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ABSTRACT. In this paper, the exponential stability of singularly perturbed discrete sys-
tems (SPDSs) with time-delay is investigated via the Lyapunov’s direct method. In the
previous results about the SPDS with time-delay, the asymptotic stability is obtained us-
ing the frequency-domain approach. However, we propose a composite Lyapunov function
to show that the SPDS with time-delay is exponentially stable with the decay rate . In
terms of the LMI, the sufficient condition for the exponential stability of the linear SPDS
is presented. Moreover, based on the linear SPDS result, the exponential stability of
the nonlinear SPDS with time-delay is also considered. Finally, numerical examples are
given to validate the proposed results.
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1. Introduction. There exist small parameters such as small time constants, masses,
capacitances which increase the order of the system. In this respect, the singular pertur-
bation method is generally effective to reduce the analysis complexity of the high-order
systems, which is separated into two subsystems (slow subsystem and fast subsystem). In
addition, there are many results about singularly perturbed systems ([1-3] and references
therein). Recently, it becomes more feasible that the discrete-time approach is used for
the system analysis [4-6], as the controller is usually implemented by the low-cost digital
processors. The singularly perturbed systems are also extensively studied not only in
the continuous-time but in the discrete-time with regard to the stability analysis and the
controller design [7-11].

It is well known that the time-delay is commonly encountered in the practical systems,
which degrades the system performance and leads to instability. Therefore, it is of great
importance to study the stability for the system with time-delay. In the linear singularly
perturbed discrete system with time-delay, the sufficient conditions of the asymptotic sta-
bility results are presented in [12, 13] using the frequency-domain approach. Furthermore,
by means of the critical stability criteria, the stability problem for the linear singularly
perturbed discrete system with multiple time-delay is considered. Under the D-stability
conditions of the slow subsystem and the fast subsystem, the D-stability analysis of the
singularly perturbed discrete system with time-delay is examined in [15, 16]. However,
the results also do not present the exponential stability of the singulary perturbed sys-
tem with time-delay. The D-stabilization controllers for the singularly perturbed discrete
system with time-delay are designed by the composite feedback [17]. For the nonlinear
singularly perturbed discrete system, there are just a few results without time-delay. Like
the linear singularly perturbed discrete system, the stabilization controller for a class of
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the nonlinear singularly perturbed discrete system is designed based on the slow subsys-
tem and the fast subsystem [18, 19]. In [20], the time-scale decomposition method is
proposed to analyze the exponential stability of the nonlinear singularly perturbed dis-
crete system. To the best of the authors’ knowledge, the singularly perturbed discrete
system with time-delay has not been fully investigated. Specifically, there are no results
for the exponential stability of the singularly perturbed discrete system with time-delay.

In this paper, we propose the exponential stability analysis for the linear and the non-
linear singularly perturbed discrete system with time-delay. First, we deal with the linear
singularly perturbed discrete system with time-delay. Compared with the previous results
of the asymptotic stability, the exponential stability of the linear singularly perturbed dis-
crete system with time-delay is presented using a composite Lyapunov function and the
definition of the exponential stability. Then, the nonlinear singularly perturbed discrete
system with time-delay is also considered. Based on the stability conditions of the slow
subsystem and the fast subsystem, we analyze the exponential stability of the nonlinear
singularly perturbed discrete system with time-delay. Finally, numerical examples are
given to illustrate the results.

2. Linear System. Consider the following linear singularly perturbed system with time-
delay:

I(l{? + 1) = Allx(k:) + AmZ(kZ) + DHZ‘(]{? — d) + Dlzz(k — d)
where z € " and z € R™ are state vectors, A;; and D;; for i, j = 1,2 are real constant

matrices, and € is a small positive parameter.

Assumption 2.1. There exists € such that for all € < €*, A1 and €Aq are stable in the
discrete-time sense where Ay = Ayy — A21A1_11A12.

Definition 2.1. The null solution of the discrete delay system is said to be exponentially
stable if there exist constants C' > 0 and 0 < v < 1 such that

lz (k)] < Cy* lloll (2)

where ||zollo, = max {|lzo(9)I| [4]-

From Assumption 2.1, there exist P;; > 0 and Py > 0 that satisfy the following equa-
tions:

A" PuAn — Pi=—Qn (3)
EAOTP0€A0 — Py =—Qo (4)
where ()17 and @)y are positive-definite matrices. For the exponential stability of the

singularly perturbed system with time-delay (1), we introduce the following Lyapunov
function.

V= nkyT(k)Pny(/f) + 02" (k) Poz(k)

+ Z {0y (1) Pry(i) + 02" (i) Pyz (i) } (5)

i=k—d

where 1 < < oo, y(k) = x(k) + A Apz(k), P, and P, are arbitrary positive-definite
matrices. The time difference of the Lyapunov function (5) is

Av ="y (k + 1) Pay(k + 1) + 02" (k + 1) Poz(k + 1) — n*y" (k) Py (k)
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_nkz POZ Z {nz—i-l T ) +77i+IZT(i)PQZ(i>}
i=k—d+1
k—1
{n""ty" (D) Pry(i) + "2 (1) Pe2(a) }

S ?7k+1[A11y(k’) + Dlly(k — d) -+ D02<k — d)

+O(){y(k) + 2(k) + y(k — d) + z(k — d)}]" Py

[Any(k) + Duy(k — d) + Doz(k — d)
+O(e){y(k) + z(k) + y(k — d) + 2(k — d)}]

+n" [edoz(k) + O(e){y(k) + y(k — d) + z(k — d)}]" Ry
x[eAoz(k) + O(e){y(k) + y(k — d) + z(k — d)}]
—n"y" (k) Puy(k) — 02" (k) Poz(k) + 0"y (k) Puy(k) + 0™+ 2T (k) Pz (k)
My (k — d)Pry(k — d) + 02T (k — d) Pyz(k — d)

= —n""YTQ + O(e)]Y (6)
where Y = [ y7(k) 2"(k) y"(k—d) 2"(k—d)]" and
Qll 9 _AHTPHDII _AHTPHDO
—D11TP11A11 0 nidpl - DllTpllDll _DllTPIIDO
_DOTPHAH 0 _DOTPHDH nidPZ - DOTPHDO

with Q1 = Qui—(1—-1"")Pi—P1, Qo = Qo—(1—n')Py— Py and Dy = Dyy— Dy Ajf Aps.

Theorem 2.1. Consider the singularly perturbed discrete system with time-delay (1).
Suppose that Assumption 2.1 is satisfied. Then, there exists € > 0 such that for all
€ < €%, the singularly perturbed discrete system with time-delay is exponentially stable if
there exist n, Py, and Py for the given delay d such that Q) is positive-definite.

Proof: From Assumption 2.1, we set a Lyapunov function (5) with the time-difference
as shown in (6). If the matrix @) is positive-definite, there exists €* such that for all
e < €, the time-difference of the Lyapunov function (6) is negative-definite, that is,
Av < 0. Then, we have v(k) < v(0). Now, we obtain the lower norm bound of v(k) as

v(k) 2 n*ZT ()P Z(t) 2 11" \uin (P) | Z (1) (8)

where Z(t) = [ y"(t) 27(t) ]T, P = diag(Py1, Py), and diag {Ay, -+, A,} means a block
diagonal matrix with A; on the diagonal. Furthermore, we have the upper norm bound
of v(0) as

v(0) < Amax(P)IZ(0)]” + Amax (P) max [ Z(6)]” Z’f?

—d<6<0
i=—d
< Lo (P) 4+ A (P Z(0)|? 9
> max( )+ max( )77 m gi%io” ()H ()

where P = diag(P,, P;). Thus, from (8) and (9) with v(k) < v(0), we obtain

—d<60<0

120l < \/ i AP A (P T w20 0
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where 0 < v = /1/n < 1. Therefore, the singularly perturbed discrete system with
time-delay is exponentially stable from the definition of the exponential stability.

Remark 2.1. Consider the following singularly perturbed discrete system with multiple
time delays:

(L’(k? + ].) = Alll'(k’) + AuZ(k’) + Z Dljx(k - dj) + DQjZ(k - dj>

j=1
l
Z(k‘ + 1) = €A21I(1€) + GAQQZ(k) + EZ ngCL’(kZ - d]) + D4jZ(/{Z — d]) (11)
j=1

Suppose that Assumption 2.1 is satisfied. Then, there exists €¢ > 0 such that for all
€ < €*, the singularly perturbed discrete system with multiple time delays is exponentially
stable if there exist n, P,, and P; for the gwen delay d; with i = 1,--- ,1 such that the
following matriz Q is positive-definite.

Q = diag {Qh Q2, Pd, Pd} - ETAIITPIID - DTP11A11E - DTPHD (12)

where diag{Ay,---, Ay} means a block diagonal matm’x with A; on the diagonal, Q, =
Lo_ _
Qll_(l_n_l)Pll_ZPj; Q2:QO_(1_T7 )PO_Z dZClg {77 leb 7n_dlpl};
j=1

f)d = dza'g {nidlplv"' 7nidl[~)l}; E = |: [nxn 0n><m 0n><nl Onxml }7 Inxn s ann xXn
wdentity matriz, O,xm 1S an n X m zero matriz, D = [ Onxn Opxm D1 Do }, D, =
[ D -+ Dy, Dy = [ Doy -+ Doy |, and Dy = Doy — DyjAy Ay for i =
1,---,1. The proof of this remark is obtained from that of Theorem 2.1 with the following
Lyapunov function:

v =n*y" (k) Puy(k) +n"2" (k) Poz (k)

k—1

{7 @) Pyi) + o2 () Py | (13)

MN

+

Jj=1i=k—d;

3. Nonlinear System. Consider the following nonlinear singularly perturbed discrete
system with time-delay:

w(k+1) = fa(k), 2(k)) + fa(z(k — d), 2(k — d))

z2(k+1) = eg(z(k), z(k)) + ega(x(k — d), z(k — d)) (14)
where x € D, C R" and z € D, C R™ are state vectors, f : & x " — R" and
g : R x R™ — R™ are assumed to be continuously differentiable functions with f(0,0) =
9(0,0) =0, f4(0,0) = g4(0,0) = 0, and € is a small positive parameter. Moreover, f; and
gq are bounded as follows:

[ fa(z(k), ()| < Ega {llz(R)]| + (k) ]I} (15)
1ga(e(k), 2(R)IF < kga {llz(R)I| + l[2(F) ]I} (16)

First, the nominal nonlinear singularly perturbed discrete system of the time-delay
system (14) is
z(k+1) = f(z(k), 2(k))
2(k +1) = eg(x(k), 2(k)) (17)
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Assumption 3.1. The followings are satisfied for all (z,z) € D, x D, in the nominal
system (17).

e The equation 0 = f(x(k),z(k)) has an isolated root x(k) = hs(z(k)) such that
IS BT

e The origin of the slow system y(k + 1) = f(y(k:) hi(z(k)), z(k)) is exponentially
stable, uniformly in z(k) where y(k) = x(k) — h(z(k)).

e The origin of the fast system z(k + 1) = eg(hf(z(k)), z(k)) is exponentially stable.

From the above assumption, there exist Lyapunov functions, V (y(k), z(k)) and W (z(k)),
for the slow and fast subsystems of the nominal system (17) as follows [20]:

by [ly(R)[I < V(y(k), 2(K)) < b [ly(k)]l
VI y(k) + hy(k), 2(k)}, 2(k + 1] = V(y(k), 2(k)) < =bs (k)]
V(y(k), 2(k) = V( (k). 2(k) < ba |[y(k) — o/ (8)
crllz(B) | < W(z(k)) < ea[[2(R)]]
Wileg{h(2(k)), z(k)} = W(z(k)) < —cs|z(F)]]
W (k) = W () < e || () = 2/ ()|
where b; and ¢; are positive constants with ¢ = 1,--- ;4. From the above Lyapunov

functions, we set a Lyapunov function for the nonlinear singularly perturbed discrete
system with time-delay (14) as follows:

k—1

v ="V (y(k),z(k)) +n*W(z(k)) + Z {n'pr ly@)) + n'p2 12011} (18)

i=k—d

where p; and py are positive constants, and 1 < 7 < oo. Now, we have the time-difference
of the Lyapunov function along the nonlinear singularly perturbed discrete system with
time-delay (14) as

Av = "V {f(x(k), 2(k)) + fa(x(k — d), z(k - d))

—hy(eg(x(k), 2(k)) + ega(z(k — d), 2(k — d))), 2(k + 1)}

—V(y(k), 2(k)) + nWHeg(x(k), 2(k)) + ega(x(k — d), z(k — d))}

~W(z(k)) + puly(0)ll + p2 |2(R) || = 0~ “pully(k — d) || = n~“p2 [|2(k — )]

< 0 nba || fa(x(k — ), 2(k — d)) — hy(eg((k), 2(k)) + ega(w(k — d), 2(k — d)))]|

HV{f(y(R) + hy(2(k)), 2(k)), 2(k + 1)} = V{y(k), 2(k)}

+ = DV{S(y(F) + hy(2(K)), 2(K)), 2(k + 1)}

+ncy |leg((k), 2(k)) — eg(hy(2(k)), 2(k)) + ega(e(k — d), z(k — )|
+WHeg(hy(2(k)), 2(k))} = W{z(k)} + (n — W {eg(hy(2(F)), 2(k))}
+oully()l + p2 ll2(B) | = 0~ “pu lly(k = d)|| = n~“p2 || 2(k — )] (19)

From a continuously differentiable functions f and g with Assumption 3.1, there exist
positive constants kg, kg, and £y, such that

1F (k) + hy(z(K)), z(k)I| < Ky [ly(R)] (20)
lg(z(k), 2(k)) = g(z"(k), 2" ()| < Kga |l2(k) — 2" (R)|| + kg= [|2(k) = Z'(R) || (21)
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Using the above inequalities and the norm bounds of the time-delay terms (15) and
(16), we rewrite the time-difference of Lyapunov function as

Av < 0 nba{kya ly(k — )| + kakn ||2(k = d)|| + kgallz(k — )|

FO(Nlly(R) + lz(B) | + [ly(k = d) || + lz(k — d)[[}}

=bs [ly(k)|| + (n — )bk ||y (k)|

e O(e)(ly(R) | =+ [|z(R)I + [ly(k — )| + [|=(k = d)])}

—cs||z(R)ll +pully (k)| + p2 [[2(K)|

=1~ "p1 ly(k — )| =172 ||2(k — d)|]

= 1*[=(bs — (1 = Dbaky — p1r — O(e)) [ly (k)|

—(cs —p2 — O(e)) [|2(K)]|

~(7p1 = nbakya — O(€)) lly(k — )|

— (" "p2 — nbakgakn — nbaksa — O(€)) || 2(k — d)|] (22)
Theorem 3.1. Consider the nonlinear singularly perturbed discrete system with time-
delay (14). Suppose that Assumption 3.1 is satisfied. Then, there exists € > 0 such
that for all € < €*, the nonlinear singularly perturbed discrete system with time-delay is

exponentially stable if there exists a positive constant n with 1 < n < oo for the given
time-delay d such that the following inequalities are satisfied:

by — (77 — 1)b2/{5f > 17d+1b4k‘fd (23)
c3 > 77d+1b4kfd(1 —+ kh) (24)
Proof: From Assumption 3.1, we set a Lyapunov function (18) with the time-difference

as shown in (22). If the inequalities (23) and (24) are satisfied, then we obtain positive
constants p; and p, such that the following inequalities hold:

by — (n — D)boky > py (25)
c3 > Po (26)
n~"p1 > nbakya (27)
1 pa > nbakpakn + nbakya (28)

From the above inequalities, there exists ¢* > 0 such that for all € < €*, the time-
difference of Lyapunov function (22) is Av < 0. Then, we obtain v(k) < v(0). Now, we
have the lower norm bound of v(k) as

v(k) =" {bu ly(R)I| + cv [|=(R)|I} (29)

Moreover, we have the upper norm bound of v(0) as

v(0) = V(y(0),2(0)) + W(2(0)) + i P @I+ 0'p2 1)1}

i=—d

-1
< b ly(B) | + 2 |=(R) | + S {%gonfpl ly(8)] + 7'ps Hz<e>n}
i=—d -

< by max [ly(®)] +c2 max Yl=(0)] +7 max {lly(@)] +p2 =)}

= (b2 + Pyl + (c2 + 7p2)l|2]| (30)
where 77 = (1 —n~%)/(n — 1). From (29) and (30) with v(k) < v(0), we obtain

{bully(O)| + cr lz(B)I} < (b2 + ip)7 " [ylloe + (2 + p2)7" (|21l o (31)
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where 0 < v = 1/p < 1. Thus, from the definition of the exponential stability, the
nonlinear singularly perturbed discrete system with time-delay is exponentially stable.

Remark 3.1. Consider the following nonlinear singularly perturbed discrete system with
multiple time delays:

w(k+1) = fz(k), 2(k)) + Z faj(x(k = dj), 2(k = d;))

2(k+1) = eg(x( 4-62539@  2(k — dj)) (32)

Suppose that Assumption 3.1 is satisfied. Then, there exists € > 0 such that for all
€ < €, the nonlinear singularly perturbed discrete system with multiple time delays is
exponentially stable if there exists a positive constant n with 1 < n < oo for the given time
delays d; such that the following inequalities are satisfied:

bs — (n — Dboky > > n ik (33)
e3> Y 0 bakyg (1+ k) (34)
where g
/o (x(k = dj), 2(k — d;))|| < kpgj {llw(k = di) || + [ 2(k — d;) |} (35)
194 (x(k = d;j), 2(k = d;))|| < kgas {|x(k — dj)[| + [|z(k — )|} (36)

for g =1,--- 1. The proof of this remark is obtained from that of Theorem 3.1 with the
following Lyapunov function:

I k=1
v =n"V(yk), 2 (k) + 0" W (=(R) + > > (e @+ 0oy 2@} (37)

j=1i=k—d;
4. Tllustrative Examples.

Example 4.1. Consider the following linear singularly perturbed discrete system with
time-delay:

z(k+1) = 0.1z(k) + 0.32(k) + 0.3z(k — d) + 0.1z(k — d)

z2(k+1) = €{0.4x(k) + 0.72(k) + 0.4x(k — d) + 0.2z(k — d)} (38)
where € is a sufficiently small positive constant, x and z are state vectors. In the above
system, there exists € > 0 such that for all ¢ < €, Assumption 2.1 is satisfied with
Ay = —0.5. Then, from (3) and (4), we set P;; = 3.0 and Py = 3.5 so that Q11 and Qq
are positive-definite. Now, we select n according to the given time-delay d with P, = 1.2
and Py = 3 such that the matriz Q) is positive-definite as shown in Table 1. Hence, from

Theorem 2.1, there exists € such that for all € < €*, the singularly perturbed discrete
system with time-delay is exponentially stable as shown in Figure 1.

TABLE 1. Selection of i according to d

Delay d 1 5 10 20 50
n 1.1321] 1.0258 | 1.0128 | 1.0064 | 1.0025
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Maximum value of n for the given delay d

¥ T T T T
1.1 b
[
1.05f b
1 ﬁeTTTTT***********H**H*H**H*ﬁ*ﬂ**w%w Kk
0 10 20 30 40 50
delay d
state response with delay = 5 state response with delay = 30
0.5 0.5
x(K) x(K)
04 - =2 04 - = 2
0.3 :
0.2
0.1
b= e o
50 100 150
time (k) time (k)

FIGURE 1. State response and maximum value of 7 with e = 0.1

Maximum value of n for the given delay d

1.2f 1
1.15} 1
= 1ap 1
sl *
1 TTTTTTTTT****%**H*ﬁ********ﬁ**ﬂ**ﬁ**se
0 10 20 30 40 50
delay d
state response with delay = 5 state response with delay = 30
0.5 0.5
x(K) x(K)
0 —
0 10 20 30 40 50 100 200 300
time (k) time (k)

FIGURE 2. State response and maximum value of n with ¢ = 0.1

Example 4.2. Consider the following nonlinear singularly perturbed system discrete sys-
tem with time-delay:

z(k+1) = 0.3tan"*(2(k) + z(k)) + 0.3sin(x(k — d)) + 0.1z(k — d)

2(k+1) = e{0.52%(k) + (1 — x(k))z(k) + 0.72(k — d) + 0.5z(k — d) } (39)
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where € is a sufficiently small positive constant, x € {x : ||z| < 0.5} and z € {z : ||z]| <
0.5} are state vectors. From the nominal system of (39), Assumption 3.1 is satisfied. Us-
ing the isolated root x(k) = —z(k), we obtain the slow subsystem y(k+1) = 0.3tan"! y(k)
where y(k) = z(k) + z(k) and the fast subsystem z(k + 1) = €(0.12%(k) + (1 — z(k))z(k))
with V(y(k)) = |ly(k)|| and W(z(k)) = ||z(k)||. Now, as shown in Table 2, we select n
according to the given time-delay d such that the inequalities (23) and (24) are satisfied
by using bg = 0.7, by = 1, ky = 0.3, by = 1, kyg = 0.3, c3 = 0.875 and k, = 1. There-
fore, from Theorem 3.1, there exists € such that for all e < €*, the nonlinear singularly
perturbed discrete system with time-delay is exponentially stable as shown in Figure 2.

TABLE 2. Selection of i according to d

Delay d 1 5 10 20 50
n 1.2076 | 1.0649 | 1.0348 | 1.0181 | 1.0074

5. Conclusions. We investigate the exponential stability of the linear and the nonlinear
singularly perturbed discrete systems with time-delay. First, the linear singularly per-
turbed discrete system with time-delay is considered to show the exponential stability.
Next, based on the stability of the slow and fast subsystems of the nominal nonlinear
singularly perturbed discrete systems, we propose a composite Lyapunov function. Then,
we present the exponential stability of the nonlinear singularly perturbed discrete system
with time-delay. Finally, some examples are given to illustrate the proposed results.
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