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ABSTRACT. The part 1 of this paper presents a mathematical model for mechanical ele-
ments of rectangular members with straight haunches for the general case (symmetrical
and/or nonsymmetrical) subjected to a uniformly distributed load considering the bending
and shear deformations to obtain the fixed-end moments, carry-over factors and stiffness
factors. Now, this paper presents a mathematical model for members of rectangular
cross section subjected to a concentrated load localized anywhere the member considering
the bending and shear deformations with straight haunches (general case) to obtain the
fized-end moments, which is novelty of this research. The properties of rectangular cross
section member are: the width “b” is constant and the height “h” varies along beam,
and this variation is linear type. The compatibility equations and equilibrium are used
to solve such problems, and the deformations anywhere of beam are found by the virtual
work principle through exact integrations using the software “Derive” to obtain some
results. The traditional model considers the bending deformations. Also a comparison is
made between the proposed model and traditional model to show the differences. Besides
the effectiveness and accuracy of the developed model, a significant advantage is that the
fized-end moments are calculated for any cross section of beam using the mathematical
equations.

Keywords: Straight haunches for the general case (symmetrical and/or nonsymmetri-
cal), Bending and shear deformations, Concentrated load, Fixed-end moments, Compat-
ibility equations and equilibrium, Virtual work principle

1. Introduction. The members with haunches of reinforced concrete are distinguished
from prismatic because the beam height has a gradual variation in all or part of its length,
its application in buildings of moderate elevation, as well as on bridges and viaducts of
various functions. In buildings, the beams with haunches of reinforced concrete offer
the following advantages over prismatic beams: 1) the lateral stiffness of buildings is
increased substantially; 2) these beams types lead to a more efficient use of concrete and
steel reinforcement; 3) the weight of the structure is reduced to optimize the strength and
stability or to meet architectural requirements and specific functions of service; 4) the use
of beams with haunches eases the placement of the electrical installation, air conditioning,
water and sewage equipment, etc.

Members of rectangular cross section are subjected to a concentrated load where its
main application is found in the live loads (mobile loads) of bridges corresponding to
concentrated loads transmitted by the vehicles through their wheels to the road surface
on the board.
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During the last century, between 1950 and 1960 there developed several design aids,
such as those presented by Guldan [1], and the most popular tables published by the
Portland Cement Association (PCA) in 1958 “Handbook” [2].

Traditional methods used for the variable cross section members, the deflections by
Simpson’s rule are obtained or some other techniques to perform numerical integration
and the tables presenting some books are limited to certain relationships [3-5].

The most relevant papers addressing the issue of structural members with haunches are
shown in part 1 [6-16].

This paper presents a mathematical model for members of rectangular cross section
subjected to a concentrated load localized anywhere the member considering the bending
and shear deformations with straight haunches (general case) to obtain the fixed-end
moments, which is novelty of this research. The properties of rectangular cross section
member are: the width “b” is constant and the height “A” varies along beam, and this
variation is linear type. The compatibility equations and equilibrium are used to solve
such problems, and the deformations anywhere of beam are found by the virtual work
principle through exact integrations using the software “Derive” to obtain some results.
The traditional model considers the bending deformations. Also a comparison is made
between the proposed model and traditional model to show the differences. Besides the
effectiveness and accuracy of the developed model, a significant advantage is that the
fixed-end moments are calculated for any cross section of beam using the mathematical
equations.

The paper is organized as follows. Section 2 shows the formulation of the mathematical
model for fixed-end moments subjected to a concentrated load localized anywhere of
the member. Section 3 is dedicated to the results through the comparison of the two
models, the Proposed Model (PM), and the Traditional Model (TM). Section 4 presents
the conclusions.

2. Formulation of the Mathematical Model. Figure 1 of the part 1 presents a beam
in elevation and also presents its rectangular cross section taking into account that the
width “b” is constant and height “h,” varies of straight shape in three different parts.

Table 1 of the part 1 shows the properties of the rectangular section.

Figure 1(a) presents the beam “AB” under a concentrated load localized anywhere on
beam and fixed ends. The fixed-end moments are found by the sum of the effects. The
moments are considered positive in counterclockwise, and negative in clockwise. Figure
1(b) shows the same simplily supported beam at their ends and its load applied to finding
the rotations “ay;” and “apg;”, where “i” takes the values of 1, 2 and 3. The rotations
“aq,” and “ap;” are when the concentrated load is placed on 0 < z < a. The rotations
“asy” and “apy” are when the concentrated load is located in a < x < L —¢. The
rotations “a43” and “aps” are when the concentrated load is found of L — ¢ < z < L.
Now, the rotations “fi;” and “fy” are caused by the unitary moment applied in the
support “A”, according to Figure 1(c), and in terms of “f,” and “fy” caused by the
unitary moment applied in the support “B”, see Figure 1(d) [12-22].

The compatibility equations and equilibrium of the beam are [12-22]:

ToO0 <z <a:

7

—JfuuMap + fi2Mpa = aa (1)

—farMap + froMpa = ap (2)
Toa<z<L-—c

—fuuMap + f12Mpa = aaz (3)

—fo1rMap + fooMpa = apy (4)
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FIGURE 1. Beam fixed at its ends
To L —c<x<L:
—fuuMap + fiaMpa = aas (5)
—foarMap + fooMpa = aps (6)

Figure 1(b) is analyzed to find “ay;” and “ap;”, the virtual work principle and take

account of the bending and shear deformations used to obtain the rotations.
The rotations of “ay4;” and “apg;” for non-prismatic members are [19]:

L L
V.V1 M, M,
i = d d 7
A /0 aa, ") TEL ™ 0
L L
V., Vs M, My
= d d 8
“n 0 GAs:v v 0 Elz g ( )

where: F is the modulus of elasticity, G is shear modulus, V, and M, are shear forces and
moments of the real concentrated load, V; and M, are shear forces and moments due the
unitary moment applied in the support “A”, and V5 and Ms are shear forces and moments
due the unitary moment applied in the support “B” to a distance “z”.

The shear modulus is:

E
G=_——— 9
2(1+v) )
where: v is Poisson’s ratio.
Table 1 shows the equations of the shear forces and moments anywhere of the beam to
a distance “z” [23].
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TABLE 1. Shear forces and moments

Concept Equations
To the left of P — P(L=e)
Shear forces 0 the left o Va T Vlz% ‘/2:%
To the right of P | 1V, = _T
_ P(L-e)x
Moments To the left of P | M, = —= M, = —(L;’”) My =2
To the right of P | M, = Pe(i*f”)

The rotations of “a41”, “ap”, “aar”, “aps”, “as3” and “aps” by Equations (7) and
(8) are obtained:

Lo Lor {/0 3(L—e)(L—x)xdx+/e“[ de(L—a)

BV Lo o+ u(o—a)] ah+ u(a— )]

b= e(L — z)? L Ae(L — x)?
+/a 3 d“/“[cmz( TP

10
I1+v] ¢ a(L—e) “ ae L e (10)
— dx — ———dr — —dx
5 o ah+u(a—x) . oh+u(a—2x) . D
L
_ / ce Jr
—cCch+z(x—L+c)
12P ¢ (L —e)z? ¢ ade(L —z)z
= d d
BT B { /0 ah+aa—ap T / [ah +ula— )P
L= o(L — )z L Ae(L —z)x
—d d
+/a s “/L_C ch+ 2@ —Lt+op "
+1+1/ /e a(L —e) dr ¢ ae g —/chd
5 o ah+u(a—x) g . ah+u(a— 1) v " ht
L
_/ ce Jr
-eCh+z(x — L +c)
12P “a3(L —e)(L —x)x
= T d
a2 EbL2{/0 [ah+u(a—x x+/a v
L—c 2 L 3
+/ LLh 7) dx+/ [h+€((L TP
ch+ z(z — c
e L—c (12)

IL+v[ [* a(L—e) /eL— /L_ce

— d dr — —d
5 [/0 e L A A A
L

_/ ce dr

r—ecCh+z(x — L +¢)

ozmzﬂ{/oa[ a3(L—e)x2)]3dx+/ae (L=,

EbL? ah +u(a —x h3

+/6L06(L—x) " +/Lic[ Ae(L —x)x s

h3 ch+z(x — L+ ¢))?
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L+v[ [* a(L—e) “L—e L=
——d dx — —d
T [/0 ah + ula — ) y“L/a no / n

) /LLC T L+C)dx]} "
== oy e
= e e (14)
e
+/LecCh+CZ((I;3—L+C / ch+zx—L+ )dx]}
e :;252{/0 [a/??f; (a—2) / da
: /L e Lch +C?)Z(éf_—eﬂ +c) / e L)f— " (15)
T,

+/:cch+cz((lajc_—el)1+ )dx /e ch—l—z(xce—L—l— )d$]}

The coefficients of flexibilities through the virtual work principle are obtained [24]:

L L
Vivi M, M,y
fi1 = dx + dx 16
H 0 GAsx 0 Elz ( )
L L
VoVs My M,
foo = dx + dx 17
- 0 GAsx 0 Elz ( )
L L
ViVs My M,
2 . 0 GAs:v 0 Elz ( )

Substituting the values of Table 1 of the part 1 and Table 1 of the part 2 into Equations
(16), (17) and (18), the coefficients of flexibilities are found:

12 ¢ a}(L —x)? Lme (L — x)?
=—— d Sy
fu EbL2{/0 [ah + u(a — 7)] x+/a R
L 63(L—l‘)2 1+v a a
d —d 19
+/L\C[Ch+2(l‘_L+C)]3 v 5 {/0 ah + u(a — x) v (19)
+/Hd—x+/L R
a h —eCh+ z(x — L+ ¢)
12 a 03"[;2 L— 01‘2
= d T d
for EbLQ{/U l[ah + u(a — z)]3 x+/a i
L A’ 1+v[ [® a
d —d 20
+/Lc[ch+z(x—L—|—c)]3 v 5 [/0 ah + u(a — x) v (20)

+/Lcd—x+/L ‘ dz
. h r—eCh+z(x —L+c)
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. 12 ¢ a(L—x)x Lme(L — 2)x
fi2=far = — EbLQ{/O [ah+u(a—x)]3dx+/a de

+/LL [chfz((fg:?ic)]de_ 1?[/:#@—:5)‘[‘” 1)

—C

+/Lcd—x+/L c dz
a h e Ch+ z(x — L+ ¢)

First condition: The concentrated load “P” is located in 0 < z < a. Equations
(10), (19) and (21) corresponding to the support “A” are substituted into Equation (1)
and Equations (11), (20) and (21) corresponding to the support “B” are substituted into
Equation (2). Subsequently, generated equations are solved and the values of “M4p5” and
“Mpg4” are obtained:

Marn — J22ta1 — f120m1
AB =
fto = fui fa

Ji2aa1 — fuiap
Mo = g (22)
Second condition: The concentrated load “P” is situated in a < x < L—c. Equations
(12), (19) and (21) corresponding to the support “A” are substituted into Equation (3)
and Equations (13), (20) and (21) corresponding to the support “B” are substituted into
Equation (4). Subsequently, generated equations are solved and the values of “M4p5” and

“Mpg,” are found:

= mABPL (22)

Man — Ja2eaz — fraapy
AB =
[y = fi1fa

Ji2ea2 — friaps
iy el (%)
Third condition: The concentrated load “P” is placed on L — ¢ < x < L. Equations
(14), (19) and (21) corresponding to the support “A” are substituted into Equation (1)
and Equations (15), (20) and (21) corresponding to the support “B” are substituted into
Equation (2). Subsequently, generated equations are solved and the values of “M4p5” and

“Mpa” are:

= masPL (24)

Mg = J22a3 — f120uB3
B =

[y = fi1fa
Mg, = f12C;A3 - f110433 — mpuPL (27)
f12 — fi1f2

Equations (22) to (27) are shown in Appendix.

= mABPL (26)

3. Results. Table 2 shows the comparison of the two models, the Proposed Model (PM)
is the mathematical model presented in this paper taking account of the bending and
shear deformations, and the Traditional Model (TM) takes account of only the bending
deformations. This table presents the fixed-end moments factors (map and mp4) sub-
jected to a concentrated load localized anywhere of the member. Such comparisons were
realized for v = 0.20 of concrete; e = 0.1L, 0.3L, 0.5L, 0.7L, 0.9L; ¢ = 0.2L, 0.3L;
z = 0.4h, 0.6h, 1h, 1.5h, 2h; a = 0.3L and v = 1h; a = 0.2L and v = 1.5h; h = 0.1L,
because these values are presented in the tables on page 619 [3]. The results shown in the
tables mentioned above are identical to the traditional model.

Another way to validate the proposed model is as follows (shear deformations are ne-
glected). To 0 < z < a substitute “u = 0h and z = 0h” or “a = 0L and ¢ = 0L” into
Equations (22) and (23). To a < x < L — ¢ substitute “u = 0h and z = 0h” or “a = 0L
and ¢ = 0L” into Equations (24) and (25). To L — ¢ < x < L substitute “u = 0h and
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z =0h" or “a = 0L and ¢ = 0L” into Equations (26) and (27). The fixed-end moments
obtained for the three cases are: “Myp = Pe(L —€)?/L*” and “Mps = Pe*(L —e)/L*".
The values presented above correspond to a constant cross section.

A way to validate the continuity of the cross section is as follows: in which the beam
changes of positive slope to horizontal slope of the straight line in “a” and also when the
beam changes of horizontal slope to negative slope in “L — ¢”, load is placed on these
points and these are the same results in the fixed-end moments. By example in Equations
(22) and (24) substitute the value of “e = a” to obtain “M4p5”, and Equations (23) and
(25) to find “Mp,4”, and in Equations (24) and (26) substitute “e = L —¢” to find “M4p”"
and also in Equations (25) and (27) to obtain “Mp,”.

Therefore, the proposed model in this paper is valid and is not limited to certain di-
mensions or proportions as shown in some books, and the bending and shear deformations
are considered.

4. Conclusions. This paper developed a mathematical model for rectangular beams
with straight haunches for the general case (symmetrical and/or nonsymmetrical) sub-
jected to a concentrated load localized anywhere on beam considering the bending and
shear deformations to obtain the fixed-end moments, which is novelty of this research.
The compatibility equations and equilibrium are used to solve such problems, and the
deformations anywhere of beam are found by the virtual work principle through exact
integrations using the software “Derive” to obtain some results. The traditional model
takes account of bending deformations.

The mathematical technique presented in this research is very adequate for obtaining
the fixed-end moments for beams of variable rectangular cross section subjected to a
concentrated load localized anywhere on beam, because it presents the mathematical
expression, and with the support of some software, we obtain the values exactly.

Also, a significant advantage is that with the support of some software there can gen-
erate a large number of tables for different values or relationships of “a”, “c¢”, “e”, “u”
and “z”.

The proposed model passes to be a more appropriate model for structural analysis, and
also is adjusted to the real conditions; since the shear forces and moments act in any
structures, the bending and shear deformations are presented.

The suggestions for future research are: 1) when the member presented another type
of cross section; 2) when the member is subjected to another type of load.
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Appendix. Equations (22) and (23) present the fixed-end moments, when the concen-
trated load “P” is located of 0 < z < a:
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dx
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Equations (24) and (25) present the fixed-end moments, when the concentrated load
“P” is located of a < x < L — ¢:
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Equations (26) and (27) present the fixed-end moments, when the concentrated load
“P” is located of L —c < x < L:
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