | '
=14 .
E L _____. _ -
2 [ \
o132t |
[= 1
5 ‘ |
5 | y
b ! A
) A
£oap <)
3 | .:II N
2 o8t , i
5% T

04r v ¢

;o ) -
| Ve
o] -
02— - - - .
10 10 10 10 10

i

FIGURE 11. The maximal singular values of (I — MT'5)Ky(I — GoK,) ™" for

the robustness of the additive uncertainty criterion

Sangular values of uncadainty 0 map

T

O

L

£

n

[

F1GURE 12. The maximal singular values of (

I

0 [—MTs
(I — G2K5)™! for the robustness of the criterion of coprime factor uncer-

—NTs,

)(

1
Ky

tainties

Let Gyp be a perturbed plant of GGy and

)

T 0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 —0.042 0.32 0.003 0.001 | —0.3 6.3
0 0 —-25 —1.6 0.004 —0.012| —23 -—1.1
a8 —-322 0 2.5 -1 —=0.02 —0.005| 1 =322
P 0 322 —1 —47 0.005 —-0.02 |-32.2 1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

1631

The eigenvalues of Gop are —0.9828 + 0.18557, 0.0078 4 0.5442¢ and 0.1496 + 0.3429;.
There are 2 poles on RHP which is different from those of G5. Figures 13 and 14 show the
time responses of O, ¢r, —pr and O with initial conditions for G5 and G5p, respectively.



1632 J.-S. YOUNG

They reveal that the antiwindup compensator is robust not only for G5 but also for Gyp
although the numbers of poles on RHP are different between G and Gap.
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F1GURE 13. Time responses of states and inputs for the Go
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F1GURE 14. Time responses of states and inputs for the Gop

7. Conclusions. This study presented a robust antiwindup synthesis for a plant subject
to input saturation and coprime factor uncertainties. Input saturation deteriorates the
is the input saturation

I —NTy
( 0 I—MTy ) i
penalty for a plant subject to coprime factor uncertainties. In case of the robustness cri-
terion of a compensator for a plant subject to additive uncertainties, the penalty becomes
H (I — MTy)||

ject to both coprime factor and additive uncertainties. The criteria listed in Table 1 can

robustness of the compensated systems.

. This study also proposed a more general framework to treat plants sub-
2
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evaluate the robustness for the additive uncertainty or for the coprime factor uncertain-
ties with or without input saturation. The framework approach in this paper can be an
alternative application in arduous situations such as uncertain plants with different pole
numbers on RHP. The antiwindup compensator can be also synthesized based on the
LMI technique for the robustness requirements as well as the optimization for robustness
and performance of a compensated system subject to both input saturation and coprime
factor uncertainties.

Example 6.3 presented that the robustness and performance of the antiwindup com-
pensator synthesized in this paper are superior to those in [22] for both the additive
uncertainty and the coprime factor uncertainties. According to the result in Example
6.1, the robustness of the antiwindup compensator using the approach presented in this
paper is not always preferable to those by other approaches when other robustness criteria
are applied. However, the proposed antiwindup compensator synthesized in this paper is
more applicable than others if the robustness measurement is evaluated by the coprime
factor uncertainties. That is, this proposed approach is more robust when the uncer-
tain plant has different pole numbers on RHP within uncertainties. A practical example
was illustrated in Example 6.4 to demonstrate the synthesis process. A robust feedback
controller is essential in order to provide enough robust bound for the antiwindup com-
pensator since there exists penalty for nonlinearity of input saturation. The results show
that the antiwindup compensator is robust against the input saturation nonlinear and the
different pole numbers on RHP.

A scheme called weaken antiwindup is expected to improve the robustness to saturated
systems after slightly adjusting the linear loop [29]. The output feedback compensators for
weakened antiwindup of coprime factor uncertainties will be one of the further researches.
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