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Abstract. Integral inequalities play an important role in the stability analysis for sys-
tems with time-varying delay. In this paper, the orthogonal polynomials of one variable
are extended to the orthogonal system of bivariate polynomials. An orthogonal system of
bivariate functions which need not be continuous is introduced by triangulating a bounded
domain in the plane. The bivariate functions in this orthogonal system need not be poly-
nomials. Based on the orthogonal decomposition of vector and orthogonal approximation
of vector, some new double integral inequalities are obtained. These double integral in-
equalities can provide tighter bounds than most of existing inequalities. Based on these
double integral inequalities, an improved sufficient condition on asymptotical stability for
systems with time-varying delay is obtained. Several numerical examples are given to
show the effectiveness of the stability condition proposed in this paper.
Keywords: Double integral inequality, Time-delay, Stability, Orthogonal approxima-
tion, Discontinuous function

1. Introduction. The emission of an electron from an atom upon the absorption of an
energetic photon is one of the most elementary quantum-mechanical phenomena. There
exists a delay in photoemission. This delay implies a change in the timing of ejection of
the electron pulse with respect to the arrival of the photon pulse. In realistic systems, an
inclusion of time delay is natural [1-3]. From the point of view of physics, the transport of
matter, energy and information through the system requires finite time which is treated
as time delay. The presence of time delay may change the dynamics properties of the sys-
tem, for example, time delay may bring coherence resonance, excitability, synchronously
periodical oscillation and transitions [4]. Time delay may induce travelling wave solu-
tions. Therefore, academic and industrial communities have paid extensive attention to
the dynamics of time-delay systems in the past few decades. Based on a new type of
augmented Lyapunov functional, some new stability criteria for linear systems with time-
varying delays are obtained in terms of linear matrix inequalities (LMIs) [5]. Some new
delay-dependent stability criteria have been derived for neural networks by nonuniformly
dividing the whole delay interval into multiple segments [6]. Based on the reciprocally
convex approach, stability of systems with time-varying delays is addressed in [7]. The
event-triggered dynamic output feedback control for networked control systems has been
addressed in [8]. The Lyapunov-Krasovskii functional (LKF) approach has been employed
to formulate a novel stability criterion for the resultant closed-loop system with an interval
time-varying delay. By fully utilizing the information on the neuron activation function,
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some new passivity conditions for the neural networks with discrete and distributed delay
have been derived [9]. In [10], a fuzzy time-delay feedback controller is designed to ensure
the required H∞ performance of the uncertain Takagi-Sugeno (T-S) fuzzy systems with
time-delay to be achieved. By use of delay-partitioning technique, delay-dependent robust
stability criteria for the uncertain neutral-type Lur’e system are proposed in terms of LMIs
[11]. Two delay-dependent mean-square asymptotical stability criteria for a class of ge-
netic regulatory networks (GRNs) with Markovian jumping parameters and time-varying
delays are derived in [12]. In 2013, Cheng et al. [13] study the problem of finite-time
H∞ control for a class of Markovian jump systems with mode-dependent time-varying
delays. Several sufficient conditions are derived to guarantee the finite-time stability of
the resulting closed-loop system. Furthermore, a finite-time H∞ fuzzy control problem for
a class of nonlinear Markovian jump delayed systems with partly uncertain transition de-
scriptions is addressed in [14]. Robust finite-time sampled-data control of linear systems
subject to random occurring delays is investigated in [15] by employing Wirtinger-based
double integral inequality approach proposed [16] and free-weighting matrix method.

Besides free-weighting matrix method [17-19], there are many methods to reduce the
conservativeness of stability criteria for delayed systems, such as convex combination tech-
nique [20-22], Lyapunov functional approach [23,24] and inequality approach [25-28]. Gu
et al. [29] succeeded in applying the Jensen inequality to the stability analysis of time-
delay systems. The Wirtinger-based inequality developed in [30] can give a tighter bound
than what the Jensen inequality does. A new class of integral inequalities for quadratic
functions via intermediate terms called auxiliary functions are established [31], which pro-
duce tighter bounds than what the Jensen inequality produces. Recently, a theoretical
framework for integral inequalities is established, in which the existing integral inequali-
ties can be almost combined into two general inequalities defined in the upper and lower
forms, respectively [32]. Although a lot of single integral inequalities including some ex-
tended Jensen inequalities and Wirtinger inequalities are proved and widely used in the
stability analysis of delayed systems, there are only a few results for the double integral
inequalities and their applications [29,31,32]. The integral inequalities obtained in [31,32]
are both based on the orthogonal polynomials of one variable. Each polynomial is a con-
tinuous function. In order to avoid the complexity of polynomials of one variable with
high degree and solve the problem of large computation burden resulting from the orthog-
onal polynomials with high degree, it motivates us not only to consider the orthogonal
bivariate polynomials but also to consider the orthogonal system of bivariate functions
which need not be continuous. In order to obtain the orthogonal system of bivariate func-
tions {qi(α, β)} defined on the bounded domain D ∈ R2, we partition D into triangles
by triangulation. Function qi(α, β) is defined as constant on each triangle to construct
an orthogonal system of bivariate functions. An orthogonal group of bivariate polyno-
mials from an orthogonal system of bivariate polynomials and an orthogonal group from
an orthogonal system of bivariate functions which are non-polynomials are constructed.
Based on the orthogonal decomposition of vector, orthogonal approximation of vector and
the minimization of energy function, some new double integral inequalities with tighter
bounds are obtained. The Jensen double integral inequality [29], the Wirtinger based dou-
ble integral inequality [16] and the auxiliary function-based double integral inequalities
[31] are the special cases of our double integral inequalities. Therefore, a new approach
to develop the double integral inequalities is proposed.

As mentioned above, Lyapunov-Krasovskii functional (LKF) is one of the most impor-
tant and effective tools for the stability analysis of time-delay systems. The achievement
of the desirable stability region depends on the construction of the Lyapunov-Krasovskii
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functional and estimation of its derivative. The triple integral forms of Lyapunov-Krasovs-
kii functional are beneficial for reducing the conservatism, since more system information
such as the size of delay can be exploited when calculating their derivatives. Some double

integral terms such as
∫ b

a

∫ b

β
yT (α)Ry(α)dαdβ,

∫ b

a

∫ b

β
ẋT (α)Rẋ(α)dαdβ,

∫ b

a

∫ β

a
yT (α)Ry(α)

dαdβ, and
∫ b

a

∫ β

a
ẋT (α)Rẋ(α)dαdβ may arise from the derivative of the triple integral forms

of Lyapunov-Krasovskii functional. The Jensen double integral inequality is usually used
to bound these double integral terms. Since the double integral inequalities obtained in
this paper are sharper than the Jensen double integral inequality and the Wirtinger-based
double integral inequality, they can provide more tighter upper bounds for these double
integrals. Combining these double integral inequalities with a new Lyapunov-Krasovskii
functional with triple integral terms, an improved asymptotical stability criterion for the
systems with time-varying delay is given in this paper. This stability criterion is delay-
dependent. By virtue of these new double integral inequalities, it is less conservative
than some existing asymptotical stability criteria. The asymptotical stability criterion
obtained in this paper only needs 29n2 + 5n decision variables. However, the asymptoti-
cal stability criterion in [32] requires 32.5n2 +6.5n decision variables. Therefore, stability
criterion in our paper is with less computational burden. The main result in this paper
can be applied to investigating the synchronization of delayed systems through analyzing
the stability of the corresponding error systems.

The main contributions of this paper are summarized as follows.
(i) The orthogonal polynomials of one variable are extended to the orthogonal system

of bivariate polynomials. An orthogonal system of bivariate functions which need not
be continuous is introduced by triangulating a bounded domain D in the plane. These
bivariate functions in this orthogonal system need not be polynomials.

(ii) Based on the idea of orthogonal decomposition of vector, the twice orthogonal
approximation of vector is obtained.

(iii) By minimizing the value of the new energy function, two double integral inequalities
are established, which include almost all of the existing integral inequalities as special
cases. Our double integral inequalities are different from the double integral inequalities
obtained in [32].

(iv) A new Lyapunov-Krasovskii functional with four triple integral terms is construc-

ted. Lyapunov-Krasovskii functional terms
∫ t

t−h1
2
xT (s)Q3x(s)ds and

∫ 0

−h1
2

∫ t

t+s
xT (u)R2x(u)

duds with the information of delay-partition are introduced.
(v) Combining the improved integral inequalities with the reciprocally convex approach,

a less conservative asymptotical stability condition with less decision variables is derived
for systems with time-varying delay.

The rest of this paper is organized as follows. In Section 2, based on the orthogonal
systems of bivariate functions, some new double integral inequalities are proved. The
stability of system with time-varying delay is investigated in Section 3. Based on the
new Lyapunov-Krasovskii functional, an improved asymptotical stability condition is pre-
sented. In Section 4, three numerical examples are given to demonstrate the effectiveness
of the obtained results. Finally, the conclusions are presented in Section 5.

2. New Inequalities. Let D = {(α, β)|β ≤ α ≤ b, a ≤ β ≤ b}, D∗ = {(α, β)|a ≤ α ≤
β, a ≤ β ≤ b}. Suppose that {pi(α, β)} is an orthogonal system of bivariate polynomials
defined on D, it means

∫∫
D

pi(α, β)pj(α, β)dαdβ = 0, i ̸= j;
∫∫
D

p2
i (α, β)dαdβ > 0. Let

{qi(α, β)} be another orthogonal system of bivariate functions defined on D. For simplic-
ity, let {1, p1(α, β), p2(α, β)} be an orthogonal group chosen from orthogonal system of
bivariate polynomials defined on D. Let {1, q1(α, β)} be an orthogonal group chosen from
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another orthogonal system of bivariate functions defined on D. In this section, some new
double integral inequalities are proved.

Theorem 2.1. For a positive definite matrix R > 0, an integrable vector-valued function
y(α) defined on [a, b] and functions p1(α, β), p2(α, β) and q1(α, β) defined on D satisfying∫ b

a

∫ b

β
pi(α, β)dαdβ = 0 (i = 1, 2),

∫ b

a

∫ b

β
q1(α, β)dαdβ = 0,

∫ b

a

∫ b

β
p1(α, β)p2(α, β)dαdβ = 0

and
∫ b

a

∫ b

β
p2(α, β)q1(α, β)dαdβ = 0, the following inequality holds∫ b

a

∫ b

β

yT (α)Ry(α)dαdβ

≥ 2

(b − a)2

(∫ b

a

∫ b

β

y(α)dαdβ

)T

R

(∫ b

a

∫ b

β

y(α)dαdβ

)
+

1

P1

F T
1 RF1 +

1

P2

F T
2 RF2 (1)

+
1

Q1

[
G1 −

∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1

F1

]T

R

[
G1 −

∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1

F1

]
,

where

Fi =

∫ b

a

∫ b

β

pi(u, β)y(u)dudβ, i = 1, 2,

Pi =

∫ b

a

∫ b

β

p2
i (u, β)dudβ, i = 1, 2,

G1 =

∫ b

a

∫ b

β

q1(u, β)y(u)dudβ,

Q1 =

∫ b

a

∫ b

β

q2
1(u, β)dudβ.

(2)

Proof: Let

z(u, β) = y(u) − 2

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)

P1

F1 −
p2(u, β)

P2

F2 − q1(u, β)v, (3)

where

v =
G1

Q1

−
∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1Q1

F1. (4)

Define the energy function J(v) as

J(v) =

∫ b

a

∫ b

β

zT (u, β)Rz(u, β)dudβ. (5)

Substituting z(u, β) into J(v) gives

J(v) =

∫ b

a

∫ b

β

zT (u, β)Rz(u, β)dudβ

=

∫ b

a

∫ b

β

[
y(u) − 2

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)

P1

F1

−p2(u, β)

P2

F2

]T

R

[
y(u) − 2

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)

P1

F1

− p2(u, β)

P2

F2

]
dudβ +

∫ b

a

∫ b

β

q2
1(u, β)dudβvT Rv − 2

∫ b

a

∫ b

β

[
y(u)q1(u, β)



NOVEL DOUBLE INTEGRAL INEQUALITIES AND THEIR APPLICATION 1809

− 2q1(u, β)

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)q1(u, β)

P1

F1

− p2(u, β)q1(u, β)

P2

F2

]T

dudβRv

=

∫ b

a

∫ b

β

[
y(u) − 2

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)

P1

F1 −
p2(u, β)

P2

F2

]T

R

[
y(u)

− 2

(b − a)2

∫ b

a

∫ b

β

y(α)dαdβ − p1(u, β)

P1

F1 −
p2(u, β)

P2

F2

]
dudβ − Q1v

T Rv (6)

=

∫ b

a

∫ b

β

yT (u)Ry(u)dudβ

+
2

(b − a)2

(∫ b

a

∫ b

β

y(α)dαdβ

)T

R

(∫ b

a

∫ b

β

y(α)dαdβ

)
+

1

P1

F T
1 RF1

+
1

P2

F T
2 RF2 −

4

(b − a)2

(∫ b

a

∫ b

β

y(α)dαdβ

)T

R

(∫ b

a

∫ b

β

y(α)dβdβ

)
− 2

P1

F T
1 RF1 −

2

P2

F T
2 RF2 − Q1v

T Rv

=

∫ b

a

∫ b

β

yT (u)Ry(u)dudβ − 1

P1

F T
1 RF1 −

1

P2

F T
2 RF2 − Q1v

T Rv

− 2

(b − a)2

(∫ b

a

∫ b

β

y(α)dαdβ

)T

R

(∫ b

a

∫ b

β

y(α)dαdβ

)
≥ 0.

Obviously, inequality (6) is equivalent to∫ b

a

∫ b

β

yT (α)Ry(α)dαdβ

≥ 2

(b − a)2

(∫ b

a

∫ b

β

y(α)dαdβ

)T

R

(∫ b

a

∫ b

β

y(α)dαdβ

)
+

1

P1

F T
1 RF1 +

1

P2

F T
2 RF2 (7)

+
1

Q1

[
G1 −

∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1

F1

]T

R

[
G1 −

∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1

F1

]
.

The proof is completed.
In Theorem 2.1, if we take

p1(α, β) = 3(α − b) + (b − a),

p2(α, β) = 5(b − a)2(α − b)2 + 4(b − a)3(α − b) +
(b − a)4

2
,

q1(α, β) =


1,

a + b

2
≤ α ≤ b, a ≤ β ≤ a + b

2
,

3, β ≤ α ≤ a + b

2
, a ≤ β ≤ a + b

2
,

−5, β ≤ α ≤ b,
a + b

2
≤ β ≤ b,

(8)

then ∫ b

a

∫ b

β

pi(α, β)dαdβ = 0, i = 1, 2,
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a

∫ b

β

p1(α, β)p2(α, β)dαdβ = 0,

∫ b

a

∫ b

β

q1(α, β)dαdβ

=

∫ a+b
2

a

∫ b

a+b
2

1dαdβ +

∫ a+b
2

a

∫ a+b
2

β

3dαdβ +

∫ b

a+b
2

∫ b

β

(−5)dαdβ (9)

=
(b − a)2

4
+

3(b − a)2

8
− 5(b − a)2

8
= 0,∫ b

a

∫ b

β

p2(α, β)q1(α, β)dαdβ

=

∫ a+b
2

a

∫ b

a+b
2

p2(α, β)dαdβ + 3

∫ a+b
2

a

∫ a+b
2

β

p2(α, β)dαdβ (10)

− 5

∫ b

a+b
2

∫ b

β

p2(α, β)dαdβ

= −(b − a)6

48
+

3(b − a)6

64
− 5(b − a)6

192
= 0,∫ b

a

∫ b

β

p1(α, β)q1(α, β)dαdβ

=

∫ a+b
2

a

∫ b

a+b
2

p1(α, β)dαdβ + 3

∫ a+b
2

a

∫ a+b
2

β

p1(α, β)dαdβ (11)

− 5

∫ b

a+b
2

∫ b

β

p1(α, β)dαdβ

=
(b − a)3

16
− 3(b − a)3

8
− 5(b − a)3

16
= −5(b − a)3

8
,

P1 =

∫ b

a

∫ b

β

p2
1(α, β)dαdβ =

(b − a)4

4
,

P2 =

∫ b

a

∫ b

β

p2
2(α, β)dαdβ =

(b − a)10

24
,

Q1 =

∫ b

a

∫ b

β

q2
1(α, β)dαdβ (12)

=

∫ a+b
2

a

∫ b

a+b
2

1dαdβ +

∫ a+b
2

a

∫ a+b
2

β

9dαdβ +

∫ b

a+b
2

∫ b

β

25dαdβ

=
(b − a)2

4
+

9

8
(b − a)2 +

25

8
(b − a)2 =

9(b − a)2

2
,

F1 =

∫ b

a

∫ b

β

p1(α, β)y(α)dαdβ

= 3

∫ b

a

∫ b

β

(α − b)y(α)dαdβ + (b − a)

∫ b

a

∫ b

β

y(α)dαdβ
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= 3

∫ b

a

∫ b

β

(α − β + β − a + a − b)y(α)dαdβ + (b − a)

∫ b

a

∫ b

β

y(α)dαdβ

= 6

∫ b

a

∫ b

β

∫ b

α

y(r)drdαdβ − 2(b − a)

∫ b

a

∫ b

β

y(α)dαdβ = −2(b − a)Ω2,

F2 =

∫ b

a

∫ b

β

p2(α, β)y(α)dαdβ

= (b − a)2

[
5

∫ b

a

∫ b

β

α2y(α)dαdβ − (6b + 4a)

∫ b

a

∫ b

β

(α − b)y(α)dαdβ

+

(
(b − a)2

2
− 5b2

)∫ b

a

∫ b

β

y(α)dαdβ

]
= (b − a)2

{
5

[
6

∫ b

a

∫ b

s

∫ b

β

∫ b

α

y(r)drdαdβds

+ 4a

∫ b

a

∫ b

s

∫ b

β

y(r)drdβds + a2

∫ b

a

∫ b

β

y(r)drdβ

]
(13)

− (6b + 4a)

[
2

∫ b

a

∫ b

s

∫ b

β

y(r)drdβds − (b − a)

∫ b

a

∫ b

β

y(α)dαdβ

]
+

(
(b − a)2

2
− 5b2

)∫ b

a

∫ b

β

y(α)dαdβ

}
= 30(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

α

y(r)drdαdβds

− 12(b − a)3

∫ b

a

∫ b

s

∫ b

β

y(r)drdβds +
3

2
(b − a)4

∫ b

a

∫ b

β

y(r)drdβ

=
3(b − a)4

2
Ω3,

G1 =

∫ b

a

∫ b

β

q1(α, β)y(α)dαdβ

=

∫ a+b
2

a

∫ b

a+b
2

y(α)dαdβ + 3

∫ a+b
2

a

∫ a+b
2

β

y(α)dαdβ − 5

∫ b

a+b
2

∫ b

β

y(α)dαdβ

=
b − a

2

∫ b

a+b
2

y(α)dα + 3

∫ a+b
2

a

∫ a+b
2

β

y(α)dαdβ − 5

∫ b

a+b
2

∫ b

β

y(α)dαdβ = Ω4,

v =
1

Q1

[
G1 −

∫ b

a

∫ b

β
p1(α, β)q1(α, β)dαdβ

P1

F1

]

=
2

9(b − a)2

[
Ω4 −

−5(b − a)3

8

(
4

(b − a)4

)
(−2(b − a)Ω2)

]
(14)

=
2

9(b − a)2
(Ω4 − 5Ω2),

where Ωi, i = 1, 2, 3, 4, are defined in Corollary 2.1.
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From Theorem 2.1, we have

Corollary 2.1. For a positive definite matrix R > 0 and an integrable vector-valued
function y(α) defined on [a, b], the following inequality holds∫ b

a

∫ b

β

yT (α)Ry(α)dαdβ ≥ 2

(b − a)2
ΩT

1 RΩ1 +
16

(b − a)2
ΩT

2 RΩ2 +
54

(b − a)2
ΩT

3 RΩ3

+
2

9(b − a)2
(Ω4 − 5Ω2)

T R(Ω4 − 5Ω2),
(15)

where

Ω1 =

∫ b

a

∫ b

β

y(α)dαdβ,

Ω2 =

∫ b

a

∫ b

β

y(α)dαdβ − 3

b − a

∫ b

a

∫ b

β

∫ b

α

y(r)drdαdβ,

Ω3 =

∫ b

a

∫ b

β

y(α)dαdβ − 8

b − a

∫ b

a

∫ b

s

∫ b

β

y(α)dαdβds

+
20

(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

r

y(α)dαdrdβds,

Ω4 =
b − a

2

∫ b

a+b
2

y(α)dα + 3

∫ a+b
2

a

∫ a+b
2

β

y(α)dαdβ − 5

∫ b

a+b
2

∫ b

β

y(α)dαdβ.

Let y(α) = ẋ(α) in Corollary 2.1, we get

Corollary 2.2. For a positive definite matrix R > 0 and a differentiable vector-valued
function x(α) defined on [a, b], the following inequality holds:∫ b

a

∫ b

β

ẋT (α)Rẋ(α)dαdβ ≥ 2ΨT
1 RΨ1 + 16ΨT

2 RΨ2 + 54ΨT
3 RΨ3

+
2

9
(Ψ4 − 5Ψ2)

T R(Ψ4 − 5Ψ2),

(16)

where

Ψ1 = x(b) − 1

b − a

∫ b

a

x(α)dα,

Ψ2 = −1

2
x(b) − 1

b − a

∫ b

a

x(α)dα +
3

(b − a)2

∫ b

a

∫ b

β

x(α)dαdβ,

Ψ3 =
1

3
x(b) − 1

b − a

∫ b

a

x(α)dα +
8

(b − a)2

∫ b

a

∫ b

β

x(α)dαdβ

− 20

(b − a)3

∫ b

a

∫ b

s

∫ b

β

x(α)dαdβds,

Ψ4 = −2x(b) + x

(
b + a

2

)
− 3

b − a

∫ b

a

x(α)dα +
8

b − a

∫ b

b+a
2

x(α)dα.

Proof: Substituting y(α) = ẋ(α) into Corollary 2.1, we can easily get that

Ω1 =

∫ b

a

∫ b

β

ẋ(α)dαdβ = (b − a)x(b) −
∫ b

a

x(α)dα = (b − a)Ψ1,

Ω2 =

∫ b

a

∫ b

β

ẋ(α)dαdβ − 3

b − a

∫ b

a

∫ b

β

∫ b

α

ẋ(r)drdαdβ

= −1

2
(b − a)x(b) −

∫ b

a

x(α)dα +
3

b − a

∫ b

a

∫ b

β

x(α)dαdβ = (b − a)Ψ2,
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Ω3 =

∫ b

a

∫ b

β

ẋ(α)dαdβ − 8

b − a

∫ b

a

∫ b

β

∫ b

α

ẋ(r)drdαdβ (17)

+
20

(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

α

ẋ(r)drdαdβds

= (b − a)x(b) −
∫ b

a

x(α)dα − 8

b − a

[
(b − a)2

2
x(b) −

∫ b

a

∫ b

β

x(α)dαdβ

]
+

20

(b − a)2

[
(b − a)3

6
x(b) −

∫ b

a

∫ b

s

∫ b

β

x(α)dαdβds

]
= (b − a)Ψ3,

Ω4 − 5Ω2 =
b − a

2

∫ b

a+b
2

ẋ(α)dα + 3

∫ a+b
2

a

∫ a+b
2

β

ẋ(α)dαdβ

− 5

∫ b

a+b
2

∫ b

β

ẋ(α)dαdβ − 5(b − a)Ψ2 (18)

= −2(b − a)x(b) + (b − a)x

(
b + a

2

)
− 3

∫ b

a

x(α)dα

+ 8

∫ b

b+a
2

x(α)dα − 5(b − a)Ψ2 = (b − a)[Ψ4 − 5Ψ2].

This completes the proof of Corollary 2.2.

Remark 2.1. Compared with the auxiliary function-based double integral inequality (25)
in [31], two terms 54ΨT

3 RΨ3 and 2
9
(Ψ4−5Ψ2)

T R(Ψ4−5Ψ2) are added in righthand side of
inequality (16) in Corollary 2.2. Since matrix R is positive definite, then 54ΨT

3 RΨ3 ≥ 0
and 2

9
(Ψ4 − 5Ψ2)

T R(Ψ4 − 5Ψ2) ≥ 0. So the Jensen double integral inequality [29], the
Wirtinger based double integral inequality in [16] and the auxiliary function-based double
integral inequalities [31] are the special cases of double integral inequality (16). Since
2
9
(Ψ4 − 5Ψ2)

T R(Ψ4 − 5Ψ2) ≥ 0 in Corollary 2.2 is different from 128
(b−a)2

Ω̇T
0,3RΩ̇0,3 in [32],

the double integral inequality (16) is different from the double integral inequality (12) in
[32].

Similar to the proof of Theorem 2.1, we have

Theorem 2.2. For a positive definite matrix R > 0, an integrable vector-valued function
y(α) defined on [a, b] and functions p1(α, β), p2(α, β) and q1(α, β) defined on D∗ satisfying∫ b

a

∫ β

a
pi(α, β)dαdβ = 0 (i = 1, 2),

∫ b

a

∫ β

a
q1(α, β)dαdβ = 0,

∫ b

a

∫ β

a
p1(α, β)p2(α, β)dαdβ =

0 and
∫ b

a

∫ β

a
p2(α, β)q1(α, β)dαdβ = 0, the following inequality holds∫ b

a

∫ β

a

yT (α)Ry(α)dαdβ

≥ 2

(b − a)2

(∫ b

a

∫ β

a

y(α)dαdβ

)T

R

(∫ b

a

∫ β

a

y(α)dαdβ

)
+

1

P1

F T
1 RF1 (19)

+
1

P2

F T
2 RF2 +

1

Q1

[
G1 −

∫ b

a

∫ β

a
p1(α, β)q1(α, β)dαdβ

P1

F1

]T

R

[
G1

−
∫ b

a

∫ β

a
p1(α, β)q1(α, β)dαdβ

P1

F1

]
,
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where

Fi =

∫ b

a

∫ β

a

pi(u, β)y(u)dudβ, i = 1, 2,

Pi =

∫ b

a

∫ β

a

p2
i (u, β)dudβ, i = 1, 2,

G1 =

∫ b

a

∫ β

a

q1(u, β)y(u)dudβ,

Q1 =

∫ b

a

∫ β

a

q2
1(u, β)dudβ.

(20)

Specially, taking

p1(α, β) = 3(a − α) + (b − a),

p2(α, β) = 5(b − a)2(a − α)2 + 4(b − a)3(a − α) +
(b − a)4

2
,

q1(α, β) =


1, a ≤ α ≤ a + b

2
,

a + b

2
≤ β ≤ b,

3,
a + b

2
≤ α ≤ β,

a + b

2
≤ β ≤ b,

−5, a ≤ α ≤ β, a ≤ β ≤ a + b

2
,

(21)

we have ∫ b

a

∫ β

a

pi(α, β)dαdβ = 0, i = 1, 2,∫ b

a

∫ β

a

q1(α, β)dαdβ = 0,∫ b

a

∫ β

a

p1(α, β)p2(α, β)dαdβ = 0, (22)∫ b

a

∫ β

a

p2(α, β)q1(α, β)dαdβ = 0,∫ b

a

∫ β

a

p1(α, β)q1(α, β)dαdβ = −5(b − a)3

8
,

P1 =

∫ b

a

∫ β

a

p2
1(α, β)dαdβ =

(b − a)4

4
,

P2 =

∫ b

a

∫ β

a

p2
2(α, β)dαdβ =

(b − a)10

24
, (23)

Q1 =

∫ b

a

∫ β

a

q2
1(α, β)dαdβ =

9(b − a)2

2
,

F1 =

∫ b

a

∫ β

a

p1(α, β)y(α)dαdβ

= 3

∫ b

a

∫ β

a

(a − b + b − β + β − α)y(α)dαdβ + (b − a)

∫ b

a

∫ β

a

y(α)dαdβ

= 6

∫ b

a

∫ β

a

∫ α

a

y(r)drdαdβ − 2(b − a)

∫ b

a

∫ β

a

y(α)dαdβ (24)
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= (b − a)2

∫ b

a

y(α)dα − 4(b − a)

∫ b

a

∫ b

β

y(α)dαdβ

+ 6

∫ b

a

∫ b

β

∫ b

α

y(r)drdαdβ = 2(b − a)Ω6,

F2 =

∫ b

a

∫ β

a

p2(α, β)y(α)dαdβ

= (b − a)2

{
5

[
6

∫ b

a

∫ s

a

∫ β

a

∫ α

a

y(r)drdαdβds

− 4b

∫ b

a

∫ s

a

∫ β

a

y(r)drdβds + b2

∫ b

a

∫ β

a

y(r)drdβ

]
+ (6a + 4b)

[
2

∫ b

a

∫ s

a

∫ β

a

y(r)drdβds − (b − a)

∫ b

a

∫ β

a

y(α)dαdβ

]
+

(
(b − a)2

2
− 5a2

)∫ b

a

∫ β

a

y(α)dαdβ

}
(25)

= 30(b − a)2

∫ b

a

∫ s

a

∫ β

a

∫ α

a

y(r)drdαdβds

− 12(b − a)3

∫ b

a

∫ s

b

∫ β

a

y(r)drdβds +
3

2
(b − a)4

∫ b

a

∫ β

a

y(r)drdβ

=
(b − a)5

2

∫ b

a

y(α)dα − 9(b − a)4

2

∫ b

a

∫ b

β

y(α)dαdβ

+ 18(b − a)3

∫ b

a

∫ b

β

∫ b

α

y(r)drdαdβ

− 30(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

α

y(r)drdαdβds =
3(b − a)4

2
Ω7,

G1 =

∫ b

a

∫ β

a

q1(α, β)y(α)dαdβ

=
b − a

2

∫ b+a
2

a

y(α)dα + 3

∫ b

b+a
2

∫ β

b+a
2

y(α)dαdβ − 5

∫ b+a
2

a

∫ β

a

y(α)dαdβ = Ω8,

(26)

v =
1

Q1

[
G1 −

∫ b

a

∫ β

a
p1(α)q1(α)dαdβ

P1

F1

]

=
2

9(b − a)2

[
Ω8 −

−5(b − a)3

8

(
4

(b − a)4

)
(2(b − a)Ω6)

]
=

2

9(b − a)2
(Ω8 + 5Ω6),

where Ωi, i = 5, 6, 7, 8, are defined in Corollary 2.3.
From Theorem 2.2, we have

Corollary 2.3. For a positive definite matrix R > 0 and an integrable vector-valued
function y(α) defined on [a, b], the following inequality holds
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a

∫ β

a

yT (α)Ry(α)dαdβ ≥ 2

(b − a)2
ΩT

5 RΩ5 +
16

(b − a)2
ΩT

6 RΩ6 +
54

(b − a)2
ΩT

7 RΩ7

+
2

9(b − a)2
(Ω8 + 5Ω6)

T R(Ω8 + 5Ω6),

(27)

where

Ω5 = (b − a)

∫ b

a

y(α)dα −
∫ b

a

∫ b

β

y(α)dαdβ,

Ω6 =
1

2
(b − a)

∫ b

a

y(α)dα − 2

∫ b

a

∫ b

β

y(α)dαdβ +
3

b − a

∫ b

a

∫ b

β

∫ b

α

y(r)drdαdβ,

Ω7 =
1

3
(b − a)

∫ b

a

y(α)dα − 3

∫ b

a

∫ b

β

y(α)dαdβ +
12

b − a

∫ b

a

∫ b

s

∫ b

β

y(α)dαdβds

− 20

(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

r

y(α)dαdrdβds,

Ω8 =
b − a

2

∫ b+a
2

a

y(α)dα + 3

∫ b

b+a
2

∫ β

b+a
2

y(α)dαdβ − 5

∫ b+a
2

a

∫ β

a

y(α)dαdβ.

Let y(α) = ẋ(α) in Corollary 2.3, we have

Corollary 2.4. For a positive definite matrix R > 0 and a differentiable vector-valued
function x(α) defined on [a, b], the following inequality holds:∫ b

a

∫ β

a

ẋT (α)Rẋ(α)dαdβ ≥ 2ΨT
5 RΨ5 + 16ΨT

6 RΨ6 + 54ΨT
7 RΨ7

+
2

9
(Ψ8 + 5Ψ6)

T R(Ψ8 + 5Ψ6),

(28)

where

Ψ5 = −x(a) +
1

b − a

∫ b

a

x(α)dα,

Ψ6 = −1

2
x(a) +

2

b − a

∫ b

a

x(α)dα − 3

(b − a)2

∫ b

a

∫ b

β

x(α)dαdβ,

Ψ7 = −1

3
x(a) +

3

b − a

∫ b

a

x(α)dα − 12

(b − a)2

∫ b

a

∫ b

β

x(α)dαdβ

+
20

(b − a)3

∫ b

a

∫ b

s

∫ b

β

x(α)dαdβds,

Ψ8 = 2x(a) − x

(
b + a

2

)
− 5

b − a

∫ b

a

x(α)dα +
8

b − a

∫ b

b+a
2

x(α)dα.

Proof: Substituting y(α) = ẋ(α) into Corollary 2.3, we can easily get that

Ω5 = (b − a)

∫ b

a

ẋ(α)dα −
∫ b

a

∫ b

β

ẋ(α)dαdβ

= (b − a)[x(b) − x(a)] − (b − a)x(b) +

∫ b

a

x(α)dα = (b − a)Ψ5,

Ω6 =
1

2
(b − a)

∫ b

a

ẋ(α)dα − 2

∫ b

a

∫ b

β

ẋ(α)dαdβ +
3

b − a

∫ b

a

∫ b

β

∫ b

α

ẋ(r)drdαdβ

=
1

2
(b − a)[x(b) − x(a)] − 2(b − a)x(b)
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+ 2

∫ b

a

x(α)dα +
3

b − a

[
(b − a)2

2
x(b) −

∫ b

a

∫ b

β

x(α)dαdβ

]
= (b − a)Ψ6,

Ω7 =
1

3
(b − a)

∫ b

a

ẋ(α)dα − 3

∫ b

a

∫ b

β

ẋ(α)dαdβ (29)

+
12

b − a

∫ b

a

∫ b

β

∫ b

α

ẋ(r)drdαdβ − 20

(b − a)2

∫ b

a

∫ b

s

∫ b

β

∫ b

α

ẋ(r)drdαdβds

=
1

3
(b − a)[x(b) − x(a)] − 3(b − a)

[
x(b) − 1

b − a

∫ b

a

x(α)dα

]
+

12

b − a

[
(b − a)2

2
x(b) −

∫ b

a

∫ b

β

x(α)dαdβ

]
− 20

(b − a)2

[
(b − a)3

6
x(b) −

∫ b

a

∫ b

s

∫ b

β

x(α)dαdβds

]
= (b − a)Ψ7,

Ω8 + 5Ω6 =
b − a

2

∫ b+a
2

a

ẋ(α)dα + 3

∫ b

b+a
2

∫ β

b+a
2

ẋ(α)dαdβ − 5

∫ b+a
2

a

∫ β

a

ẋ(α)dαdβ

= 2(b − a)x(a) − (b − a)x

(
b + a

2

)
− 5

∫ b

a

x(α)dα + 8

∫ b

b+a
2

x(α)dα

+ 5(b − a)Ψ6 = (b − a)[Ψ8 + 5Ψ6].

This completes the proof of Corollary 2.4.

Lemma 2.1. [7] Let f1, f2, . . . , fN : Rm → R have positive values in an open subset D of
Rm. Then, the reciprocally convex combination of fi over D satisfies

min{
αi|αi>0,

∑
i

αi=1

}∑
i

1

αi

fi(t) =
∑

i

fi(t) + max
gij(t)

∑
i̸=j

gij(t) (30)

subject to {
gij : Rm → R, gji(t)

△
= gij(t),

(
fi(t) gi,j(t)
gj,i(t) fj(t)

)
≥ 0

}
. (31)

Lemma 2.2. [33] For a given matrix R > 0, the following inequality holds for all contin-
uous differentiable function x(t) in [a, b] ∈ Rn:

−
∫ b

a

ẋT (s)Rẋ(s)ds ≤ − 1

b − a
ΩT

9 RΩ9 −
3

b − a
ΩT

10RΩ10

− 5

b − a
ΩT

11RΩ11 −
7

b − a
ΩT

12RΩ12,

(32)

where
Ω9 = x(b) − x(a),

Ω10 = x(b) + x(a) − 2

b − a

∫ b

a

x(s)ds,

Ω11 = x(b) − x(a) +
6

b − a

∫ b

a

x(s)ds − 12

(b − a)2

∫ b

a

∫ b

u

x(s)dsdu,

Ω12 = x(b) + x(a) − 12

b − a

∫ b

a

x(s)ds +
60

(b − a)2

∫ b

a

∫ b

u

x(s)dsdu

− 120

(b − a)3

∫ b

a

∫ b

u

∫ b

s

x(α)dαdsdu.
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3. Applications in Stability Analysis. In this section, we will consider the following
linear system with time-varying delay{

ẋ(t) = Ax(t) + Bx(t − h(t)), t ≥ 0
x(t) = φ(t), t ∈ [−h2, 0]

(33)

where the initial condition φ(t) is a continuously differentiable function and the delay h(t)
satisfies 0 ≤ h1 ≤ h(t) ≤ h2.

At first, the following notations are needed.

h12 = h2 − h1,

ei = [On×(i−1)n, I, On×(15−i)n]T ,

es = [A, 0, B, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]T ,

α(t) =

[
xT (t),

∫ t

t−h1

xT (s)ds,

∫ t−h1

t−h2

xT (s)ds,
2

h1

∫ 0

−h1

∫ t

t+s

xT (u)duds,

2

h2
1

∫ 0

−h1

∫ 0

s

∫ t

t+v

xT (u)dudvds

]T

,

ξ(t) =

[
xT (t), xT (t − h1), x

T (t − h(t)), xT (t − h2),
1

h1

∫ t

t−h1

xT (s)ds,

1

h(t) − h1

∫ t−h1

t−h(t)

xT (s)ds,
1

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds,
2

h2
1

∫ 0

−h1

∫ t

t+s

xT (u)duds,

2

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

xT (u)duds,
2

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

xT (u)duds,

1

h3
1

∫ 0

−h1

∫ 0

s

∫ t

t+v

xT (u)dudvds,
1

(h(t) − h1)3

∫ −h1

−h(t)

∫ −h1

s

∫ t−h1

t+v

xT (u)dudvds,

1

(h2 − h(t))3

∫ −h(t)

−h2

∫ −h(t)

s

∫ t−h(t)

t+v

xT (u)dudvds,

1

h1

∫ t

t−h1
2

xT (s)ds, xT

(
t − h1

2

)]T

,

R21 = diag{R2, 3R2, 5R2},
R22 = diag{R2 + Z3, 3(R2 + Z3), 5(R2 + Z3)},
R23 = diag{R2 + Z4, 3(R2 + Z4), 5(R2 + Z4)},
Z31 = diag{Z3, 3Z3, 5Z3},
Z41 = diag{Z4, 3Z4, 5Z4},

R24 =

(
R21 S
ST R21

)
, R25 =

(
R22 S
ST R23

)
,

Π1(h(t)) = [e1, h1e5, (h(t) − h1)e6 + (h2 − h(t))e7, h1e8, 2h1e11],

Π2 = [es, e1 − e2, e2 − e4, 2(e1 − e5), e1 − e8],

Π3 = [e2 − e3, e2 + e3 − 2e6, e2 − e3 + 6e6 − 6e9],

Π4 = [e3 − e4, e3 + e4 − 2e7, e3 − e4 + 6e7 − 6e10],

Π5 = [e2 − e3, e2 + e3 − 2e6, e2 − e3 + 6e6 − 6e9,

e3 − e4, e3 + e4 − 2e7, e3 − e4 + 6e7 − 6e10],

Ξ1 = sym
{
Π1(h(t))PΠT

2

}
,
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Ξ2 = e1Q1e
T
1 − e2Q1e

T
2 + e2Q2e

T
2 − e4Q2e

T
4 + e1Q3e

T
1 − e15Q3e

T
15,

Ξ3 = es

(
h2

1R1 + h2
12R2

)
eT

s − (e1 − e2)R1(e1 − e2)
T

− 3(e1 + e2 − 2e5)R1(e1 + e2 − 2e5)
T

− 5(e1 − e2 + 6e5 − 6e8)R1(e1 − e2 + 6e5 − 6e8)
T

− 7(e1 + e2 − 12e5 + 30e8 − 120e11)R1(e1 + e2 − 12e5 + 30e8 − 120e11)
T

+
h1

2
e1R3e

T
1 − 2h1e14R3e

T
14,

Ξ4 = es

(
h2

1

2
Z1 +

h2
1

2
Z2

)
eT

s − 2(e1 − e5)Z1(e1 − e5)
T

− 16

(
1

2
e1 + e5 −

3

2
e8

)
Z1

(
1

2
e1 + e5 −

3

2
e8

)T

− 54

(
1

3
e1 − e5 + 4e8 − 20e11

)
Z1

(
1

3
e1 − e5 + 4e8 − 20e11

)T

− 2

9

(
1

2
e1 + e15 + 2e5 + 8e14 −

15

2
e8

)
Z1

(
1

2
e1 + e15 + 2e5 + 8e14 −

15

2
e8

)T

− 2(e2 − e5)Z2(e2 − e5)
T − 16

(
1

2
e2 − 2e5 +

3

2
e8

)
Z2

(
1

2
e2 − 2e5 +

3

2
e8

)T

− 54

(
1

3
e2 − 3e5 + 6e8 − 20e11

)
Z2

(
1

3
e2 − 3e5 + 6e8 − 20e11

)T

− 2

9

(
1

2
e2 + e15 − 5e5 − 8e14 +

15

2
e8

)
Z2

(
1

2
e2 + e15 − 5e5 − 8e14 +

15

2
e8

)T

,

Ξ5 = es

(
h2

12

2
Z3 +

h2
12

2
Z4

)
eT

s − 2(e2 − e6)Z3(e2 − e6)
T

− 16

(
1

2
e2 + e6 −

3

2
e9

)
Z3

(
1

2
e2 + e6 −

3

2
e9

)T

− 54

(
1

3
e2 − e6 + 4e9 − 20e12

)
Z3

(
1

3
e2 − e6 + 4e9 − 20e12

)T

− 2(e3 − e7)Z3(e3 − e7)
T − 16

(
1

2
e3 + e7 −

3

2
e10

)
Z3

(
1

2
e3 + e7 −

3

2
e10

)T

− 54

(
1

3
e3 − e7 + 4e10 − 20e13

)
Z3

(
1

3
e3 − e7 + 4e10 − 20e13

)T

− 2(e3 − e6)Z4(e3 − e6)
T − 16

(
1

2
e3 − 2e6 +

3

2
e9

)
Z4

(
1

2
e3 − 2e6 +

3

2
e9

)T

− 54

(
1

3
e3 − 3e6 + 6e9 − 20e12

)
Z4

(
1

3
e3 − 3e6 + 6e9 − 20e12

)T

− 2(e4 − e7)Z4(e4 − e7)
T − 16

(
1

2
e4 − 2e7 +

3

2
e10

)
Z4

(
1

2
e4 − 2e7 +

3

2
e10

)T

− 54

(
1

3
e4 − 3e7 + 6e10 − 20e13

)
Z4

(
1

3
e4 − 3e7 + 6e10 − 20e13

)T

,

Φ = −Π5R24Π
T
5 ,
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Ξ(h(t)) = Ξ1 + Ξ2 + Ξ3 + Ξ4 + Ξ5 + Φ.

Theorem 3.1. For given h1 and h2 satisfying 0 < h1 ≤ h2, system (33) is asymptotically
stable for h1 ≤ h(t) ≤ h2, if there are positive define matrices P ∈ R5n×5n, Q1 ∈ Rn×n,
Q2 ∈ Rn×n, Q3 ∈ Rn×n, R1 ∈ Rn×n, R2 ∈ Rn×n, R3 ∈ Rn×n, Z1 ∈ Rn×n, Z2 ∈ Rn×n,
Z3 ∈ Rn×n, Z4 ∈ Rn×n, and any matrix S ∈ R3n×3n such that the following linear matrix
inequalities (LMIs) hold

Ξ(h1) < 0, Ξ(h2) < 0, R25 ≥ 0. (34)

Proof: Choose Lyapunov-Krasovskii functional candidate as follows

V (t) =
5∑

j=1

Vj(t), (35)

where

V1(t) = αT (t)Pα(t),

V2(t) =

∫ t

t−h1

xT (s)Q1x(s)ds +

∫ t−h1

t−h2

xT (s)Q2x(s)ds +

∫ t

t−h1
2

xT (s)Q3x(s)ds,

V3(t) = h1

∫ 0

−h1

∫ t

t+s

ẋT (u)R1ẋ(u)duds + h12

∫ −h1

−h2

∫ t

t+s

ẋT (u)R2ẋ(u)duds

+

∫ 0

−h1
2

∫ t

t+s

xT (u)R3x(u)duds, (36)

V4(t) =

∫ 0

−h1

∫ 0

s

∫ t

t+v

ẋT (u)Z1ẋ(u)dudvds +

∫ 0

−h1

∫ s

−h1

∫ t

t+v

ẋT (u)Z2ẋ(u)dudvds,

V5(t) =

∫ −h1

−h2

∫ −h1

s

∫ t

t+v

ẋT (u)Z3ẋ(u)dudvds +

∫ −h1

−h2

∫ s

−h2

∫ t

t+v

ẋT (u)Z4ẋ(u)dudvds.

Taking the derivative of Lyapunov-Krasovskii functional V (t) along the trajectory of
system (33) yields

V̇1(t) = ξT (t)sym
{
Π1(h(t))PΠT

2

}
ξ(t) = ξT (t)Ξ1(h(t))ξ(t), (37)

V̇2(t) = ξT (t)Ξ2ξ(t), (38)

and

V̇3(t) = h2
1ẋ

T (t)R1ẋ(t) − h1

∫ t

t−h1

ẋT (s)R1ẋ(s)ds + h2
12ẋ

T (t)R2ẋ(t)

− h12

∫ t−h1

t−h2

ẋT (s)R2ẋ(s)ds +
h1

2
xT (t)R3x(t) −

∫ t

t−h1
2

xT (s)R3x(s)ds.

(39)

Using Lemma 2.2, we have

−h1

∫ t

t−h1

ẋT (s)R1ẋ(s)ds

≤− [x(t) − x(t − h1)]
T R1[x(t) − x(t − h1)] − 3

[
x(t) + x(t − h1)

− 2

h1

∫ t

t−h1

x(u)du

]T

R1

[
x(t) + x(t − h1) −

2

h1

∫ t

t−h1

x(u)du

]
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− 5

[
x(t) − x(t − h1) +

6

h1

∫ t

t−h1

x(u)du − 12

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]T

R1

[
x(t)

−x(t − h1) +
6

h1

∫ t

t−h1

x(u)du − 12

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]
(40)

− 7

[
x(t) + x(t − h1) −

12

h1

∫ t

t−h1

x(u)du +
60

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

− 120

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]T

R1

[
x(t) + x(t − h1) −

12

h1

∫ t

t−h1

x(u)du

+
60

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds − 120

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]
and

−h12

∫ t−h1

t−h2

ẋT (u)R2ẋ(u)du

= −h12

∫ t−h1

t−h(t)

ẋT (u)R2ẋ(u)du − h12

∫ t−h(t)

t−h2

ẋT (u)R2ẋ(u)du

≤ − h12

h(t) − h1

{
[x(t − h1) − x(t − h(t))]T R2[x(t − h1) − x(t − h(t))]

+ 3

[
x(t − h1) + x(t − h(t)) − 2

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]T

R2

[
x(t − h1)

+ x(t − h(t)) − 2

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]
+ 5

[
x(t − h1) − x(t − h(t)) +

6

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

− 12

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+v

x(u)dudv

]T

R2

[
x(t − h1) − x(t − h(t))

+
6

h(t) − h1

∫ t−h1

t−h(t)

x(u)du − 12

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+v

x(u)dudv

]}
(41)

− h12

h2 − h(t)

{
[x(t − h(t)) − x(t − h2)]

T R2[x(t − h(t)) − x(t − h2)]

+ 3

[
x(t − h2) + x(t − h(t)) − 2

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]T

R2

[
x(t − h2)

+ x(t − h(t)) − 2

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]
+ 5

[
x(t − h(t)) − x(t − h2) +

6

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

− 12

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+v

x(u)dudv

]T

R2

[
x(t − h(t)) − x(t − h2)

+
6

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du − 12

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+v

x(u)dudv

]}
.
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Using the Jensen inequality, we have

−
∫ t

t−h1
2

xT (s)R3x(s)ds ≤ − 2

h1

(∫ t

t−h1
2

x(s)ds

)T

R3

(∫ t

t−h1
2

x(s)ds

)
. (42)

So

V̇3(t) ≤ ξT

{
Ξ3 −

h12

h(t) − h1

Π3R21Π
T
3 − h12

h2 − h(t)
Π4R21Π

T
4

}
ξ(t). (43)

Calculate V̇4(t) as follows

V̇4(t) =
h2

1

2
ẋT (t)Z1ẋ(t) −

∫ 0

−h1

∫ t

t+s

ẋT (u)Z1ẋ(u)duds

+
h2

1

2
ẋT (t)Z2ẋ(t) −

∫ 0

−h1

∫ t+s

t−h1

ẋT (u)Z2ẋ(u)duds.

(44)

Using Corollary 2.2, one has

−
∫ 0

−h1

∫ t

t+s

ẋT (u)Z1ẋ(u)duds

≤ − 2

[
x(t) − 1

h1

∫ t

t−h1

x(u)du

]T

Z1

[
x(t) − 1

h1

∫ t

t−h1

x(u)du

]
− 16

[
1

2
x(t) +

1

h1

∫ t

t−h1

x(u)du − 3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]T

Z1

[
1

2
x(t)

+
1

h1

∫ t

t−h1

x(u)du − 3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]
− 54

[
1

3
x(t) − 1

h1

∫ t

t−h1

x(u)du +
8

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

− 20

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]T

Z1

[
1

3
x(t) − 1

h1

∫ t

t−h1

x(u)du

+
8

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds − 20

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]
(45)

− 2

9

[
− 2x(t) + x

(
t − h1

2

)
− 3

h1

∫ t

t−h1

x(u)du +
8

h1

∫ t

t−h1
2

x(u)du

− 5

(
− 1

2
x(t) − 1

h1

∫ t

t−h1

x(u)du +
3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

)]T

Z1

[
− 2x(t)

+ x

(
t − h1

2

)
− 3

h1

∫ t

t−h1

x(u)du +
8

h1

∫ t

t−h1
2

x(u)du

− 5

(
− 1

2
x(t) − 1

h1

∫ t

t−h1

x(u)du +
3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

)]
.

According to Corollary 2.4, we have

−
∫ 0

−h1

∫ t+s

t−h1

ẋT (u)Z2ẋ(u)duds

≤ − 2

[
x(t − h1) −

1

h1

∫ t

t−h1

x(u)du

]T

Z2

[
x(t − h1) −

1

h1

∫ t

t−h1

x(u)du

]
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− 16

[
1

2
x(t − h1) −

2

h1

∫ t

t−h1

x(u)du +
3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]T

Z2

[
1

2
x(t − h1)

− 2

h1

∫ t

t−h1

x(u)du +
3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

]
− 54

[
1

3
x(t − h1) −

3

h1

∫ t

t−h1

x(u)du +
12

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

− 20

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]T

Z2

[
1

3
x(t − h1) −

3

h1

∫ t

t−h1

x(u)du (46)

+
12

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds − 20

h3
1

∫ 0

−h1

∫ 0

v

∫ t

t+s

x(u)dudsdv

]
− 2

9

[
2x(t − h1) − x

(
t − h1

2

)
− 5

h1

∫ t

t−h1

x(u)du +
8

h1

∫ t

t−h1
2

x(u)du

+ 5

(
− 1

2
x(t − h1) +

2

h1

∫ t

t−h1

x(u)du − 3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

)]T

Z2

[
2x(t − h1)

−x

(
t − h1

2

)
− 5

h1

∫ t

t−h1

x(u)du +
8

h1

∫ t

t−h1
2

x(u)du

+ 5

(
− 1

2
x(t − h1) +

2

h1

∫ t

t−h1

x(u)du − 3

h2
1

∫ 0

−h1

∫ t

t+s

x(u)duds

)]
.

So

V̇4(t) ≤ ξT (t)Ξ4ξ(t). (47)

For V̇5(t), we have

V̇5(t) =
h2

12

2
ẋT (t)Z3ẋ(t) −

∫ −h1

−h2

∫ t−h1

t+s

ẋT (u)Z3ẋ(u)duds

+
h2

12

2
ẋT (t)Z4ẋ(t) −

∫ −h1

−h2

∫ t+s

t−h2

ẋT (u)Z4ẋ(u)duds

=
h2

12

2
ẋT (t)Z3ẋ(t) −

∫ −h1

−h(t)

∫ t−h1

t+s

ẋT (u)Z3ẋ(u)duds

−
∫ −h(t)

−h2

∫ t−h(t)

t+s

ẋT (u)Z3ẋ(u)duds (48)

− (h2 − h(t))

∫ t−h1

t−h(t)

ẋT (s)Z3ẋ(s)ds +
h2

12

2
ẋT (t)Z4ẋ(t)

−
∫ −h1

−h(t)

∫ t+s

t−h(t)

ẋT (u)Z4ẋ(u)duds −
∫ −h(t)

−h2

∫ t+s

t−h2

ẋT (u)Z4ẋ(u)duds

− (h(t) − h1)

∫ t−h(t)

t−h2

ẋT (s)Z4ẋ(s)ds.

Corollary 2.2 implies

−
∫ −h1

−h(t)

∫ t−h1

t+s

ẋT (u)Z3ẋ(u)duds −
∫ −h(t)

−h2

∫ t−h(t)

t+s

ẋT (u)Z3ẋ(u)duds
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≤ − 2

[
x(t − h1) −

1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]T

Z3

[
x(t − h1)

− 1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]
− 16

[
1

2
x(t − h1) +

1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

− 3

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

]T

Z3

[
1

2
x(t − h1)

+
1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du − 3

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

]
− 54

[
1

3
x(t − h1) −

1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du +
8

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

− 20

(h(t) − h1)3

∫ −h1

−h(t)

∫ −h1

v

∫ t−h1

t+s

x(u)dudsdv

]T

Z3

[
1

3
x(t − h1)

− 1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du +
8

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds (49)

− 20

(h(t) − h1)3

∫ −h1

−h(t)

∫ −h1

v

∫ t−h1

t+s

x(u)dudsdv

]
− 2

[
x(t − h(t)) − 1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]T

Z3

[
x(t − h(t))

− 1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]
− 16

[
1

2
x(t − h(t)) +

1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

− 3

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

]T

Z3

[
1

2
x(t − h(t))

+
1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du − 3

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

]
− 54

[
1

3
x(t − h(t)) − 1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

+
8

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

− 20

(h2 − h(t))3

∫ −h(t)

−h2

∫ −h(t)

v

∫ t−h(t)

t+s

x(u)dudsdv

]T

Z3

[
1

3
x(t − h(t))

− 1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du +
8

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

− 20

(h2 − h(t))3

∫ −h(t)

−h2

∫ −h(t)

v

∫ t−h(t)

t+s

x(u)dudsdv

]
.

Using Corollary 2.4, we get

−
∫ −h1

−h(t)

∫ t+s

t−h(t)

ẋT (u)Z4ẋ(u)duds −
∫ −h(t)

−h2

∫ t+s

t−h2

ẋT (u)Z4ẋ(u)duds

≤ − 2

[
x(t − h(t)) − 1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]T

Z4

[
x(t − h(t))
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− 1

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

]
− 16

[
1

2
x(t − h(t)) − 2

h(t) − h1

∫ t−h1

t−h(t)

x(u)du

+
3

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

]T

Z4

[
1

2
x(t − h(t))

− 2

h(t) − h1

∫ t−h1

t−h(t)

x(u)du +
3

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

]
− 54

[
1

3
x(t − h(t)) − 3

h(t) − h1

∫ t−h1

t−h(t)

x(u)du +
12

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

− 20

(h(t) − h1)3

∫ −h1

−h(t)

∫ −h1

v

∫ t−h1

t+s

x(u)dudsdv

]T

Z4

[
1

3
x(t − h(t))

− 3

h(t) − h1

∫ t−h1

t−h(t)

x(u)du +
12

(h(t) − h1)2

∫ −h1

−h(t)

∫ t−h1

t+s

x(u)duds

− 20

(h(t) − h1)3

∫ −h1

−h(t)

∫ −h1

v

∫ t−h1

t+s

x(u)dudsdv

]
(50)

− 2

[
x(t − h2) −

1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]T

Z4

[
x(t − h2)

− 1

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

]
− 16

[
1

2
x(t − h2) −

2

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du

+
3

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

]T

Z4

[
1

2
x(t − h2)

− 2

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du +
3

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

]
− 54

[
1

3
x(t − h2) −

3

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du +
12

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

− 20

(h2 − h(t))3

∫ −h(t)

−h2

∫ −h(t)

v

∫ t−h(t)

t+s

x(u)dudsdv

]T

Z4

[
1

3
x(t − h2)

− 3

h2 − h(t)

∫ t−h(t)

t−h2

x(u)du +
12

(h2 − h(t))2

∫ −h(t)

−h2

∫ t−h(t)

t+s

x(u)duds

− 20

(h2 − h(t))3

∫ −h(t)

−h2

∫ −h(t)

v

∫ t−h(t)

t+s

x(u)dudsdv

]
,

again

− (h2 − h(t))

∫ t−h1

t−h(t)

ẋT (s)Z3ẋ(s)ds − (h(t) − h1)

∫ t−h(t)

t−h2

ẋT (s)Z4ẋ(s)ds

≤ − ξT (t)

[(
h12

h(t) − h1

− 1

)
Π3Z31Π

T
3 −

(
h12

h2 − h(t)
− 1

)
Π4Z41Π

T
4

]
ξ(t). (51)

Thus,

V̇5(t) ≤ ξT (t)

[
Ξ5 −

(
h12

h(t) − h1

− 1

)
Π3Z31Π

T
3 −

(
h12

h2 − h(t)
− 1

)
Π4Z41Π

T
4

]
ξ(t). (52)
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Using Lemma 2.1 gives

ξT (t)

{
− h12

h(t) − h1

Π3R21Π
T
3 − h12

h2 − h(t)
Π4R21Π

T
4

−
(

h12

h(t) − h1

− 1

)
Π3Z31Π

T
3 −

(
h12

h2 − h(t)
− 1

)
Π4Z41Π

T
4

}
ξ(t) ≤ ξT (t)Φξ(t). (53)

Combining Ξ(h1) < 0 with Ξ(h2) < 0 gives Ξ(h(t)) < 0. Therefore,

V̇ (t) ≤ ξT (t)Ξ(h(t))ξ(t) < 0, ∀ξ(t) ̸= 0. (54)

The proof is completed.

Remark 3.1. It has been proved that delay partitioning approach and introduction of
some triple integral terms in Lyapunov-Krasovskii functional can significantly reduce the
conservatism of stability criteria. In this paper, a new Lyapunov-Krasovskii functional
with four triple integral terms is constructed. Lyapunov-Krasovskii functional terms∫ t

t−h1
2

xT (s)Q3x(s)ds and
∫ 0

−h1
2

∫ t

t+s
xT (u)R2x(u)duds with the information of delay-parti-

tion are introduced.

Remark 3.2. Integral inequality method is an important method to reduce the conserva-
tiveness of stability criteria for the delayed systems. A novel double integral inequality (16)
is obtained in Corollary 2.2, which can provide tighter bound than most of existing inequal-
ities. Vectors x

(
t − h1

2

)
and

∫ t

t−h1
2

xT (u)du will result from the use of this integral inequal-

ity, so
∫ t

t−h1
2

xT (s)Q3x(s)ds and
∫ 0

−h1
2

∫ t

t+s
xT (u)R2x(u)duds are introduced in the V2(t) and

V3(t), respectively. Furthermore,
∫ t

t−h1
2

xT (s)Q3x(s)ds and
∫ 0

−h1
2

∫ t

t+s
xT (u)R2x(u)duds

mean the application of the delay decomposition approach, which can reduce the conser-
vatism of stability criterion.

Table 1. Maximum bound h2 with different h1 (Example 4.1)

Method 0 0.3 0.7 1 2 Number of DVs

[7] 1.10 1.28 1.64 1.94 2.94 3.5n2 + 2.5n

[27] 1.14 1.33 1.73 2.03 3.03 21.5n2 + 7.5n

[28] 1.35 1.64 2.02 2.31 3.31 9.5n2 + 5.5n

[31] 1.64 2.13 2.70 2.96 3.63 21n2 + 6n

Corollary 3 [32] 1.62 2.12 2.74 2.97 3.61 31.5n2 + 5.5n

Theorem 1 [32] 1.64 2.14 2.75 3.02 3.63 32.5n2 + 6.5n

Theorem 3.1 1.64 2.14 2.75 3.02 3.63 29n2 + 5n

4. Numerical Examples. In this section, we give several numerical examples to show
the effectiveness of the proposed approach.

Example 4.1. Consider the following linear system as

ẋ(t) =

(
0.0 1.0

−10.0 −1.0

)
x(t) +

(
0.0 0.1
0.1 0.2

)
x(t − h(t)).

A detailed comparison to various methods from the existing literature is provided in
Table 1. From Table 1, it is easy to see that the proposed approach in this paper can
provide larger upper bounds h2 than those methods in [7,27,28,31] for various h1 > 0,
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which means that our stability result has less conservativeness than the stability criteria
obtained in [7,27,28,31]. It is well known that the choice of an appropriate Lyapunov-
Krasovskii functional is the key point for deriving the delay-dependent stability criterion.
If the Lyapunov-Krasovskii functional is reduced, the corresponding results might become
more conservative. Although reciprocally convex approach is utilized in [7], the Lyapunov-
Krasovskii functional only contains double-integral terms. Compared with [7], two triple-
integral terms are added in the Lyapunov-Krasovskii functional in [27]. This may explain
that the results in [27] are less conservative than those in [7]. A new Lyapunov-Krasovskii
functional containing partially alternative four triple integral terms is proposed in [28].
The manipulation of the proposed Lyapunov-Krasovskii functional via the Jensen inequal-
ity lemma produces the combinations of the rational functions of the time-varying delay
with first-order denominators. A less conservative asymptotical stability criterion is de-
rived. However, the Jensen inequality entails some inherent conservatism. In [31], several
auxiliary function-based integral inequalities have been developed , which encompass the
Jensen inequality and the Wirtinger-based integral inequality. Two general integral in-
equalities are developed via orthogonal polynomials, respectively, in the upper and lower
forms in [32]. These two integral inequalities imply the Jensen inequality, the Wirtinger-
based inequality, the Bessel-Legendre inequality, the Wirtinger-based double integral in-
equality, and the auxiliary function-based integral inequalities. Based on these two inte-
gral inequalities, several less conservative stability conditions are obtained for systems with
time-varying delay in [32]. In this paper, two different orthogonal systems are considered.
One is the orthogonal system of bivariate polynomials. The other is the orthogonal sys-
tem of bivariate functions, which need not be continuous. Based on the twice orthogonal
approximation of vector, some new double integral inequalities are obtained, which can
produce more tighter bounds than what the double integral inequalities in [31] produce.
These improved double integral inequalities are used to handle the derivatives of triple
integral terms in Lyapunov-Krasovskii functional. Therefore, Theorem 3.1 in this paper
is effective in reducing the conservatism in [7,27,28,31]. From Table 1, it is easy to see
that Theorem 3.1 in this paper provides a larger upper bound h2 than Corollary 3 in [32]
does for the same h1. Theorem 3.1 also provides the same upper bound h2 as Theorem
1 in [32] for the same h1. Corollary 3 in [32] requires 31.5n2 + 5.5n decision variables.
Theorem 1 in [32] requires 32.5n2 +6.5n decision variables. However, Theorem 3.1 in this
paper only needs 29n2 + 5n decision variables. Therefore, our stability criterion is with
less computation complexity.

Example 4.2. Consider the following linear system as

ẋ(t) =

(
0.0 1.0

−100.0 −1.0

)
x(t) +

(
0.0 0.1
0.1 0.2

)
x(t − h(t)).

For various h1, the comparison of allowable maximum delay bounds h2 obtained by Theo-
rem 3.1 in this paper with those derived in [7,27,28,31] is conducted in Table 2. Since the
improved double integral inequalities obtained in Corollary 2.2 and Corollary 2.4 are fully
used, the maximum allowable upper bounds h2 obtained by Theorem 3.1 in this paper are
larger than those derived by the methods in [7,27,28,31] for various h1 > 0. From Table
2, it can be confirmed that Theorem 3.1 in this paper enhances the feasible region of the
stability criteria in [7,27,28,31]. Theorem 3.1 in this paper is also less conservative than
Corollary 3 in [32]. However, Corollary 3 in [32] requires more decision variables (DVs).
It is worth mentioning that Theorem 3.1 in this paper requires less decision variables
(DVs) than Theorem 1 in [32] while leading to the same result.
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Table 2. Maximum bound h2 with different h1 (Example 4.2)

Method 0 0.1 0.2 0.3 0.4 0.5 Number of DVs

[7] 0.08 0.10 × × × × 3.5n2 + 2.5n

[27] 0.08 0.10 × × × × 21.5n2 + 7.5n

[28] 0.08 0.10 × × × × 9.5n2 + 5.5n

[31] 0.08 0.11 0.22 0.50 0.58 0.59 21n2 + 6n

Corollary 3 [32] 0.08 0.11 0.26 0.58 0.65 × 31.5n2 + 5.5n

Theorem 1 [32] 0.08 0.11 0.26 0.58 0.66 × 32.5n2 + 6.5n

Theorem 3.1 0.08 0.11 0.26 0.58 0.66 0.68 29n2 + 5n

Example 4.3. Consider the following linear system with time-varying delay as

ẋ(t) =

(
1 1
−1 −1

)
x(t) +

(
−2 0
0 −2

)
x(t − h(t)).

For h1 = 0.4, the allowable maximum delay bound h2 that guarantees the asymptotical
stability of the above linear system obtained by Theorem 3.1 in this paper is 0.7.

Let h(t) = 0.55 − 0.15 ∗ sin t, x(0) = [−1, 1]T , then 0.4 ≤ h(t) ≤ 0.7. So this linear
system is asymptotically stable by Theorem 3.1. The state responses of the linear system
in Example 4.3 are shown in Figure 1, from which we can see the state of delayed linear
system is asymptotically stable.

Let x(0) = [−1, 1]T . When h(t) ≡ 0.4, 0.5, 0.6, 0.7, we depict the responses x1(t) and
x2(t) of the delayed linear system in Example 4.3 in Figure 2 and Figure 3, respectively.

Figure 1. State trajectories of the system in Example 4.3
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Figure 2. State trajectories x1(t) of the system in Example 4.3

Figure 3. State trajectories x2(t) of the system in Example 4.3
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Figure 4. State trajectories of the system in Example 4.3 when h(t) ≡ 0.8

From Figure 2, we find that when the delay increases from 0.4 to 0.7, x1(t) converges
more slowly. Similar results can be obtained for x2(t).

By setting x(0) = [−1, 1]T , Figure 4 shows the state trajectories of the system are
divergent when h(t) ≡ 0.8. In fact, when h(t) ≥ 0.8, the system is unstable by Theorem
3.1.

5. Conclusions. In this paper, the triangulation of a bounded domain in the plane is
proposed. Based on the triangulation of a bounded domain, an orthogonal system of
bivariate functions is proposed, where the bivariate functions need not be polynomials.
They may be discontinuous functions. Based on the twice orthogonal approximation of
vector and minimization of the energy function, two novel double integral inequalities are
derived. A new Lyapunov-Krasovskii functional with triple integral terms is constructed.
Combining the improved double integral inequalities with delay-partitioning approach and
the reciprocally convex approach, a less conservative asymptotical stability criterion with
less decision variables is derived for system with time-varying delay. Three numerical ex-
amples have been given to demonstrate the effectiveness and advantages of the theoretical
results. In the future work, the integral inequalities proposed in this paper will be applied
to stability analysis of other dynamic systems such as sampled data system, fuzzy neural
networks and stochastic systems.

Acknowledgment. The authors would like to thank the editor and anonymous review-
ers for their valuable comments and suggestions. This work is partly supported by the
National Natural Science Foundation of China under Grants Nos. 61773404, 61271355,
and Fundamental Research Funds for the Central Universities of Central South University
Nos. 2017zzts002 and 2017zzts311.



NOVEL DOUBLE INTEGRAL INEQUALITIES AND THEIR APPLICATION 1831

REFERENCES

[1] J. P. Richard, Time-delay systems: An overview of some recent advances and open problems, Auto-
matica, vol.39, no.10, pp.1667-1694, 2003.

[2] H. N. Wu and H. X. Li, New approach to delay-dependent stability analysis and stabilization for
continuous-time fuzzy systems with time-varying delay, IEEE Trans. Fuzzy Systems, vol.15, no.3,
pp.482-493, 2007.

[3] P. Park, A delay-dependent stability criterion for systems with uncertain time-invariant delays, IEEE
Trans. Automatic Control, vol.44, no.4, pp.876-877, 1999.

[4] W. Guo, L. C. Du and D. C. Mei, Transitions induced by time delays and cross-correlated sine-Wiener
noises in a tumor-immune system interplay, Physica A, vol.391, no.4, pp.1270-1280, 2012.

[5] J. Sun, G. Liu, J. Chen and D. Rees, Improved delay-range-dependent stability criteria for linear
systems with time-varying delays, Automatica, vol.46, no.2, pp.466-470, 2010.

[6] X. M. Zhang and Q. L. Han, New Lyapunov-Krasovskii functionals for global asymptotic stability
of delayed neural networks, IEEE Trans. Neural Networks, vol.20, no.3, pp.533-539, 2009.

[7] P. Park, J. W. Ko and C. Jeong, Reciprocally convex approach to stability of systems with time-
varying delays, Automatica, vol.47, no.1, pp.235-238, 2011.

[8] X. M. Zhang and Q. L. Han, Event-triggered dynamic output feedback control for networked control
systems, IET Control Theory and Applications, vol.8, no.4, pp.226-234, 2014.

[9] H. B. Zeng, J. H. Park and H. Shen, Robust passivity analysis of neural networks with discrete and
distributed delays, Neurocomputing, vol.149, pp.1092-1097, 2015.

[10] H.-L. Huang, Robust H∞ control for fuzzy time-delay systems with parameter uncertainties – Delay
dependent case, International Journal of Innovative Computing, Information and Control, vol.12,
no.5, pp.1439-1451, 2016.

[11] C. Ge, H. Wang, W. Li and X. Wang, Delay-range-dependent robust stability criteria for uncertain
neutral-type Lur’e systems with sector-bounded nonlinearities, International Journal of Innovative
Computing, Information and Control, vol.13, no.1, pp.23-38, 2017.

[12] J. Cui, T. Liu and Y. Wang, New stability criteria for a class of Markovian jumping genetic regulatory
networks with time-varying delays, International Journal of Innovative Computing, Information and
Control, vol.13, no.3, pp.809-822, 2017.

[13] J. Cheng, H. Zhu, S. Zhong, Y. Zeng and X. Dong, Finite-time H∞ control for a class of Mar-
kovian jump systems with mode-dependent time-varying delays via new Lyapunov functionals, ISA
Transactions, vol.52, no.6, pp.768-774, 2013.

[14] J. Cheng, J. H. Park, Y. J. Liu, Z. J. Liu and L. M. Tang, Finite-time H∞ fuzzy control of nonlin-
ear Markovian jump delayed systems with partly uncertain transition descriptions, Fuzzy Sets and
Systems, vol.314, pp.99-115, 2016.

[15] J. Cheng, S. Q. Chen, Z. J. Liu, H. L. Wang and J. Li, Robust finite-time sampled-data control of
linear systems subject to random occurring delays and its application to four-tank system, Applied
Mathematics and Computation, vol.281, pp.55-76, 2016.

[16] M. I. Park, O. M. Kwon, J. H. Park, S. M. Lee and E. J. Cha, Stability of time-delay systems via
Wirtinger-based double integral inequality, Automatica, vol.55, pp.204-208, 2015.

[17] Y. He, Q. Wang and M. Wu, LMI-based stability criteria for neural networks with multiple time-
varying delays, Physica D, vol.212, no.1, pp.126-136, 2005.

[18] O. M. Kwon and J. H. Park, Improved delay-dependent stability criterion for neural networks with
time-varying delays, Physics Letters A, vol.373, no.5, pp.529-535, 2009.

[19] O. M. Kwon, J. H. Park and S. M. Lee, On robust stability for uncertain neural networks with
interval time-varying delays, IET Control Theory and Applications, vol.2, no.7, pp.625-634, 2008.

[20] X. M. Zhang and Q. L. Han, Global asymptotic stability analysis for delayed neural networks using
a matrix-based quadratic convex approach, Neural Networks, vol.54, no.6, pp.57-69, 2014.

[21] K. B. Shi, S. M. Zhong and H. Zhu, New delay-dependent stability criteria for neutral-type neural
networks with mixed random time-varying delays, Neurocomputing, vol.168, pp.896-907, 2015.

[22] Y. He, M. D. Ji, C. K. Zhang and M. Wu, Global exponential stability of neural networks with
time-varying delay based on free-matrix-based integral inequality, Neural Networks, vol.77, pp.80-
86, 2016.

[23] M. D. Ji, Y. He, M. Wu and C. K. Zhang, New exponential stability criterion for neural networks
with time-varying delay, Proc. of the 33rd Chinese Control Conference, Nanjing, China, pp.6119-
6123, 2014.



1832 X. LIU, Q. XU, X. LIU, M. TANG AND F. WANG

[24] M. D. Ji, Y. He, M. Wu and C. K. Zhang, Further result on exponential stability of neural network
with time-varying delay, Applied Mathematics and Computation, vol.256, no.175, pp.175-182, 2015.

[25] K. Liu and E. Fridman, Wirtinger’s inequality and Lyapunov-based sampled-data stabilization, Au-
tomatica, vol.48, no.1, pp.102-108, 2012.

[26] A. Seuret and F. Gouaisbaut, Complete quadratic Lyapounov functionals using Bessel-Legendre
inequality, Proc. of the European Control Conference, pp.448-453, 2014.

[27] W. Qian and J. Liu, New stability analysis for systems with interval time-varying delay, Journal of
the Franklin Institute, vol.350, no.4, pp.890-897, 2013.

[28] W. I. Lee, S. Y. Lee and P. Park, Improved criteria on robust stability and H∞ performance for linear
systems with interval time-varying delays via new triple integral functionals, Applied Mathematics
and Computation, vol.243, no.15, pp.570-577, 2014.

[29] K. Gu, V. L. Kharitonov and J. Chen, Stability of Time-Delay Systems, Birkhäuser Boston, 2003.
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