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ABSTRACT. The problem of robust D admissibility analysis and admissibilization is stud-
ied for uncertain descriptor linear systems. Two classes of uncertainties are considered
in this paper, i.e., the norm bounded uncertainty and the polytopic uncertainty. With
the introduction of some free matrices, a new necessary and sufficient condition for the
considered descriptor linear system to be D admissible is presented, based on which, suf-
ficient conditions for uncertain descriptor linear systems to be robustly D admissible are
proposed. The state feedback control problems are also addressed and explicit expressions
of the desired state feedback controller are given in terms of strict linear matriz inequali-
ties (LMIs), which are easily checked. Numerical examples illustrate the efficiency of the
obtained approach.

Keywords: Descriptor linear systems, Robust D admissibilization, Linear matrix in-
equality (LMI)

1. Introduction. Descriptor systems have been of interest in the literature since they
have many important applications in the practice, such as circuit systems, power systems,
aerospace engineering and chemical processing [1]. It is known that the control of the
descriptor systems is much more complicated because controllers must be designed such
that the closed-loop systems are not only stable, but also regular and impulse-free for
continuous systems or causal for discrete-time systems, which are not required to be
considered in state-space systems [1, 2, 3]. Many classical concepts and results for state-
space systems such as stability, controllability and observability have been successfully
extended to descriptor systems, see [1] and the references therein. Many efficient methods
such as Lyapunov theorem [4, 5, 6], positive realness [7, 8] and dissipative theorem [9]
are also developed for the analysis and synthesis problem of the descriptor systems. The
stabilization problem was considered in [10, 11, 12], and H, control problem was solved
in terms of non-strict LMIs [13]. Strict LMI conditions for the descriptor system to be
robust stable were proposed in [2, 3, 14]. The case that the derivative matrix £ is with
uncertainties was considered in [14, 15, 16].

On the other hand, pole placement is a well-known method to reach some desired
transient performances. In practice, regional pole placement is always considered instead
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of the exact pole placement for the existence of parameter uncertainties. For the state-
space case, there are many results [17, 18, 19, 22, 24]. In [17], the linear matrix inequality
(LMI) region was first introduced, which is symmetric to the real axis and possesses the
property of convexity, and the robust pole placement in LMI region was considered in [18].
A more general LMI region, which also referred to as EMI (Ellipsoid Matrix Region) [20],
was introduced in [19] and some less conservative results were proposed using parameter
dependent Lyapunov function method [21, 22] or introducing some free matrices [23, 24].
The problem of placing the poles in the clustering regions was addressed in [20]. For the
descriptor case, there are also some results [25, 26, 27, 28, 29, 30]. Under the assumption
that the nominal descriptor system was D stable, the robust D stability problem with
one parameter family of perturbations was considered in [25] based on linear fractional
transformation and guardian map theory. Circle region was considered in [26], and based
on the spectral radius theory, parameters with structured uncertainties were considered.
In [27], a wonderful result was acquired, in which the LMI region was considered and a
necessary and sufficient criterion for the D admissibility test was proposed in terms of
strict LMIs. Strict LMI conditions were also obtained in [28, 29] which could be solved
efficiently [31, 32]. Recently, the D dissipativity problem was also addressed in [30], and
many problems could be solved in this framework.

So far, most of the results are focused on the analysis of D admissibility, and few
results are addressed about the controller design. In this paper, the problem of robust
D admissibilization is considered for uncertain descriptor systems and we only consider
the case that there is no uncertainty with the derivative matrix E. First, a necessary and
sufficient condition with some free matrices is proposed, and then the D admissibilization
problem is investigated. And explicit expressions of the desired state feedback controller
are given for both kind of uncertainties. Numerical examples illustrate the efficiency of
the proposed approach.

Notation: Throughout this paper, R" denotes the n-dimensional real Euclidean space,
C denotes the complex plane, [ is the k£ x k identity matrix, the superscripts “I” and
‘—1" stand for the matrix transpose and inverse respectively, zZ denotes the conjugate of z,
“*” denotes the symmetric element in a symmetric matrix, C'~ denotes the left-hand side
of complex plane and Dy, (0,1) denotes the unitary disk centered at the origin. W > 0
(W > 0) means that W is real, symmetric and positive definite (positive semidefinite),
® denotes the Kronecker product, §[-] denotes the differential operator for continuous
systems (i.e., §[x(t)] = &(t)) and the shift operator for discrete-time systems (i.e., d[x(t)] =
x(t+ 1)), M(E, A) denotes the set of finite eigenvalues of the (F, A) pair, i.e., \(E, A) =
{s|det(sE—A) = 0}, Sym(+) denotes the matrix plus its transpose, i.e., Sym(A) = A+ AT.
If not explicitly stated, the matrices are assumed to have compatible dimensions.

2. Problem Statement and Preliminaries. Consider the following descriptor systems
Bola(t)] = Ax(t) (1)

where = € R™ is the state vector, u(t) € R™ is the control input vector. The matrix
E € R™™ may be singular and we assume r = rank ' < n without loss of generality. A,
B are known real constant matrices with appropriate dimensions.

The following definitions and lemmas are essential for the development of our main
results.

Definition 2.1 (Dai [1]).
1. The system (1) is said to be regular, if det(sE — A) is not identically zero.
2. The system (1) is said to be impulse-free (causal), if deg(det(sE — A)) = rank E.
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3. The system (1) is said to be stable, if N(E,A) C C~ for continuous descriptor
systems or N(E, A) C D;,(0,1) for discrete-time descriptor systems.

4. The system (1) is said to be admissible, if it is reqular, impulse-free (causal), and
stable.

If the descriptor linear system (1) is regular, then there exist two nonsingular matrices

M and N such that
E—MEN—F*O Ar O].

0 J 0 L,

The pair (E, A) is called the Kronecker-Weierstrass form of (E, A). The matrix J is a
nilpotent matrix, and r is the number of finite eigenvalues of (E, A). Since M and N are
nonsingular, we have

],A—MAN—[

AE, A) = ME, A) = AL, A),
i.e., the stability of any regular descriptor system (£, A) can be completely determined

by that of the state-space system (I, A,). Obviously, the pair (E, A) is impulse-free if
and only if J = 0.

Im(s) Im(s)

% e

a Re(9) % Re(9

\

FIGURE 1. D region for con- FIGURE 2. D region for dis-
tinuous system crete time system

Definition 2.2 (Kuo [27]).
The system (1) is called D admissible if it is reqular, impulse-free (causal), and A\(E, A) €
D.

Under the assumption that the descriptor variable x is measurable, the problem of
determining a feedback gain matrix K so that the control signal

u(t) = Kx(t)
will make the closed-loop descriptor system
Ed[z(t)] = (A+ BK)x(t)

admissible is called the D admissibilization problem of the considered system. Whenever
such a K exists, pair (E, A, B) is called D admissibilizable.
In this paper, the LMI region is given as [19]

D={z2€C: R+ Ryz+ RjZ+ R3zZ <0}
where Ry = RT € R™? and 0 < R3 = R} € R%?. For notational simplicity, write

R Ry
R=
i i

and d is called the order of this D region.
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Two typical regions are shown in Figure 1 and Figure 2, which could be formulated by
the following choices of R, respectively.

20 1 a’—r? —a
e B
In Figure 1, when a = 0, it becomes the left-hand side of complex plane C'~. In Figure
2, when a = 0 and r = 1, it becomes the unitary disk centered at the origin D;, (0, 1).

A necessary and sufficient condition for the D admissibility of descriptor system (1) is
proposed as follows.

Lemma 2.1 (Kuo [27]). The system (1) is D admissible if and only if there exist n X n
matrices P > 0 and Q) satisfying

M(P,Q,E,A) <0 (2a)
ETQE >0 (2b)

with M(P,Q,E, A) = Ry ® (ETPE) + Ry ® (ETPA) + RY @ (ATPE) + Ry ® (ATPA) +
I, ® (ATQA).

Lemma 2.2 (Peterson [36]). Given matrices Q = QT My, Ny with appropriate dimen-
s10Ms,

Q-+ MyF(0)Ny + NP F (o) M) < 0
for all F(o) satisfying FT(o)F (o) < I, if and only if there exists a scalar € such that

Q+ e " MyMy +eNJ Ny <0

3. Main Results. In this section, we give a solution to the pole placement of the de-
scriptor system. First, we present a necessary and sufficient condition for the descriptor
system (1) to be D admissible.

Theorem 3.1. The descriptor linear system (1) is D admissible, if and only if there exist
matrices P >0, Q1 >0, Y <0 and matrices U, M, N, S, F, G such that

12 13
22 Z23 <0 (3)
* —Id ® (G + GT)

where Uy € RM=X s with full row rank and satisfies U E = 0, and
En=UI;® A)+ (I; ® AT UT + R, ® (ETPE),
=Ry ® (ETP)+ (I; @ AT)M + I, ® (SA) — U,
Ei3=1;®(ATN - 9),
Ep=R3@P+1;@(Q+ULYU + FTA+ ATF) - M — M7T,
523 :[d® (ATG—FT—N)

Proof:

Sufficiency. Let Q = Q; + ULYU,. Since Q; is positive-definite and U, E = 0, (2b)
is satisfied. Then pre- and post-multiplying (3) by [z, I;® AT I; ® (AT)?] and its
transpose gives (2a).

Necessity. Suppose that there exist matrix P > 0 and matrix @ satisfying (2a) and
(2b). From (2b), we can choose Q = @, + U] YU;, without loss of generality (see [33]),
with Q; > 0, Y < 0, U; € R™)*" is with full row rank and satisfies U1 E = 0. Then,
from (2a), due to the strict property of the inequality, there must exist a sufficiently small
scalar 8 > 0 such that

M(P,Q, +UYU, E, A) + BI, ® ((AT)?A?) <0,

1 [1]

[1] [1]



POLE PLACEMENT FOR DESCRIPTOR SYSTEMS 2617
which can be equivalently rewritten as
R, ® (ETPE) + Ry ® (ETPA) + R} @ (AT PE) — v, @ (AT A)
+ (I @ ARy @ P+ I; @ (Q1 + UL YU + 7)) (I ® A) + Bl @ ((AT)?A?) < 0

Choosing a sufficiently large v such that B3 ® P + I; ® (Qy + UL'YUy) + 714, > 0, and
using the Schur complement argument, this implies

Tll TlZ T13
* TQQ 0 <0
* x =0l

with
T, =R ®(ETPE)+ Ry, ® (ETPA) + RT @ (ATPE) — vI; @ (AT A),
Tio=(1;® AT)(Rg QP+ 1;®(Q+ UlTYUl) + vlan),
Ti3 = Bl ® (AT)?,
Tor=—(R3®@ P+ 3@ (Qu+ U YUL) + ylan).
Taking

U=R,® (ETP) - L(I, ® A7), N =BAT, §=0

)
M =Ry ®P+1,8 (Qu+UIYU) + Llun, F:_gA, ngjn

it means that there exist P > 0, 1 > 0, Y < 0 and matrices U, S, M, N, F, G such
that

=i 12 E13
* Do + ﬁ[d X (ATA) =93 <0
* * I;® (-G - GT)

This completes the proof.

Remark 3.1. For the state-space case, i.e., E =1, Uy =0 and the condition reduces to
24, Lemma 3|. Thus, Theorem 3.1 can be regarded as an extension of the result of [24]
to descriptor linear systems.

Noting that the matrix R is real, the region D is symmetric with respect to the real
axis and the solution of det(sE — A) = 0 is the same as that of det(sET — AT) = 0, thus,
system (1) is equivalent to

ETo[y(t)] = ATy(t) (4)
as far as only the D admissible problem is concerned. Replacing F with ET, A with AT
in (3), the following result is obtained.

Theorem 3.2. The descriptor linear system (1) is D admissible, if and only if there exist
matrices P >0, Q1 >0, Y <0 and matrices U, M, S, N, F, G such that

(I)ll q)12 q)13
b = * Doo @23 <0 (5)
* x —I;®(G+GT)

where Uy € R s with full row rank and satisfies UyET =0, and
Oy =U(l;@ AT) + (I, @ A)UT + Ry @ (EPET),
@12:RQ@(EP)"‘(Id@A)M"’[d@(SAT)_U,
@13 == [d ® <AN - S),
Py =R3 QP+ 1, (Q1 +ULYU, + FTAT + AF) — M — M7,
Qo3 = I; ® (AG — FT — N).

Based on Theorem 3.2, sufficient conditions for the robust D admissibility for two
classes of uncertain descriptor systems are given as follows.
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3.1. Norm bounded uncertainties. Consider a class of uncertain descriptor linear
system described by

ESx(t)] = (A + AA)x(t) + (B + AB)u(t) (6)

where AA, AB are unknown matrices representing parameter uncertainties, and are as-
sumed to be of the form of

AA = M,F(0)N,, AB = M,F(0)N,, (7)

where M,, N,, My, N, are real constant matrices with appropriate dimensions, and F'(o)
is an unknown, real constant matrix with Lebesgue-measurable elements satisfying

F'(o)F(0) <1 (8)
Theorem 3.3. The unforced descriptor system (6) is robustly D admissible, if there exist
matrices P >0, Q1 >0, Y <0, matrices U, M, S, N, F, G and positive scalars €, €
such that

(1311 + €1Id X (MaMg) @12 (I)lg
* Doy + 91y @ (M MT) Dy3
* * ~-I;® (G- GT)
* * *
* * *

Ul;® NI I, (SNT)

MT(I;® NT) I @ (FTNY)

I;® (NTN]) 1,®(G'N]) | <0 (9)
—81[ 0
x —8QI

Proof: Substituting (A + AA) instead of A in (5) and considering (7), we obtain

Idn

o+Sym | | 0 | (I® M,F(0)N,) [UT M N]
0
0

+Sym | | Lan | (I ® M,F(0)N,) [ST F G] | <0

Applying Lemma 2.2 and Schur complement, (9) can be obtained, which completes the
proof.

Remark 3.2. Theorem 3.3 becomes also necessary if the order of the region d = 1.

Now, we are in the position to design a controller for the descriptor linear system (6)
such that the closed-loop system is robustly D admissible.

Theorem 3.4. The descriptor linear system (6) is robustly D admissibilizable by state
feedback, if there exist matrices P > 0, Q1 > 0, Y <0, matrices H, V and positive scalars
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€1, €9, €3, &4 such that

[ Wy Uy Uiz (Ro— Bsly) © (HTNYT)

* Wy Wy3 (R3—f) @ (H'NS)
* * ‘1133 IBQId (] (HTN(?)

* * —e1d

* * * *

* k k *

* k k k

Pila® (H'N]) (Ry— B51a) ® (VIN]) Bilg @ (VINT) T
Bsly® (H'NT) (Rs—Bs) @ (VIN])  Bsla® (VIN))
Bulg® (H'NS)  Bla® (VINS)  Bala® (VIN])

0 0 0 <0 (10)
—€QI 0 0
* —€3I 0
* * —eyl i
and a suitable state feedback gain is given by
K=VH' (11)

where B;,1=1,...,6 are tuning parameters, and

Uy =R ®@ (EPE") +e11; @ (M MT) + e31; @ (MyM;]) 4+ Sym((RY — Bs14)
® (AH + BV))

Uy =Ry ® (EP) + (Rs — Bsly) ® (AH + BV) + 11, ® (AH + BV)T
— (Ry — Bs1g) ® HT

U3 =B1; ® (AH + BV) — B11; @ HT

Woo =R3 @ P+ I, @ (Q + UlYU)) +eoly @ (MyMP) + 4y @ (MyM})
+ Sym (BsIy @ (AH 4+ BV) — (R3 — Bsly) ® H)

W3 =P41q @ (AH) + f4lq @ (BV) — B31; @ H" — 3ol H

Wag = — Buly @ H — Byly @ HT

Proof: Substituting A+ (B + AB)K instead of A in (9), and using the Schur comple-
ment lemma again, we obtain that the closed-loop descriptor system is robust D admissible
if there exist P > 0, Q1 > 0, Y < 0, matrices U, S, M, N, F, G and positive scalars ¢1,
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€9, €3, €4 such that

[ 11 I 113 U(l; @ NI)
* HQQ H23 MT([d(X)Ng)
* * —[d®(G—|—GT) [d®(NTNg)
* * * —e1l
* x * *
* * * *

L * * * *

I;®(SNI)  U(l;@ KTNI) I, (SKTNI) 7
I; @ (FTNT) M"(I;® KTNI) I ® (FTKTN])
I;@ (GTNI) Iy (NTKTNI) I;® (GTKTN])

0 0 0 <0 (12)
—82[ 0 0

0 —83] 0

0 0 —eql i

where
M, = U(I;® (A+ BE)T) + (I, ® (A+ BE)UT + R, @ (EPET) + e,1; ® (M, M)
—|—€3Id & (MbeT),
[y =Ry ®(EP)+ (I;® (A+ BK))M + I; ® (S(A+ BK)T) — U,
i3 =1;® ((A+ BK)N - 5),
[y =R3 QP+ 1, ®(Q1 + UL YU,) + I, @ (F'(A+ BK)") + (A+ BK))F)
—M — MT + 82[d (059 (MGME) + 54[(1 &® (MbeT),
From (10), it is obvious that H is nonsingular. Then taking K = VH !, U = (Ry —
65](1) ®HT7 M = (Rg — /36](1) ®H, S = BlHT, N = /BQH, F= ﬁgH and G = 64H, we
can obtain (10) from (12). This completes the proof.

3.2. Polytopic uncertainties. Consider the descriptor system with polytopic uncer-
tainties,

Ed[z(t)] = A(a)x(t) + B(a)u(t) (13)
where matrices A(«a), B(«a) are in the following convex sets,

N N
A:{A(a):A(a):ZaiAi, Z%’Il; a; >0, i:1,2,~-,N} (14a)
i=1 i=1

N N
B:{B(a):B(oz):ZoziBi, Z%‘Zl; a; >0, i:1,2,---,N} (14Db)
i=1 i=1

and N is the number of the vertices of the polytope.

Theorem 3.5. The unforced descriptor system (13) is robustly D admissible, if there
exist P, >0, Q1; >0,Y;<0,i=1,2,--- . N, and matrices U, M, S, N, F, G such that

Wir Wi Uiis
U, = *x W Wio3 <0, +=12,--- N (15)
* x —1,®(G+GT)

where Uy € RMX™ s with full row rank and satisfies Uy ET =0, and
Ui =U(I, @ AD) + (I, @ A)UT + By ® (ER,ET),
Uio =R @ (EP) + (I;® Aj)M + I, ® (SAT) — U,
Uiz = Ig @ (AN = 9),



POLE PLACEMENT FOR DESCRIPTOR SYSTEMS 2621

Wipg = R3 @ P+ 1, @ (Qu + ULY;Uy + FTAT + A,F) — M — M7,
\Illggzld@(AzG—FT—N)

Proof: It is similar as the proof in [19].
Now, we consider the controller design problem for the polytopic uncertain descriptor
system.

Theorem 3.6. The descriptor linear system (13) is robustly D admissibilizable by state
feedback, if there exist P; > 0, Q1; >0, Y; <0,71=1,2,--- N, and matrices H, V such
that

i1 o IIBE
I, = | x Il [T;03 <0, i=1,2,--- N (16)
k k —ﬂ4[d®<H—|—HT)
where B;, 1 =1,...,6 are tuning parameters, and

L1 =Ry ® (ERE") + Sym ((R} — B514) ® (AH + B;V))
L1 =R @ (EP) + (Rs — Bola) @ (AiH + BV) + 811y @ (A4H + BV)"
— (Ry — B51g) @ H”
s =02ly @ (AH + BV) = il @ H”
oy =Ry ® P+ 13 ® (Q1; + UL YiUy) + Sym (831 ® (A;H + B;V) — (Ry — Bsla) ® H)
ins =fuly @ (AH + BV) — B3l @ H" — 1, @ H

Proof: It is similar as the proof of Theorem 3.4.

4. Numerical Example. In this section, some examples are presented to demonstrate
the applicability of the proposed approach.

Example 4.1. Considering the following continuous descriptor system:

o) a0 o fleo

Our aim 1is to get the interval of a, in which the uncertain system is still admissible. In
order to use the criteria Theorem 3.5 in this paper, we reformulate A as A = a; A1+ (1 —

aq)As, where
148 0 C[-1-b 0
Al—{ 0 1}’ AZ—{ 0 1]

and by, by denote the uncertainties of a in the positive and negative directions separately.
Obviously, the descriptor system is admissible when a < 1. By Theorem 5 in [27], the
result is a € [—1,0.9999], the result of Theorem 3.3 in this paper is the same as [27].
However, by Theorem 3.5, the result is a € [—9999,0.9999].

Remark 4.1. From the example, there is no improvement of the conservatism by Theorem
3.3. Howewver, in Theorem 3.3, there is no square terms of A, and it is easy to deal the
controller design problem. While in [27] square terms of A exist, and it could not be
separated easily due to the non-definite of Q — USY STUT .

Example 4.2. Consider the uncertain discrete-time descriptor system with the following
parameters:
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0.2 0.2 0.5
M,= 102, NPF=|1/|, My=1{05|, N,=1.
0.2 0.5 0.5

Obuviously, this descriptor system is irregular. Our objective is to design a controller
such that the resultant closed-loop system is regular, casual and D(0,0.5) stable. Using
the algorithm in Theorem 3.4, and choosing the tuning parameters as , = 0, Py = 0,
b3 =—04, By =2, 5 = —0.1, 85 =0, a feasible solution is given as:

[ 184.1587  21.2857 —134.9267 19.1199  2.6252 —14.6893
P = 21.2857 15.4431 344893 |, Q1= | 2.6252 2.1674  —4.6126 |,
—134.9267 —34.4893 221.2272 —14.6893 —4.6126 110.0178
[ 161.5093 9.0365 —64.1758 —0.2705 7"
H =] 18.6375 27.1246  —24.5257|, V = | 04374 , Y = —868.1321
—176.1995 —36.2104 129.2166 —19.8444

and the corresponding state feedback control law is given as:
u(t) = [-0.4341 —0.4600 —0.4374] x(t)
Choosing F' = 01 with 6 = 0.02¢, ¢ = 0,...,50, the finite eigenvalues of the uncertain

descriptor system are shown as in Figure 3. It is obvious that the finite eigenvalues lay
in the circle D(0,0.5).

i i i i i
0.6 -3 -2.5 -2 -15 -1 -0.5

FI1GURE 3. the roots of the FIGURE 4. the roots of the
systems in Example 4.1 systems in Example 4.2
Remark 4.2. The tuning parameters B;, i = 1,...,6 should be determined before our

simulation. In this paper, they are chosen by the searching method. Another way is using
the optimal function, such as fminsearch, see [34, 35| for details.

Example 4.3. Consider the uncertain continuous descriptor system with the polytopic
uncertainties

100 2 1 2 2 1 4 2
E=1010|, A,=1{3 23|, Ay=14 2 3|, Bi=By= |2
00 0 110 000 2

The region considered is shown as Figure 1 with a = 0.5. Using the algorithm in
Theorem 3.6, and choosing the tuning parameters as 1 = 0, B =0, B3 =0, By = 0.2,
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Bs = —1, Bg = —1, a feasible solution is given as follows:

[ 0.7280  0.3803 —0.4230] 1.3544  0.4836 —0.5228

P, =1 0.3803 0.3100 —0.2833|, P,=| 0483 02521 —0.1732],
| —0.4230 —0.2833  0.9990 | —0.5228 —0.1732 0.9237
[ 0.0768  0.0243 —0.0636] 0.1546  0.0402 —0.2681

Qi = | 0.0243  0.0313 —0.0186|, Q2= | 0.0402 0.0361 —0.1011],

| —0.0636 —0.0186  0.5483 | —0.2681 —0.1011 0.9110
[ 0.3110  0.0484 —0.1095] —0.2323]" V. — —1.3939

H= 01324 0.0634 —0.0648|, V = |—0.0861] |, Yl B _2'4248’
| —0.2497 —0.0804  0.2665 | —0.1140 -

and the corresponding state feedback controller is given by
u(t) = [-0.7761 —2.4745 —1.3486] x(t).

The finite eigenvalues of the uncertain descriptor system are shown as in Figure 4 and all
the finite eigenvalues lay in the left of the line x = —0.5.

5. Conclusions. In this paper, a new necessary and sufficient condition for the descrip-
tor system to be D admissible is obtained by the free matrices technique. Then the
robust D admissibility problem is considered for two classes of uncertain descriptor linear
systems. Sufficient conditions for the system to be robust D admissible are proposed
in terms of strict LMIs, based on which, the design problems are addressed. And the
desired controllers are given in explicit expressions. Some numerical examples illustrate
the efficiency of the proposed approach.
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