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ABSTRACT. In this paper, we introduce the motion of doubt bipolar fuzzy H-ideals of
BCK/BCI-algebras and investigate some interesting properties. We characterize strong
doubt positive t-level cut set, strong doubt negative s-level cut set, homomorphism and
equivalence relation by considering doubt bipolar fuzzy H-ideals of BCK/BCI-algebras.
Characterization theorem of characteristic doubt bipolar fuzzy H-ideals is also discussed.
Particularly, the notion of Cartesian product of two doubt bipolar fuzzy H-ideals by us-
ng maz-min operations is introduced, and some related properties are studied. Ordinary
H-ideals are linked with doubt bipolar fuzzy H-ideals by means of doubt level cut set of
Cartesian product of two bipolar-valued fuzzy sets.

Keywords: BCK/BC1I-algebra, Cartesian product, Doubt bipolar fuzzy H-ideal, Char-
acteristic doubt bipolar fuzzy H-ideal

1. Introduction. The notion of fuzzy set and fuzzy relation on a set was given by Zadeh
[1, 2]. Since then, the concept of fuzzy set and fuzzy relation provides a natural framework
for generalizing some of the basic notions of algebra, for example, logic, set theory, group
theory, semigroup theory, ring theory, semiring theory, hemiring theory, and modules.
Also, there are several applications of fuzzy set theory and fuzzy relation in various fields,
for example, decision making, artificial intelligence, expert system, computer science, and
operation research. Lee [3] introduced the notion of bipolar-valued fuzzy sets. Bipolar-
valued fuzzy sets are an extension of fuzzy sets whose membership degree range is enlarged
from the interval [0, 1] to the interval [—1, 1]. In a bipolar-valued fuzzy set, the membership
degree 0 of an element means that the element is irrelevant to the corresponding property,
the membership degree (0, 1] of an element indicates that the element somewhat satisfies
the property, and the membership degree [—1,0) of an element indicates that the element
somewhat satisfies the implicit counter-property.

Imai and Iséki [4] introduced two classes of abstract algebra, namely BC K-algebras
and BC'I-algebras. It is known that the class of BC K-algebras is a proper subclass of
the class of BC'I-algebras. The study of fuzzy algebraic structures was started with the
introduction of the concept of fuzzy subgroups in 1971 by Rosenfeld [5]. Afterwards many
researchers had worked on the structures of fuzzy sets in BC'K/BCI-algebras and in other
algebraic structures. Xi [6] applied the concept of fuzzy sets to BC K-algebras. Also, Jun
[7] and Ahmad [8] applied it to BC'I-algebras. Khalid and Ahmad [9] introduced fuzzy H-
ideals in BC'I-algebras and studied their properties. Huang [10] gave another definition of
fuzzy BCI-algebras and some results about it. In 1994, Jun [11] established the definition
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of a doubt fuzzy subalgebra and a doubt fuzzy ideal in BC'K/BC'I-algebras to avoid the
confusion created in Huang’s definition of fuzzy BCI-algebras [10] and gave some results
about it. Zhan and Tan [12, 13| introduced the notion of doubt fuzzy H-ideals in BC'K-
algebras and studied their properties.

Recently, based on the results of bipolar-valued fuzzy sets, more and more researchers
have devoted themselves to studying some bipolar fuzzy algebraic structures. Lee [14]
applied the concept of bipolar-valued fuzzy set theory to BC'K/BCI-algebras, and intro-
duced the notions of bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI-
algebras. Recently, the notion of bipolar-valued fuzzy set theory was applied to BOK/
BC'TI-algebras [15, 16] and other algebraic structures such as semigroups [17], semirings
[18], hemirings [19, 20|, K-algebras [21]|, BF-algebras [22, 23], Lie algebras [24] and Lie
superalgebras [25]. For the general development of BC'K/BC I-algebras, the H-ideal the-
ory plays an important role. Thus, there are a number of works on BCK/BCI-algebras
and related algebraic systems but to the best of our knowledge no work is available on
novel concepts of doubt bipolar fuzzy H-ideals in BCK/BCI-algebras. For this reason
we are motivated to develop these theories for BC'K/BCI-algebras.

In this paper, after introductory section, some basic notions are discussed in Section
2. In Section 3, we introduce the notion of doubt bipolar fuzzy H-ideals of BCK/BCI-
algebras and investigate some interesting properties. We characterize strong doubt posi-
tive t-level cut set, strong doubt negative s-level cut set and homomorphism by considering
doubt bipolar fuzzy H-ideals of BC'K/BCI-algebras. In Section 4, the characterizations
of the maps from the set of doubt bipolar fuzzy H-ideals to the set of H-ideals are in-
vestigated through the equivalence relation. In Section 5, we define Cartesian product
of doubt bipolar fuzzy H-ideals of BCK/BCI-algebras. We give some interesting results
about Cartesian product of doubt bipolar fuzzy H-ideals. In addition, we prove that the
Cartesian product of two bipolar-valued fuzzy sets becomes doubt bipolar fuzzy H-ideals
if and only if for any (¢,s) € [0,1] x [—1,0], doubt positive t-level cut set and doubt
negative s-level cut set are H-ideals of a BCK/BCI-algebra X x Y. At last, conclusions
are drawn in Section 6.

2. Preliminaries. We first recall some elementary aspects which are used to present
the paper. Throughout this paper, X always denotes a BC'K/BC'I-algebra without any
specifications. A BCK/BCI-algebra is an important class of logical algebras introduced
by Imai and Iséki [4, 26] and was extensively investigated by several researchers. This
algebra is defined as follows.

By a BC1I-algebra we mean an algebra (X;x*,0) of type (2,0) satisfying the following
axioms for all x,y,z € X:

1) ((zxy)* (xx2))x (zxy) =0,

2) (xx(zxy))xy=0,

3) xxx =0,

4) xxy=0and y*z =0 imply z = y.

If a BC'I-algebra X satisfies 0 x x = 0, then X is called a BC'K-algebra. A mapping
f: X — X' of BOCK/BC1I-algebras is called a homomorphism if f(z xy) = f(z) * f(y)
for all z,y € X. If f is one to one (onto), then f is called monomorphism (epimorphism).
A partial ordering < on a BCK/BC1I-algebra X can be defined by < y if and only if
x+y=0. Any BCK/BCI-algebra X satisfies the following axioms for all z,y, 2z € X:
1) (zxy)*xz=(x*2)*y,

2) xxy <z,
3) (xxy)xz < (rxz)x(y=*2),
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) r<y=axxz<yxz zxy<z*.

Definition 2.1. [6] A non-empty subset S of a BCK/BC1I-algebra X is called an ideal
of X if

1)0e s,

2) xxy€ S andy € S thenx € S forall z,y € X.

Definition 2.2. [9] A non-empty subset S of a BCK/BC1I-algebra X is called an H-ideal
of X if

1)0e s,

2) xx(yxz)€ S andy € S thenxxz € S forall x,y,z € X.

We refer the reader to [27, 28, 29] for further information regarding BCK/BCI-
algebras.

Definition 2.3. [9] A fuzzy set A = {(x, pa(x))|z € X} in X is called a fuzzy H-ideal of
X if

1) 114(0) > pa(z),

2) pa(xxz) > min{pa(x * (y * 2)), ua(y)} for all z,y,z € X.

Definition 2.4. [12] A fuzzy set A = {(z,pa(x))|z € X} in X is called a doubt fuzzy
H-ideal of X if

1) pa(0) < pa(),
2) pa(xxz) <max{pa(z* (y*2)),pualy)} for all x,y,z € X.

The proposed work is done on a bipolar-valued fuzzy set. The formal definition of a
bipolar-valued fuzzy set is given below.

Definition 2.5. [3] Let X be a non-empty set. A bipolar-valued fuzzy set A in X is an
object having the form

A= {(z, 4 (x), ) (2)) |z € X}
where pf : X —[0,1] and p¥ : X — [—1,0] are mappings.

We use the positive membership degree 1% (z) to denote the satisfaction degree of an
element x to the property corresponding to a bipolar-valued fuzzy set A, and the negative
membership degree X (z) to denote the satisfaction degree of an element z to some
implicit counter-property corresponding to a bipolar-valued fuzzy set A. If pf(x) # 0
and pf (z) = 0, it is the situation that x is regarded as having only positive satisfaction
for A. If pf(z) = 0 and pf (z) # 0, it is the situation that = does not satisfy the property
of A but somewhat satisfies the counter property of A. It is possible for an element x to
be such that pf(x) # 0 and pf () # 0 when the membership function of the property
overlaps that of its counter property over some portion of X.

For the sake of simplicity, we shall use the symbol A = (uﬁ, uly ) for the bipolar-valued
fuzzy set A = {(z, pl(x), Y (2)) |v € X'}, and use the notion of bipolar fuzzy sets instead
of the notion of bipolar-valued fuzzy sets.

3. Doubt Bipolar Fuzzy H-Ideals. In this section, we introduce a new generalized
doubt fuzzy H-ideal of a BCK/BCI-algebra called, doubt bipolar fuzzy H-ideal. We
discuss the concepts of strong doubt positive t-level cut set and strong doubt negative
s-level cut set of a bipolar fuzzy set in BC'K/BCT-algebras and study some of their
properties. Also, we investigate the homomorphism preimage and doubt image of doubt
bipolar fuzzy H-ideals in BC'K/BC'I-algebras under some conditions.
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Definition 3.1. Let A = (/ﬂj,,ug) be a bipolar fuzzy subset of X. Then A is called a
doubt bipolar fuzzy H-ideal of X if it satisfies the following conditions for all x,y,z € X:
1) 15(0) < ph(w) and g (0) = i (a),

2) p (@ * z) < max {py(w * (y * 2)), i (y) }

3) i (z+ 2) = min {p (2 x (y * 2)), 1} (y) }

Example 3.1. Let X = {0,a,b,c} be a BCK-algebra with the following Cayley table:

x[0 a b c
010 a b ¢
ala 0 c b
bl|b ¢ 0 a
cle b a 0
Let A = (,ui, /ﬁ) be a bipolar fuzzy set in X defined by:
0, ifrx=0 _ TS
Wh@) =14 04, ifr=ac and u(x)= { IR S
0.3, ifxz=0b, - S

Then by routine calculation, we know that A = (uﬁ,u%) 15 a doubt bipolar fuzzy H-ideal
of X.

An interesting consequence of doubt bipolar fuzzy H-ideals of BC'K/BCI-algebras is
the following.

Proposition 3.1. Let A be a nonempty subset of X. A bipolar fuzzy set A = (,ui,u%)
15 defined by

p_ |, z€eA N_ |, z€A
"A—{ ny, w4, KA ‘{ ma, T & A,
where 0 < ny < ng <1 and —1 < my < my <0 is a doubt bipolar fuzzy H-ideal of X iof
and only if A is an H-ideal of X .

Proof: The proof is obvious and is omitted. O

The research about the relationships of doubt fuzzy subalgebras and crisp subalgebras
by level cut sets is usual but important, as it is a tie which can connect abstract algebraic
structures and fuzzy ones. However, now we encounter a significant challenge that the
traditional level cut sets are not suitable for the framework of doubt bipolar fuzzy H-ideals
of BCK/BCI-algebras because of the characterization of bipolarity. As a consequence,
we defined (strong) doubt positive ¢-level cut set and (strong) doubt negative s-level cut
set.

Definition 3.2. Let A = (uX, ulY) be a bipolar fuzzy set on X. For any (t,s) € [0,1] x
[—1,0], the sets
Al ={z e X | pfi(z) <t} and “Af = {z € X | pfi(z) < t}
are called a doubt positive t-level cut set and a strong doubt positive s-level cut set of
A= (pf, 1)), respectively.
The sets
AV ={z e X | p(z) > s} and *AY = {z € X | p(z) > s}
are called a doubt negative t-level cut set and a strong doubt negative s-level cut set of
A= (ph, 1)), respectively.
The sets

Apsy ={z e X | pf(z) <t p1ll(x) > s} and Ay = {z € X | phi(z) < t, 1l (z) > s}
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are called a doubt (t, s)-level cut set and a strong doubt (t, s)-level cut set of A = (ui, ,u%),
respectively. Note that

A(t,s) = Af N Aév and SA(us) = SAf N SAéV
For every v € [0,1], the sets Ay, = AL N AN and A, N*AN_ are called a doubt ~-level
cut set and a strong doubt y-level cut set of A = (,ui, ug), respectively.

Proposition 3.2. Let A = (uﬁ, //X) be a doubt bipolar fuzzy H-ideal of X and let x € X.
Then pfi(x) = t, p(z) = s if and only if v € AP, v ¢ AL and x € AY, v ¢ AN for all
u<t,v>s.

Proof: Let A = (ui, ,u%) be a doubt bipolar fuzzy H-ideal of X and let x € X. Assume
ph(z) =t so that x € AP, If possible, let x € AP for u < t. Then p4(x) < u < t. This
contradicts the fact that pf(z) = t, concluding that = ¢ A” for all u < t. Also, assume
ulY (x) = s, then x € AN. If possible, let x € AY for v > s. Then p¥ (z) > v > s. This
contradicts the fact that pf (z) = s, concluding that = ¢ AY for all v > s.

Conversely, let x € A, x ¢ AP for all u < t. Now, z € AF = pf(z) < t. Since
x ¢ AP for all u < t. Therefore, ul;(z) =t. Also, let x € AN, z ¢ AY for all v > s. Now,
v e AY = pfl(z) > s. Since x ¢ AY for all v > s, pf (z) = s. O

From Definition 3.2, in the next two theorems, we can easily obtain the relation between
doubt bipolar fuzzy H-ideals and H-ideals of BC'K/BCI-algebras.

Theorem 3.1. Let A = (pfy, 1Y) be a bipolar fuzzy set over X and let (t,s) € [0,1] x
[—1,0]. If A = (,ui, /ﬁ) 1s a doubt bipolar fuzzy H-ideal of X, then the nonempty strong
doubt (t, s)-level cut set of A is an H-ideal of X.

Proof: Assume that *A ) # 0 for (t,s) € [0,1] x [-1,0]. Clearly, 0 € *A(,). Let
z,y,z € X such that zx (y*z) € Ay and y € A ). Then ph(zxy) < t, pfy (xxy) > s,
ph(y) <t and p¥ (y) > s. It follows from Definition 3.1 that

ph (% 2) <max {pfi(z ), phi(y)} < max{t,t} =1t
and

W (e # 2) > min (o % 9), w (9)} > minfs, s} = s,
so x x z € *As). Therefore, °A(, ) is an H-ideal of X. ]

Theorem 3.2. Let A = (ui, //X) be a bipolar fuzzy set over X and assume that () # AP
and O # *AY are H-ideals of X for all (t,s) € [0,1] x [=1,0]. Then A = (pX,ul) is a
doubt bipolar fuzzy H-ideal of X .

Proof: Assume that *A # 0 and *AY # 0 are H-ideals of X for all ¢ € [0,1] and

€ [—1,0]. Suppose that there exists a € X such that pf(0) > p%(a) and pl (0) < u¥ (a).
Taking

to == (150) + ph(a)), so== (WA (0) + 1 (a)),

implies that u%(a) < t, < p%(0) and u2Y (a) > s, > pY (0). This shows that 0 ¢ A and
0 ¢ SAYN which leads to a contradiction. Therefore, uf/(0) < pk(x) and pf (0) > u¥ (z)
for all z € X. Now, suppose that there are a,b, ¢ € X such that % (a*c) > max {,uﬁ(a *
(bxc)), % (b)}. Then by taking

N —
N | —

h = g (5« 0) e {05 ) 50)).
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we have max {pff(a = (b ¢)), (b))} < t1 < pf(axc). Hence, axc ¢ *AF, ax(bxc) € *AF
and b € SA{Z, that is SAfZ is not H-ideal of X, which is a contradiction. Therefore,
ph(z + y) < max {ph(z * (y * 2)), p(y) } for all z,y,z € X.

Finally, assume that p,q,7 € X such that p (p*r) < min {u\(p* (g *r)), Y (q)}.
Taking

51 = % (X (p ) + min { (p * (g % 1), 13 (0)})

then pf (p*r) < 51 < min {4 (px(gx7)), u (¢) }. Therefore, px(g*r) € *AY and ¢ € *AY
but pxr ¢ *AY. Again it is a contradiction. Thus, gy (z%2z) > min {zfY (z*(y=2)), 1Y (v) }
for all z,y,z € X. Hence, A = (,ui, ui\{) is a doubt bipolar fuzzy H-ideal of X. O
If A= (ui,ug) is a bipolar fuzzy set in a BCK/BCI-algebra X and if f is a self
mapping of X, we define mappings pi[f] : X — [0,1] by pa[f](z) = ui(f(x)) and
e [f] 2 X — [=1,0] by p[f](x) = Y (f(x)) for all z € X, respectively.
Theorem 3.3. If A = (,ufj,ug) is a doubt bipolar fuzzy H-ideal of X and if f is an
epimorphism of X, then (p%[f], p[f]) is a doubt bipolar fuzzy H-ideal of X.

Proof: Let [ f](0) = 1i(f(0)) = p4(0) < pi(y) and p[f](0) = u (f(0)) = i (0) =
plY (y) for any y € X. Since f is an epimorphism of X, then there exists z € X such that

flx) =y. Thus, pi[f](0) < pi(f(2)) = pilfl(x) and pi[f1(0) = i (f(2)) = pi[f](z).
As y is an arbitrary element of X, the above result is true for any x € X. Moreover, for
any z,vy,z € X, we have

palf(@* 2) = g (f (@ * 2)) = s (f (@) * f(2))

and

I
:
=
—
=
]
=
=
*
<
*
N
S~—
:_/
=
-2
=
NS

Hence, (pf[f], 1Y [f]) is a doubt bipolar fuzzy H-ideal of X. O

Definition 3.3. An H-ideal C' of a BCK/BCI-algebra X is said to be characteristic
if f(C) = C for all f € Aut(X), where Aut(X) is the set of all automorphisms of
a BCK/BCI-algebra X. A doubt bipolar fuzzy H-ideal A = (uf,p1lY) of X is called
characteristic if

pa(f (@) = pi(x) and iy (f(x)) = pi(z)
forallx € X and f € Aut(X).

For characteristic doubt bipolar fuzzy H-ideals in BC'K/BCI-algebras, we have the
following theorem.

Theorem 3.4. A doubt bipolar fuzzy H-ideal is characteristic if and only if each of its
doubt level cut set is a characteristic H-ideal.
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Proof: Let a doubt bipolar fuzzy H-ideal A = (u%, ulY) be characteristic, ¢ € Im (pF),
f € Aut(X) and let z € AP. Then u4(f(z)) = pk(z) < t, which means that f(z) € AP.
Thus, f(Af) € Af. Since for each z € Af there exists y € X such that f(y) = z, we have
ph(y) = ph(f(y) = pki(z) < t, we conclude y € Af. Consequently, z = f(y) € f (Af).
Therefore, A C f (Af); hence, AP = f (Af). Similarly AY = f(AiV) This proves that
AT and AY are characteristic.

Conversely, if all doubt level cuts of A = (,ui Y ) are characteristic H-ideals of X, then
for v € X, f € Aut(X) and p/{(z) =t > s = uly (x), by Proposition 3.2, we have x € A,
r ¢ AP and = € AN,z ¢ AY. Thus, f(z) € f(A]) = AF and f(z) € f(AY) = AV,

Lo uE(f() < 1 and wY(f(@) > 5. For gh(f(e)) = fr < t, pY((@) = 51 = 5
we have f(z) € Al = f(Af), f(z) € AY = f(AY), soz € A], v € AY. Thisis a

contradiction. Thus, 14 (f(z)) = ph(z) and pff (f(z)) = p (z). Hence, A = (pf, YY) is
characteristic. N
Now, we discuss the properties of the preimage and doubt image of doubt bipolar fuzzy
H-ideals by homomorphism of BC'K/BCI-algebras.
Definition 3.4. If f is a self mapping of a BCK/BCI-algebra X and A = (,ui,ui\() 18
a bipolar fuzzy set in f(X), then the bipolar fuzzy set Ay = (uﬁf,ui\(f) in X defined by
ply, = plyo fand pfy, = p o f (ice, pi (2) = pli(f(2)) and p (x) = p (f(2)) for all
x € X ) is called the preimage of A under f.

Theorem 3.5. An onto homomorphic preimage of a doubt bipolar fuzzy H-ideal is a doubt
bipolar fuzzy H-ideal.

Proof: Let f : X — X’ be an onto homomorphism of BCK/BCI-algebras, A =
(s, ) be a doubt bipolar fuzzy H-ideal of X' and Ay = (uﬁf, ,ugf) be preimage of A
under f. For any x’ € X’ there exists x € X such that f(z) = 2’. We have

pia; (0) = g (£(0)) = px (0) < prig(a') = pig (f () = g, (%), and
pa, (0) = p (f(0) = iy (07) > pf (') = pi (f (2)) = piy, (),

where 0’ is the zero element of X'. So yuj (0) < pj (z) and p} (0) > pj,(2) for all
x € X. Moreover, for any x,y,z € X, we have

pig (% 2) = i (f (z# 2)) = P (f (2) # f(2))
< max {p(f(z)
)

(f(y) = F(2))) s (F () }
)}

:max{,uA (f(z) = f(y*2)) aﬂi(f (y)
:max{,uA fla = (y*2))), 1( f(y))}

:maX{MAf(x*(y*Z 14 (y) }
and

pa, (@ 2) = gy (f (2 2)) = ) (f (@) = f(2))

>m1n{,uA x)*(f( ) (Z))), (f( ))}
=min {pX (f(z) * f(y=2)), 1Y (f ()}
= min {z (f(z* (y*2))), kY (f(v)) }

(f
= min {1y, (v % (y * 2)), 14 (y) } -
Hence, Ay = (/ﬂjf, u%f) is a doubt bipolar fuzzy H-ideal of X. m



2032 A. AL-MASARWAH AND A. G. AHMAD

Definition 3.5. If A = (,ui,uf{) 18 a bipolar fuzzy set in X and f is a mapping on X,
then the doubt image of A under f, denoted by f(A), is a bipolar fuzzy set of f(X) defined
by

f(A) - (finf (,ui)a fsup (M%))a

where
fint (1) (y) = xe}g§(y) (1 (z)) and
Fup (11) () = s (1 (x)), for eachy € f(X).

Definition 3.6. Let A = (ui,,ug) be a doubt bipolar fuzzy set in o« BCK/BCI-algebra

X, then we say that uk; has inf property if for any subset S of X there exists s; € S such

that u%(sy) = ing ph(r) and we say that p has sup property if for any subset T of X
re

there exists t; € T such that p& (t;) = sup pl (k).
keT

Theorem 3.6. An onto homomorphic doubt image of a doubt bipolar fuzzy H-ideal with
ull has inf property and u% has sup property is a doubt bipolar fuzzy H-ideal.

Proof: Let f : X — X’ be an onto homomorphism of BCK/BCI-algebras, A =
(uﬁ, pdY ) be a doubt bipolar fuzzy ideal of X with sup and inf properties and f(A)
be the doubt image of A under f. Since A = (,ui,pﬁ ) is a doubt bipolar fuzzy H-
ideal of X, we have pf(0) < p{(x) and p(0) > p(z) for all z € X. Note that
0 € f71(0') where 0 and 0’ are the zeros of X and X', respectively. Thus, finr(pf)(0') =

inf (pi(t) = p4(0) < pi(x) and fop () (0) = sup (ui(t)) = pi{(0) > p(2)

tef=1(0) tef=H(0)
for all z € X. This implies that fi,e(p5)(0) < finf( )(ui(t)) = fur(ph)(2') and
tef=1(z!

faup () (0) > sup (1Y (1) = foup (1) (2") for any 2’ € X,
tef—1(x!

Moreover, for any z’,y/,2" € X', let z, € f~1(2'), y, € f~X(y') and 2z, € f~(z') such
that

Ple, % 2,) = inf Pt
pia (o * 2o) tef}}%x,*z,) (NA( )),
A (T % 2) = sup  (p (1)),

tef—1(z’'x2’)
P : P
o) — f t)),
Halyo) = _inf | (1a(1))
1 (yo) = sup  (ud (1)),
tef~1(y")

:ui(xo * (yo * Zo)) = finf(#i) (f(xo * (yo * ZO)))
= fint (Mi) (2" * (3 % 2))

= inf P (3 (o % 2
(wox(yo*z0))EF 1 (2/+(y'+2")) Hal ( )

= inf Pt
tef =1 (a(y'+2")) a®)

and
M%(Io * (Yo * 20)) = feup (M]X) (f (o * (Yo * 20)))
= faw (112) (2" (y' % "))
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= sup 1 (0 % (Yo * 20))
(To*(Yoxzo) ) Ef (2 *(y'*2"))
= sup ph(b).
tef 1 (a/x(y'x2"))
Then,
fnr () (@ % 2') = inf  pl(t) = p (o * 2)
tef—1(z'x2")
< max {44 (%o * (Yo * 20)): 114 (Yo) }
= max inf L), inf (¢ }
{tefl(x’*(y'*z'»“ alt):  fof mald)
= max { finr (1) (2" % (' * 2)), finr (1) (¥) }
and
Jsup (,ug) (x/ * Z/) = sup N%(t) = ,ug(xo * Zo)
tef—1(a'x2")
> min { e (20 * (Yo * 20)), 124 (Yo) }
= min sup iy (t), sup ph(t)
te f1(a'x(y'x2")) tef~1(y)
= min { faup (1) (&' (' % 2)), faup (1) () }-
Hence, the image f(A) of A under f is a doubt bipolar fuzzy H-ideal of X". O]

4. Equivalence Relations on Doubt Bipolar Fuzzy H-Ideals. In this section, we
continue to discuss the relation between doubt bipolar fuzzy H-ideals and H-ideals of
BCK/BCI-algebras by another means: equivalence relations.

Let DBFHI(X) be the collection of all doubt bipolar fuzzy H-ideals of X. For any
(t,s) € [0,1] x [-1,0], define two binary relations P* and N* on DBFHI(X) as follows:
(A,B) € Pt & AP = Bl and (A, B) € N* & AY = BN,
for all A = (u%, ) € DBFHI(X), B = (puf;, uy) € DBFHI(X). 1t is easy to know P!

and N*® are equivalence relations on DBFHI(X).

For all A = (uf, 1Y) € DBFHI(X), let [A]pt (resp., [A]n=) be the equivalence class of
A = (pf, p2Y) modular P (vesp., N*). That is, DBFHI(X)/P" = {[A]p:|A = (pf, u%}) €
DBFHI(X)} (resp., DBFHI(X)/N* = {[A]n:|4 = (p4,

HI(X) be the family of all H-ideals of X. Define maps
g.: DBFHI(X) — HI(X)U{¢}, A — AP,
he : DBFHI(X) — HI(X)U {¢}, A — AV,
for all A= (i, pY) € DBFHI(X). Then g; and h, are clearly well-defined.

In the light of the definition of equivalence relations on DBFHI(X), we can obtain the

following properties.

pY) € DBFHI(X)}). Let

Theorem 4.1. The maps g; and hg are surjective for any (t,s) € (0,1) x (=1,0).

Proof: Clearly, a bipolar fuzzy set 1 = (uf N ) is a doubt bipolar fuzzy H-ideal of X,
where ¢} =1 and pf = —1 for all z € X. Then we have g,(1) =1 = {z € X | puf'(z) <
t} = ¢ and g,(1) =1 = {z € X | pff (z) > s} = ¢. For any M in HI(X), consider a
bipolar fuzzy set M. = (uﬂN, MAN4~) in X, where

0, zeM
/'L]P\)/IN :X_> [071]7 IU’ZI\ZN(Q:):{ 17 ng
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and

0, zeM
i X =10, @ ={ % TEl

By Proposition 3.1, M. = (u%, , 13, ) € DBFHI(X). Now, we get

g(M.) = pip = {r € X |y (2) <t} ={o € X | ppy (v) =0} =M
and

ho(M.) = piyy o = {7 € X | iy (2) > s} = {z € X | ujy_(z) =0} = M.
Therefore, g, and hg are surjective. O]

Example 4.1. Consider a BCK-algebra X = {0,a,b,c} which is given in Example 3.1
and we consider H-ideal M = {0} € HI(X). Define a bipolar fuzzy set M., = (,uﬁw, MJ\NL)

i X as follows:

0, reM 0, xzeM
:U/J\P4~(x):{ 1 ng and M]\N/[~<x):{ -1 ng
Clearly, M. = (pub;_,pi8; ) € DBFHI(X). We have g/(M.) = pu&; , = {z € X|ud; (2) <
t} ={0} and hy(M.) = pb; = {z € X|uj;_(x) > s} = {0}. Thus, the maps g, and h,
are surjective for all (t,s) € (0,1) x (—1,0).
Now, a natural question arises here: are there any relationships between the quotient

sets and the set of all H-ideals of X. In the following, we will concentrate on giving the
answers.

Theorem 4.2. The quotient sets DBFHI(X)/P" and DBFHI(X)/N* are equipotent to
HI(X)U{¢} forall (t,s) € (0,1) x (—1,0).
Proof: For all (¢,s) € [0,1] x [-1,0] and A = (¢, ) € DBFHI(X). Let

g7 : DBFHI(X)/P' — HI(X)U{¢}, A — AP
and

h: DBFHI(X)/N* — HI(X)U{¢}, A — AY
be defined by

gi([Alpt) = g:(A) and h%([A]ys) = hs(A), respectively.

For any A = (uX, 1), B = (uh, 1) € DBFHI(X), if AY = Bf and AY = BY, then
(A,B) € P and (A, B) € N*, which means [A]p: = [B]pt and [A]ns = [B]ns. Thus, g;
and A} are injective.

For any nonempty M in HI(X), consider the doubt bipolar fuzzy H-ideal M.
(&, 13y ) which is given in the proof in Theorem 4.1, we have g; ([M.]p:) = g:(M..) =
MPE, = M and h ([M.]ys) = hs(M.) = MY, = M.

For any doubt bipolar fuzzy H-ideal 1 = (uf,,u]lv) of X, we have g; ([1] ) =
1f:{xGX|,uf(m)§t}:gz5andh;‘([1]]vs):hs()—lN {zeX|p(z Z
Hence, g; and h} are surjective. This completes the proof.

For any 0 < v < 1, we define another relation X” on DBFHI(X) as follows:

(A,B)e X" A, =B,
where A, = Af; N AJX/ and B, = Bf; N B]_VW. Then the relation X7 is also an equivalence
relation on DBFHI(X).

Theorem 4.3. Let 0 <y < 1. Then the map ®.,: DBFHI(X) — I(X)U{¢} defined by
¢, (A) = A, is surjective.
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Proof: Let 0 <y < 1, for 1 = (', 1)) € DBFHI(X), we have (1) = 17 N1Y = ¢.
For any nonempty M in DBFHI(X), considering a doubt bipolar fuzzy H-ideal M. =
(1., 137 ) which is given in the proof of Theorem 4.1, we obtain ®,(M.) = M., =
ME MY ={zeX|puy () <~y}n{zeX|puy (r) > -~} = M. Therefore, ., is
surjective. 0

Theorem 4.4. Let 0 < v < 1. Then the quotient set DBFHI(X)/X" is equipotent to
I(X)U{o}.

Proof: Suppose that 0 <y < 1 and ®X: DBFHI(X)/X"” — I(X) U {¢} is a map defin-
ed by @7 ([A]lxv) = ®,(A) for all [A]xy € DBFHI(X)/X". Let ®%([A]x+) = ®%([Bx~)
for every [A]x» and [B]x+» € DBFHI(X)/X", then ¢,(A) = ¢,(B), i.e., A, = B,. It
implies that (A, B) € X7. Thus, [A]x~ = [B]x» and @} is injective.

Moreover, for any nonempty M in I(X), we consider the doubt bipolar fuzzy H-ideal
M.. = (pfy, 3y ) which is given in the proof of Theorem 4.1, then we have &% ([M.]x-) =
O (M) =M, ={zeX|puh (z) <y}n{zeX|ul (x) >—y} =M. On the other
hand, for 1 = (4, pf) € DBFHI(X), we have @ ([1]x+) = ¢,(1) = 17 n 1Y = M.
Therefore, @7 is surjective. This completes the proof. O

5. Cartesian Product of Doubt Bipolar Fuzzy H-Ideals. In this section, we give the
definition of the Cartesian product of two doubt bipolar fuzzy H-ideals of two BCK/BCI-
algebras X and Y. Also, we provide some of their properties. In what follows, X and
Y are BCK/BCI-algebras, so we use (X x Y;x%,(0,0)) to denote a BCK/BCI-algebra
unless otherwise specified. For the sake of brevity, we call X x Y a BCK/BCI-algebras.

Definition 5.1. Let (X, *x,0x) and (Y, *y,0y) be two BCK/BCI-algebras. The Carte-
sian product of X XY is defined to be the set X xY ={(z,y) |r € X,y e Y}. In X xY
we define the product *x .y as follows:

(,y) *xxy (u,v) = (z xx u,y xy v) for all (x,y), (u,v) € X X Y.

One can easily verify that the Cartesian product of two BC'K/BC'I-algebras is again
a BCK/BC1I-algebra. Now, we write the following definition.

Definition 5.2. Let X be a BOK/BCI-algebra and let A = (pfi, p%Y) and B = (u§, ufy)
be two doubt bipolar fuzzy H-ideals of X. The Cartesian product of A and B is defined by
Ax B = (ph, g1l p), where pfi 5+ X x X —[0,1] is given by

paxs(@,y) = max {p; (x), 0 (y) }
and plY, 5+ X x X — [=1,0] is given by

ax (@, y) = min {2 (), 1 (y) }
for all (z,y) € X x X.

In the following, we extend the above definition to the Cartesian product of doubt
bipolar fuzzy H-ideals of any BC'K/BCI-algebras X and Y.

Definition 5.3. Let X and Y be two BCK/BCI-algebras and let A = (p, nl) and
B = (,ug, ug) be two doubt bipolar fuzzy H-ideals of X and Y, respectively. The Cartesian
product of A and B is defined by A x B = (ul g, 1, ), where p4, 5+ X xY — [0,1] s
given by

NixB(*% y) = max {,ui(l'), Mi(y)}
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and Y, 5+ X xY — [=1,0] is given by

s (@, y) = min {2 (), 1 (y) }
for all (z,y) € X x Y.

Definition 5.4. A bipolar fuzzy set Ax B = (pk g, 1l ) of a BCK/BCI-algebra X xY
is called a doubt bipolar fuzzy H-ideal of X XY if it satisfies the following conditions for
all (z,y), (u,v), (w,2) € X XY

1) MixB(Oa O) S IU’IZXB(xvy) and /JJ]XXB<07 O) Z /’LJXXB(xa y);

2) Wixp((@,y) * (w, 2)) < max {pl, 5((2,y) * ((u,0) * (w0, 2))), 1ok p(u, )}

3) ﬂng((x’ y) * (’LU, Z)) Z min {M]XXB((xay) * ((uv U) * (w’ Z)))v M]XXB(U’ U)}

Example 5.1. Consider a BCK -algebra X = {0, a,b, c} and a doubt bipolar fuzzy H-ideal

A= (pf, uX) of X which are given in Example 3.1. Define a doubt bipolar fuzzy H-ideal
B = (ph, 1) in X as follows:

0.3, ifz=0 L
ph(z) =< 05, ifr=a and pH(z)= { :82’ Zi B 2 b
0.6, fx=0b,c, o

Let Ax B = (45 s i), where i, = macx {5} and i, = min {u i} are

defined as:
0.3, if (z,y) = (0,0),(b,0)
W (2) = 0.4, zf (z,y) = (a,0), (c,0)
X 0.5, if (z,y) = (0,a), (a,a), (b,a),(c,a)
0.6, otherwise,

and

W (2) = { —0.3, if (z,y) = (0,0),(a,0),(b,0),(c,0)

—0.4, otherwise.

By routine calculations, we know that A x B = (,uixB,ung) is a doubt bipolar fuzzy
H-ideal of X x X.

Theorem 5.1. Let A = (ui,u%) and B = (ug, ,ug) be two doubt bipolar fuzzy H-ideals

of BCK /BCI-algebras X and Y, respectively. Then A x B = (,uf{xB,,uﬁxB) s a doubt
bipolar fuzzy H-ideal of X X Y.

Proof: For any (z,y) € X x Y, we have 1%, 5(0,0) :max {,uA , 15(0)} <max {pf(z),
BW)} = phes(e,y) and pl, 5(0,0) = min {u}(0), n(0)} > min {u}(2), uF(y)} =
Y. g(z,y). Now, for any (z,v), (u,v), (w,2) € X x Y, we have
Waxp((@,y) * (w,2)) = plip(e*w,y * 2)
= max {pfy (2 * w), s (y * 2) §
< max {max { g (  (u, w)), s (w) }, max {5 (y * (v, 2)), p(v) } }
= max {max { (2 * (u,w)), pp(y * (v, 2)) }, max {pfy (u), pp(v) } }
= max { e, p{ (v % (w* w)), (y * (v* 2)) }, i p(u,0) }
= max { i, p((2,y) * ((u,0) * (w, 2))), g p(u, v) }
and
Witkp((,y) * (w,2)) = pilip(a *w,y * 2)
= min {4 (x * w), iy (y * 2) |
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> min {min {z (z * (u,w)), p (w) }, min {uy (y * (v, 2) (v)}}
= min{min{,ug(x*(u,w)),uB(y* (v, 2) },mln{uA O
— min {pp{ (o ¢ (k) (5% (0 2) o)}

— min {, p(2,9) * (1, 0) % (1, 2))), i p o0, 0) .

Hence, A x B = (u%, 5, Y, 5) is a doubt bipolar fuzzy H-ideal of a BC'K/BCI-algebra
X xY. O]

Proposition 5.1. Let A x B = (pl, 5, il 5) be a doubt bipolar fuzzy H-ideal of X X Y.

If (2,y) < (u,v), then pf(x,y) < p(u,v) and p(z,y) > w} (u,0) for all (x,y), (u,v) €
X xY.

Proof: Let (z,y), (u,v) € X xY such that (z,y) < (u,v). Then (z,y) * (u,v) = (0,0).
Now
pa(,y) = pa((2,y) % (0,0)) < max {0 (2, y) * ((u,v) * (0,0))), py (u, v) }
= max {1 ((z,y) *( v)), iy (u,v) }
= max { ¢4 (0,0), pt (u,v) } = piy (u, v).
Therefore, p{(x,y) < pfi(u,v) for all (z,y), (u,v) € X x Y. Again,
pia (z,y) = iy (2, y) * (0,0)) = min {4 (2, y) * ((w,0) * (0,0))), i (u, v) }
— min { ((,9) * (t,0)), 1 (1, )}
= min {4 (0,0), 3 (u,v) } = i3 (u, v).
Therefore, Y (x,y) > pf (u,v) for all (x,y), (u,v) € X x Y. O

Proposition 5.2. Let A x B = (pl, 5, i\« 5) be a doubt bipolar fuzzy H-ideal of X xY
such that

MZXB((xay) * (u,'u)) < MixB('m U) and ILLXXB((I.7 y) * (U,U)) = ILLXXB(U7 U)
for all (z,y), (u,v) € X XY, then A X B is constant.

Proof: Note that in a BOK/BCI-algebra X x Y, (z,y) % (0,0) = (z,y) for all (z,y) €
X x Y, and by using assumption we have

/L,IZXB('I’ y) = /LZXB((J:»y) * (Oa O)) S MixB(Q 0)
and

HXXBCU?Z/) = M%xB((x>y) * (07 0)) = M%xB(Ov O)
It follows from Definition 5.4, uf; p(z,y) = pk., 5(0,0) and ul, z(z,y) = pl, 5(0,0) for
all (z,v), (u,v) € X x Y. Therefore, X x Y is constant. O

Proposition 5.3. Let A = (/ﬂj,,u%) and B = (ug,ug) be two doubt bipolar fuzzy H-
ideals of BCK/BC1I-algebras X and Y, respectively. If A x B is a doubt bipolar fuzzy
H-ideal of X XY, the following are true:

1) pk(0) < pi(y) and pp(0) < ph(x) forallze X, yeY,
2) p(0) > pi(y) and py(0) > pl(x) forallz e X, y €Y.

Proof: 1) Assume that pf(0) > pb(y) and ph(0) > p(x) for some z € X, y € Y.
Then

php(,y) = max {ply(2), piz(y) }
< max {Mi(o)v :U’IJ;(O)} = :U'§><B(0> 0)7
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which is a contradiction. Therefore, u%(0) < ph(y) and p5(0) < ph(z) for all x € X,
yey.

> min {413 (0), 133 (0) } = 114 5(0,0),
which is also a contradiction. Therefore, 2 (0) > pf (y) and i (0) > ¥ (z) forall z € X,
yey. ]

Theorem 5.2. Let A = (uf{,,ug) and B = (/Lg,,ug) be two bipolar fuzzy subsets of X
and Y, respectively, such that A x B is a doubt bipolar fuzzy H-ideal of X X Y. Then
either A is a doubt bipolar fuzzy H-ideal of X or B is a doubt bipolar fuzzy H-ideal of Y .

Proof: Since A x B is a doubt bipolar fuzzy H-ideal of X x Y, then for all (z,y), (u,v),
(wv Z) € XXYv we have MixB((xv y)*(w7 Z)) S max {MixB((xv y)*((u7 2))*(11}, Z)))v /“LIIZXB(U7
v)} By putting y = z = v = 0, we have

MZXB<<I7 0) * (w7 0)) S max {MﬁxB((m7 0) * ((u7 0) * (w7 O)))a /’LZXB(U7 0)} . (1)
Also, we have
/"LZXB((‘T7 O) * (w7 0)) = MixB((m * w)? (0 * 0))
= mas {25z # w). 45 (0 0)}
= pk(z * w) (2)
and
Wit ((2,0) * ((u,0) * (w,0))) = plyyp((2,0) * ((uxw), (00)))
= pixp((2 % (uxw)), (0% (0,0)))
— max {pif (& % (u x w)), w5 (0 % (0,0))}
= iy (z * (u*w)). (3)
Again, by using Proposition 5.3, we have
Pis(u,0) = max {uf (u), pp(0) } = ps(w). (4)
So, from (1), (2), (3) and (4) we get, pf(z * w) < max {pf(z * (u,w)), pf (u) }.

Similarly, we can prove pfY (z * w) > min {pf (z * (v, w)), pY (u) }. Hence, A is a doubt
bipolar fuzzy H-ideal of X. m

Proposition 5.4. Let Ax B = (4, 5, 12\, 5) be a doubt bipolar fuzzy H-ideal of a BCK -
algd)ra’ X % Y; then N,IZXB((Oa 0) * ((07 0) * (Z‘, y))) < :UQIZXB(xa y) and NXXB(([)? 0) * ((07 0) *
(2,9))) = piup(x,y) for all (x,y) € X x Y.

Proof: Note that
ph5((0,0) % ((0,0) * (2,y))) < max{ul, 5

= pixp(,y) for all (z,y) € X x V.
Therefore, u’{, 5((0,0) % ((0,0) * (z,9))) < ph, g(z,y) for all (z,y) € X x Y. Again,

1 p((0,0) 5 ((0,0) # (2,y))) > min {41, 5((0,0) * ((x,9) * ((0,0)  (x,9)))), wtup(®,9) }
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= min {M%XB (07 0) * ((ZL’, y) * (07 O)))7 M%XB(‘TJ y)}
= min {M]XXB (Oa O) * (ZL’, y))> NJ]XXB(:E7 y)}

= min {M%XB(Oa 0)7 /’LXXB(:E’ y)}
= Wi, p(a,y) for all (z,y) € X x .

Therefore, i, 5((0,0) * ((0,0) = (2,y))) = pi,p(x,y) for all (z,y) € X x Y. O

(
(

Corollary 5.1. Let A x B = (uf, 5, i\ 5) be a doubt bipolar fuzzy H-ideal of X x Y.
Then the sets D,r = {(z,y) € X xY|pf, 5(z,y) = pf5(0,0)} and Dy = {(z,y) €
X x Y|pll, 5(x,y) = pl 5(0,0)} are H-ideals of X x Y.

Proof: Let AxB = (u4, 5, pll, 5) be a doubt bipolar fuzzy H-ideal of X xY". Obviously,
(0,0) € Dyp and (0,0) € D,y . Now, let (z,y),(u,v), (w,2z) € D,r  such that
(.1', y) * ((u7 U) * (w> Z))? (u7 U) € DuixB' Then :uixB((x> y) * ((uv U) * (’LU, 2))) = MixB(Ov 0) =
Pisp(u,v). Now piig, p((z,y) * (w, 2)) < max {pf, p((2,y) = ((u,v) * (w, 2))), i (u,v) } =
114(0,0). Again, since A x B = (i, 5, ul ) is a doubt bipolar fuzzy H-ideal of X x Y,

so iy, 5(0,0) < pi((w,y) * (w,2)). Therefore, pif, 5(0,0) = pi,p((z,y) * (w,2)). It
follows that (z,y)* (w, z) € D,e _forall (z,y), (u,v), (w,z) € X x Y. Therefore, Dr

is an H-ideal of X x Y. Similarly, we can prove that D o is an H-ideal of X x Y. D

Definition 5.5. Let A x B = (u4 5, 1l 5) be a doubt bipolar fuzzy H-ideal of X x Y,
and (t,s) € [0,1] x [=1,0]. Then the doubt positive t-level cut set and the doubt negative
s-level cut set of A x B are as follows:

(Ax B) ={(z,y) € X x Y|, p(z,y) <t}

and
(Ax B)Y = {(z,y) € X x Y|\, p(z,y) > s}.

Theorem 5.3. Let A x B = (uf, 5,1, 5) be a bipolar fuzzy set of X x Y. Then
AxB = (/LAxB, 1y ) is a doubt bipolar fuzzy H-ideal of X XY if and only if (Ax B)Y # 0
and (A x B)YN %0 are H-ideals of X x Y for all (t,s) € [0,1] x [—1,0].

Proof: Assume that A x B = (u4, 5, quB) is a doubt bipolar fuzzy H-ideal of X x Y
and (t,s) € [0,1] x [~1,0] such that (Ax B)F # ( and (Ax B)Y # (). Let (a,b) € (Ax B)F
and (c,d) € (A x B)N. Then we have u%, 5(a,b) <t and ul, 5(c,d) > s. So we deduce
that ul;, 5(0,0) < ,uixB(a, b) <t and p¥, 5(0,0) > pl, 5(c,d) > s. This shows that
(0,0) € (A x B)Y and (0,0) € (A x B)N. Let (z,y), (u,v), (w,z) € X x Y such that
(z,y) * ((u,v) * (w, 2)) € (Ax B) and (u,v) € (Ax B)F', and let (z/,y/), (v/,0'), (w', 2") €
X x Y such that (z/,9/) * («/,0v') * (w',2")) € (A x B)Y and (v/,v') € (A x B)Y. Then
(@, y) * ((u,0) * (w,2))) < ¢, Pl p(u,v) <t i p((@, ) = (W,0) « (W', 2))) > s
and plY, p(u/,v') > s. Since A x B is a doubt bipolar fuzzy H-ideal of X x Y, it follows
that

MixB((xa y) * (’LU, Z)) S max {MixB((xv y) * <<U7U) * (’LU, Z)))?/”’iXB(“” U)}
< max{t,t} =t
and
waxp((@,y') * (w',2") = min {1, 5 (@, y') * (0, 0) % (0, 2")), g (W, 0) }
> min{s, s} = s,
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so (x,y) * (w,2) € (A x B)F and (2/,9) * (v, 2') € (A x B)N. Therefore, (A x B)l’ and
(A x B)Y are H-ideals of X x Y.

Conversely, assume that (A x B)Y # () and (A x B)Y # () are H-ideals of X x Y for
all (t,5) € [0,1] x [=1,0]. Let (z,y) € X x Y such that 4, 5(0,0) > pl z(x,y) and
M%XB(()? 0) < N%xB<x7y)' By taking

1 1
to - 5 [/’LZXB(()? 0) + :uiXB(ma y)]? So = 5 [/‘LXXB(()? 0) + //L]X><B(x7y):|7

we get NixB(()?O) > to > M§X3($,y) and /'I’XXB(()? 0) < S < M%xB(x’y)' Therefore,
(z,y) € (Ax B)., (0,0) & (A x B);, (z,y) € (Ax B)Y and (0,0) ¢ (A x B)Y. This
is a contradiction. Hence, pk, 5(0,0) < uf, z(z,y) and pf, 5(0,0) > ulY, z(z,y) for all
(r,y) € X x Y. Again, we assume that (z,y), (u,v), (w,z) € X x Y such that
#ixB((x>y) * (w’ Z)) > max {MixB((xﬂy) * ((uv U) * (’LU, Z)))v /J’ZXB(U’ U)}
and
/Lng((l',y) * (wa 2)) < min {IL[/%XB<<Z.7 y) * ((U,U) * (’LU, Z)))?M%XB(ua U)}
Then by taking

tl = 1 [FLFA)XB((x7y) * (w7 Z)) + max {MixB(('xay) * <<u7v> * (w72>>>7ﬂix3<u7 U)H )

— DO

S1 =3 [M]XXB«xvy) * (w7z)) + max {H]XXB((x7y) * ((u> U) * (w’ Z)))v:u]f\l[xB(uav)}] )

\)

we have
MixB((x’ y) * (wv Z)) > tl > max {“ixB(($7y) * ((U,U) * (wv Z)))?#JZXB(u? U)} )
MZXB((xay) * <w7z>> <851 < min {M/IXXB((:I;7y) * <<U7U> * (wVZ)))?/LXxB(u?U)} .

This shows that, (z,y) * ((u,v) * (w,2)) € (A x B)E, (u,v) € (A x B)F, but (x,y) *

i1 t19

(w,2) ¢ (A x B)F, which is a contradiction. Also, (z,y) * ((u,v) * (w,2)) € (A x B)N

t1? s17

(u,v) € (Ax B)N but (z,y)* (w, 2) ¢ (Ax B)Y, again this is a contradiction. Therefore,

S17 S17

ks (2, y) * (0, 2)) < max {pi, p((2,9) * ((w,0) * (W, 2))), wiawp(u,v) }
and

(@, y) * (w, 2)) > min {5 ((2,9) * ((u,0) * (w, 2))), wip(u,0) }
for all (z,y), (u,v),(w,2) € X x Y. Hence, A x B = (uX, 5, 1i’{5) is a doubt bipolar
fuzzy H-ideal of X x Y. m

6. Conclusions. To investigate the structure of an algebraic system, it is clear that
doubt bipolar fuzzy H-ideals with special properties play an important role. In this
paper, we introduced the notion of doubt bipolar fuzzy H-ideals of BC'K/BCI-algebras
and investigated related properties. We characterized strong doubt positive t-level cut
set, strong doubt negative s-level cut set, homomorphism and equivalence relation by
considering doubt bipolar fuzzy H-ideals of BCK/BC1I-algebras. Also, we considered
the structure of BC'K/BCI-algebras and defined Cartesian product of two doubt bipolar
fuzzy H-ideals. We presented some interesting results about Cartesian product of two
doubt bipolar fuzzy H-ideals of BCK/BCI-algebras. In addition, we proved that the
Cartesian product of two bipolar fuzzy sets becomes doubt bipolar fuzzy H-ideals if and
only if for any (¢, s) € [0,1] x [—1, 0], doubt positive t-level cut set and doubt negative s-
level cut set are H-ideals of a BC'K/BCI-algebra X x Y. In our opinion, these definitions
and main results can be similarly extended to some other fuzzy algebraic systems such as
groups, semigroups, rings, nearrings, semirings (hemirings), lattices and Lie algebras.
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