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Abstract. We have mentioned the theory of the neural network using quantum theory
(wave function and path integrals) of quantized polarization wave, what we call, polari-
tons, and made some mathematical forms and an expression of calculations for arbitrary
neural networks’ circuits. The significantly important difference between the ordinary
(classical) neural networks and our quantum networks was in whether our focused sys-
tems had quantum theoretical interferences or not. The quantum mechanical system had
essentially quantum fluctuation and its interference in those systems. And quantum prob-
ability has relation to the probability amplitude, propagators and wave functions, which
were ordinary complex numbers and those functions. So, common classical probability
never contained any interference because of the real numbers’ field. Then concretely we
have shown how our quantum system contained much interference, which was applied
to the Bayes’ theory, the entropy of information theory, and the three-step’s neural net-
work of multi channels. And we knew that the quantum neural networks and polariton’s
model were related to the ordinary quantum information, classical neural networks and
some information theories. We would like to propose a kind of complex fuzzy system (or
complex neural networks). Both systems (i.e., fuzzy system and quantum system) have
something in common on these shapes. We expect that some parts of brain functions
and its networks are able to describe with methods of complex fuzzy neural networks or
quantum fuzzy processes.
Keywords: Classical neural network, Quantum interference and Feynman path integral,
Bayes’ theory, Entropy of information theory, Quantum neuron, Schrödinger equation,
Complex fuzzy system

1. Introduction. The research of the famous physiological and neural systems is estab-
lished by Hodgkin and Huxley, whose theory is applied by mathematical cable theory,
ionic current (Na+, K+), leak currents, ionic gates and conductions of action potentials
[1]. They have had greatest success with this model in branch of biological and physi-
ological neural theory, that model and its neural network. Modern neuro-physiology is
variously based on their model and theory, whose theory mentions that each neural im-
pulse and action potential never interfere with each other, because each neural axon has
independence of each neuron and it is insulated by its myelin sheath. Arvanitaki, however,
proved an existence of ephapse, which is an electrical interference of each neural axon [2-
4]. They said that his discovery and experiment are thought to discover a kind of artificial
neuron [4,5]. Moreover, it is known that some pathological states and neurons, for such
as neuralgia and causalgia, are caused by ephapse’s phenomena. So, we have been study-
ing a model of neural electromagnetic interferences, polization waves and the network.
And finally, we proposed new engineering (not always biological) neural models based on
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quantized polarization waves, the polariton, which are quantum quasi particles, massive
photons with spin 1, running quasi particles, massive photons with spin 1, running along
on each axon. In other words, its process is caused by a series of neural activities, whose
process is described as polarization, depolarization, and hyper-polarization.
The previous papers have mentioned the nano-mechanism of neural action potential

and its activities on the axons [17-20]. On the second stage, we have mentioned the
methods and tools of description for neural circuits, amida-lots, multi-step bifurcation,
small quantum logical circuits (we named them as q-AND, q-NOT, q-OR), based on
propagators, wave mechanics and path integrals [5]. Thus, by applying both path integral
and propagator to common logical circuits, we could rewrite quantum mechanical formulae
to arbitrary various neural networks and Beyes’ form [5,20].
This paper, to refer to the differences between classical information theory and quan-

tum one, we perform concretely to calculate the classical Bayes’ probability and quantum
one, informational entropy, and output of quantum neural networks. And we would like
to give an expression of the cases by applying quantum tools developed in previous papers
for classical Beyes’ probability. As you know, Bayes’ theory is applied to many network
theories, predictions, and some control systems. So, many excellent books and reports
already have been published in the branch of information science [6,7]. Bayes’ statistics
are said to be subjective probability, when the Bayes’ method is compared with common
probability (objective probability) [8-12]. We think that the classical mechanics essential-
ly have an apparent pathway between initial point and end point, what is called, which
is deterministic treaties. However, the quantum path is said to essentially probabilistic
phenomena since its time development is governed by the complex probability amplitude
of Schrödinger equation, Proca equation and their fields. As we have already discussed in
previous papers, our polariton’s propagation of neural network theory can be described as
motion of massive relativistic particles governed by the Proca equation, or non-relativistic
quaternary Schrödinger equations [13,14,18]. We recognize that many interesting charac-
teristics of quantum mechanics are contained in the interference of phenomena, a mixing
state of pure state vectors, superpositions and tunnel effects. The common Bayes’ prob-
ability is classical theory, we say, because of not being considered the interferences of
phenomena between each event. We know that all events are independent of each other.
We think it is interesting to research where the quantum interference comes from and how
it effects on establishing Bayesian theorem, the entropy and information.
One of the purposes of this paper is that we attempt to show an expression of quantum

Bayes’ rule, instead of classical Bayes’ theorem, by using a basic set of orthogonal state
vectors and simple model. And we clearly describe the differences between classical Bayes’
theory and quantum form. The second step, we compared their entropies of both systems,
and in the two-step’s neural networks of multiple channels, we could approximately obtain
a solution by means of perturbation method and path integrals.
Finally, we would like to point out similarities of formal descriptions between soft

scientific theories and quantum control systems. The first example refers to neural network
control and its neuro-synaptic junction between each neuron and the second is similarities
between fuzzy probability and quantum expectation values.

2. Neural Conduction. The previous paper [17-20] has said, that the equation of po-
laritons on neurons, and the polarities (quantized polaization waves), exactly obey to the
Proca equation Equation (1), which is the relativistic and massive photon’s equation:(

∂µ∂
µ +m2

)
Aµ = Jµ, Jµ(x) ≡ (ρ(x, t), i(x, t)) ≈ jµNa + jµK . (1)
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The symbolm is the mass of polariton, and Jµ means its quaternary vector currents, which
is composed of both current. The one is sodium ionic current and the other is potassium
ionic current. The classical active neuron’s theory like as Hodgkin and Huxley model
[1] shows, that the polariton corresponds to quantized polarization wave, whose impulse
cusses from each neuron and its action potential. To derive non-relativistic polariton’s
equation from relativistic equation, Proca equation, instead of the wave function Aµ with
natural unit, we will return to that of MKS unite. So vector potential Aµ is

Aµ(x, t) = φµ(x, t) · exp
(
− i

~
mc2t

)
. (2)

Then, we part vector potential Aµ into two terms and then the one was having the
rest polariton’s mass, m. The non-relativistic limit, includes the kinetic energy Ek, whose
value is so small that we can describe that energy term ϕ(A) as

EK = E −mc2, E ′ << mc2. (3)

The limit of non-relativistic kinetic energy Ek becomes∣∣∣∣i∂φµ

∂t

∣∣∣∣ ≈ EKφ
µ << mc2φµ,

∂Aµ

∂ t
≈ −imc

2

~
φµ · exp

(
− i

~
mc2t

)
,

∂2Aµ

∂ t2
≈
[
−i2mc

2

~
∂φµ

∂t
− i

m2c4φµ

~2

]
· exp

(
− i

~
mc2t

)
. (4)

Inserting that result into following relativistic relation, we have

pµpµA
ν +m2c2Aν = jν

/
c. (5)

We finally obtain the 4-component non-relativistic expressions (quaternary form) of
vector potential like as Schrödinger equation. We notice the result means non-relativistic
polariton’s relationship of electromagnetic potential,

i~
∂Aµ

∂t
=

[
− ~2

2m
∇2 + V̂

]
Aµ, Aµ = (ϕ,A) jν~2

/
(2mc) ⇔ V̂ Aν . (6)

We find the final polariton’s equation with 4-components whose motion is described by
above quaternary equations: Aµ is composed of the scalar potential A0 = ϕ and vector
potential A. If the quaternary vector potential of polaritons is having A = constant
or slowly changing of A (i.e., stationary magnetic field), then Equation (6) reduces to
common Schrödinger equation with only one element (the scalar potential ϕ).

i~
∂ϕ(x, t)

∂t
=

[
− ~2

2m
∇2 + V̂

]
ϕ(x, t) = Ĥϕ(x, t) ∵ B(x, t) = rotA(x, t) ≈ 0,

E(x, t) = −gradϕ(x, t). (7)

The polariton’s motion is so slow that we can regard as about zero magnetic field, and
the quaternary solution nearly equals Aν = (ϕ, Constant A).

3. Kernels and Description. In our previous papers, we showed the equations between
kernels and wave functions, and they are based on the path integral of quantum theory
[13,14].

1) The solution ϕ of Equation (7) is given by kernel K(B,A) of ϕ, which is free propa-

gation of polariton (where, ϕ(A) is an initial condition): quaternary potential

i~
∂ϕ

∂t
= Ĥϕ⇒ ϕ(x, t) =

∫
K(B,A)ϕ(A)dA⇒ Aµ = (ϕ(x, t), constant Ac)

∵ B ≡ (x, t), A ≡ (x0, t0). (8)
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The characters A and B mean points of 3-dimensional space and time (space-time).
And A is an initial point of space-time and B is an end point. For the case of slow
changing or constant magnetic field, the Aµ reduces to one component’s function ϕ(x, t),
which is called scalar potential equation, and Ai becomes nearly to constant. So, we think
Equation (6) reduced to Equation (7), and finally we reach the expression of Equation (8)
by kernel K(B,A). The kernel K(B,A) of free polatriton is represented by Equation (9)

K(B,A) =

[
2πi~(t− t0)

m

]−1/2

exp

[
im(x− x0)

2

2~(t− t0)

]
= t⟨B|A⟩0. (9)

And the position B means

x(t) = x0 +
x− x0
t− t0

(t− t0). (10)

2) If kernel KC(B,A) can be separated into two parts at a relay’s point C, then the
KC(B,A)

KC(B,A) ≡ t⟨B|CA⟩0 =
∫
K(B,C)K(C,A)dC (11a)

is represented by path integral. If polariton has diffraction at point D, then we reach a
similar relation with slit width δ:

KC(B,A) ≡ t⟨B|CA⟩0 =
∫ δ

0

K(B,D)K(D,A)dD (11b)

Those kernels K(B,A) are governed by Schrödinger equation,

i~
∂K(B,A)

∂t
= ĤK(B,A). (12)

3) If state vector |ϕ(t)⟩ is projected into x-axis of coordinate, then wave function ϕ(x, t)
becomes

ϕ(x, t) ≡ ⟨x|ϕ(t)⟩, ∵ |ϕ(t)⟩ = U(t, t0)|ϕ(t0)⟩ (13)

with time developing unitary operator.
4) We substitute Equation (13) into Equation (8), and then the unitary operator U(t, t0)

is described by the same Schrödinger equation. Thus, the unitary operator

U(t, t0) = exp
(
−iĤ(t− t0)

/
~
)

(14)

is finally applied to K(B,A) and we have the expression of time development of kernel,

K(B,A) = t⟨B|A⟩0 =
⟨
B
∣∣∣Û(t, t0)∣∣∣A⟩ . (15)

5) The special type of kernel,

KC(B,A) = t⟨B|CA⟩t =
⟨
B
∣∣∣Û(t, tC)Û(tC , t)∣∣∣A⟩ (16)

is equal to this delta function at fixed time t, and we have∫
K(B,C)K(C,A)dC =

∫
t⟨B|C⟩tc⟨C|A⟩tdC = ⟨B|A⟩t = δ(x− x0)

∵
∫
dX|X⟩⟨X| = 1. (17)
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6) If polariton is scattered by general potentials V (for example, atomic structure or by
switch function S of electronic circuit) at point C, we have a similar scattering description
by Equation (15):

KC(B,A) ≡ t

⟨
B
∣∣∣ŜC

∣∣∣A⟩0 = ∫ K(B,C)S(C)K(C,A)dC

=

∫ ⟨
B
∣∣∣Û(t, tC)∣∣∣C⟩S(C)⟨C ∣∣∣Û(tC , t0)∣∣∣A⟩ dC. (18)

7) The scalar potential ϕ of polariton is one of the elements of quaternary Schrödinger
equation, and a time development state |ϕ(t)⟩ of the formal solution of Equation (8) is
obtained as follows:

|ϕ(t)⟩ = e−iĤt/~|ϕ(0)⟩. (19)

The completeness of the eigen-state vector |ψj(x, t)⟩ gives the kernel K(B,A) of proper
wave function ψj(x, t).

K(B,A) = t⟨B|A⟩0 =
∑
j

ψj(x)ψ
∗
j (x0) exp (−iEj(t− t0)) ∵ |ϕ(t)⟩ = e−iĤt/~|ϕ(0)⟩,∑

j

|ψj(x)⟩
⟨
ψ∗
j (x0)

∣∣ = 1, ⟨x|ϕ(t)⟩ = ϕ(x, t). (20)

8) The diffraction at point D by slit of width δ and the potential scattering at point C
are given by kernel KDC(B,A):

KDC(B,A) = t

⟨
B
∣∣∣ŜC

∣∣∣
D
A
⟩
0 =

∫
dDdCdEK(B,E)K(E,C)S(C)K(C,D)K(D,A)

=

∫ δ

0

∫
dCK(B,C)S(C)K(C,A). (21)

Thus, utilizing these tools, various classical neural networks can be re-written to the
quantum ones. And these expressions have dynamics and time developments of quantum
neural systems like conductions or motion of polariton.

4. Bayes’ Theory of Quantum Expression. We would like to show relations between
the classical Bayes’ theory and our quantum Bayes’ style. The Bayesian probability PCl is
defined as the ratio when an event AK (k = 1 ∼ N) arises. Then we obtained an ordinary
Bayes’ theorem:

PCl(AK |B) =
P (B|AK) · P (AK)

P (B)
, ∵ P (B) =

n∑
K

P (B|AK) · P (AK). (22)

The P (AK), an initial probability, is regarded as a probability of occurrence of event
A, and the P (B|AK) is a correspondence probability. And so, its meaning of probability
P (B|AK), represents a condition when an event AK is propagated to the state B. Then the
event AK takes place at an occurrence probability P (AK). So, the P (B|AK) is regarded
as classical propagator of probability P (AK). We commonly think that Equation (22) is
regarded as classical Bayes’ theorem. So we attempted to translate the classical theorem
into quantum description, and then we set a rule that the classical Bayes’ theorem should
be expressed if the expectation value of quantum operators is taken by an eigen state and
its value. The expectation value of quantum Maxwell equations (what we call quantum
electrodynamics) should be obeyed to classical Maxwell equation. Thus, both P (AK) and
P (B|AK) should be regarded as operators’ description of Maxwell equation, and so those
eigen functions have complex probability amplitudes. In order to re-interpret classical
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relations into quantum operators, we would like to show the simplest case of quantum
Bayes’ form. Notice that the form of quantum Bayes is given as Equation (23):⟨

AK

∣∣∣P̂ (A|B)
∣∣∣B⟩ ≡

⟨
B
∣∣∣P̂ (B|A) · P̂ (A)

∣∣∣AK

⟩
∑n

j

⟨
B
∣∣∣P̂ (B|A) · P̂ (A)

∣∣∣Aj

⟩ . (23)

We know that quantum expression is similar to classical Bayes’ ones except using ex-
pectation value; then, all probabilities’ relations are not c-numbers but q-numbers, what
is called, operators’ relationship in quantum Bayes’ theorem. Vector |AK⟩ is one of the
initial conditions, and the final state vector means |B⟩. We can reduce Equation (23) to
simplified expression by conditions being related to both initial and final state vectors.
And quantum neural networks have many axons and synapses with quantum interferences.
Calculating Equation (23), we introduce some rules of eigen state vectors, completeness
and orthonormality.

5. Quantum Bayes’ without Errors. The quantum state vector means that initial
state vector |AK⟩ converges at the final state vector |B⟩, and the each character βK is the
occurring probability-amplitude of the initial state vectors |AK⟩. The η̂ which corresponds

to P̂ (B|A) is the propagating operator (propagator), and it means a transition of states
from state A to state B. The η̂ determines the propagating conduction-rate of state vectors.
For obtaining the simpler expressions to Equation (23), we adopt state vectors concepts
of quantum mechanics. Thus, it is completeness for bra & ket vectors,

n∑
j

|Aj⟩⟨Aj| = 1. (24)

Utilizing Equation (24) and substituting it into Equation (23), we are able to rewrite
the numerator of Equation (23), and we obtain⟨

B
∣∣∣P̂ (B|A) · P̂ (A)

∣∣∣AK

⟩
=

n∑
j

⟨
B
∣∣∣P̂ (B|A)

∣∣∣Aj

⟩⟨
Aj

∣∣∣P̂ (A)∣∣∣AK

⟩
. (25)

We should note that the second term
⟨
Aj

∣∣∣P̂ (A)∣∣∣AK

⟩
of Equation (25) is the expec-

tation value of the occurring operator P̂ (A). We are able to name P̂ (A) as the occurring
operator. Then the state vector |AK⟩ transits to the other state vector |Aj⟩ by the

operator P̂ (A). Thus the total occurring amplitude from |AK⟩ to |Aj⟩ is written as⟨
Aj

∣∣∣P̂ (A)∣∣∣AK

⟩
.

The first term
⟨
B
∣∣∣P̂ (B|A)

∣∣∣Aj

⟩
of Equation (25) corresponds to the transitional and

propagator’s amplitude. To simplify those expressions, we set some rules. The initial
N -numbers’ vectors make a complete and orthogonal set {|AK⟩, k = 1, . . . , N}.

⟨Aj|AK⟩ = δjK . (26)

An arbitrary vector |M⟩ can be mathematically expanded by those initial vectors.

|M⟩ =
n∑
j

aj|Aj⟩. (27)

The initial state vectors |AK⟩ are in some pure states at start point t = 0, and then we
assume that those vectors are satisfied with eigen equations

P̂ (A)|Aj⟩ = βj|Aj⟩ ∵ P̂ (A) ≡ P̂ (x,−i~∂/∂x). (28)
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Even if signals or information are propagating their communication channels and those
processes are free from mistakes, we cannot escape the attenuation, exhaustion, dissipation
at various junctions (neuro-synaptic junction, etc.). So, a mixture of various states occurs
at final state |B⟩. If the propagating states are expressed as

P̂ (B|A)|Aj⟩ ≡ η̂(A)|Aj⟩ = ηj|Aj⟩ (29)

then both Equation (28) and Equation (29) tell us that those two operators P̂ (A) and η̂
are commutative to each other. The operator η̂ is called the propagator. So we know[

P̂ (A), η̂(A)
]
≡ P̂ η̂ − η̂P̂ = 0. (30)

And we should notice that final state vector |B⟩ is not in pure state but in a mixed
state, and then final state is given by superposition of initial pure states |AK⟩. We give an
expansion of the final state by using superposition of the initial state, |AK⟩. The mixed
state |B⟩,

|B⟩ =
n∑
j

Cj|Aj⟩ (31)

becomes summing up possible state vectors |AK⟩ by using Equation (27). Applying E-
quations (28) and (29) to Equation (25), the numerator of Equation (25) can be expressed
by a simple relation,⟨

B
∣∣∣P̂ (B|A)P̂ (A)

∣∣∣AK

⟩
=

n∑
j

⟨
B
∣∣∣P̂ (B|A)

∣∣∣Aj

⟩⟨
Aj

∣∣∣P̂ (A)∣∣∣AK

⟩
= C∗

KβKηK (32)

and the same procedure is practiced to the denominator of Equation (23), whose result is

n∑
K

⟨
B
∣∣∣P̂ (B|A)P̂ (A)

∣∣∣AK

⟩
=

n∑
K

⟨
B
∣∣∣P̂ (B|A)

∣∣∣AK

⟩
βK =

n∑
j

C∗
j βjηj. (33)

Finally, we obtain quantum Bayes’ form: it is not probability but probability amplitude.

⟨
AK

∣∣∣P̂ (A|B)
∣∣∣B⟩ =

⟨
B
∣∣∣P̂ (B|A) · P̂ (A)

∣∣∣AK

⟩
∑n

j

⟨
B
∣∣∣P̂ (B|A) · P̂ (A)

∣∣∣Aj

⟩ =
C∗

KβKηK∑n
j C

∗
j βjηj

. (34)

The above result, Equation (34) is almost similar to the classical calculation – Equation
(22); however, Equation (34) has complex coefficient CK whose complex number causes
an essential difference between the classical Bayes’ theorem and the quantum Bayes’ one
of Equation (34). So, the classical Bayes’ probability has real numbers, and on the other
hand, quantum Bayes’ form becomes complex numbers. Thus, the quantum Bayes’ form
applied for polaritons on neurons has a lot of interferences among polaritons and neural
networks. Equation (34) shows polaritons to possess the phase and complex numbers,
which mean to arise quantum effect interferences and probability amplitude. However, the
classical Bayes’ form has real numbers which directly mean the probability or probability
density, and the real values cannot cause the interferences between each neuron. We
would like to develop the calculation of Equation (34) by using wave function. The state
vector |AK⟩ obeys Equation (8),

i~
∂

∂t
⟨xK |AK⟩ = Ĥ ⟨xK |AK⟩ ⇒ ϕK(xK , tK) ≡ ⟨xK |AK⟩ . (35)
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Performing some calculations, finally we reach quantum Bayes’ interference:

PQ(AK |B) =
P (B|AK) · P (AK){∑n

j P (B|Aj) · P (Aj)
}
· (1 +N +M +MN)

Re(Z) =
n∑

j>K

Re
[
β∗
jβKη

∗
j ηK · exp i (θj − θK)

]
N ≡ −

n∑
j ̸=K

|βjηj| · |βKηK |

/(
n∑
K

|βKηK |

)2

, M ≡ Re(Z)∑n
j |βj|

2 |ηj|2

|βK | → P (AK), |ηK | → P (AK |B)

⟨x|B⟩ =
n∑
j

1√
n
⟨x|Aj⟩ · exp(iθj), ⟨x|Aj⟩ =

1√
2π~

exp

(
− i

~
(pjx− Ejtj)

)
. (36)

This is written as similar to classical Bayes’ expression except the term of Re(Z), N
and M . So the additional terms N and M are effects of the quantum interferences. All
pure states are mixing each other, and the new mixed state |B⟩ is generated at the above
junction regions. If we apply Equation (36) for quantum neural networks, the mixed state
|B⟩ represents the states of an information around neuro-synaptic junctions, or each of
axon’s interferences (or cables of artificial neurons, ephapse). We would like to obtain
the entropy of both occurrence probabilities of the classical case and quantum one, since
entropy is one of the most important elements of information theory. Both of the classical
occurring probability and the propagating probability have their values of real numbers
P (AK) and of non-negative ones P (B|AK). On the other hand, quantum case does not
mean direct probability, but the quantum form corresponds to the eigen values of operator
P̂ (A) and P̂ (B|A), and their counter probability amplitudes, βK and ηK . The P̂ (B|A)
shows concepts of the occurrence probabilities of events, quantum occurring operators,
and aspects of the propagation of the probabilities, and its quantum version of network’s
path (they are really communication paths or axons). When the occurrence probability is
P (AK) at point AK , and the information propagates from AK to B, the entropy is defined
as

H(B|AK) = −P (AK)P (B|AK) log2 P (AK)P (B|AK). (37)

Thus, total entropy from all of A to B is given as

H(B|A) = −
n∑
k

αkλk log2(αkλk) ∵ αk ≡ P (Ak), λk ≡ P (B|Ak). (38)

If we pay only attention to occurrence probability, its entropy is calculated by the result:

H(A) = −
n∑
k

αk log2 αk. (39)

It should be noticed that the αK is the positive real number. However, the amplitude
of entropy of quantum system σq(B|AK), which is not always real number, is defined as

σq(B|AK) ≡
⟨
B
∣∣∣P̂ (B|A)P̂ (A) · log

(
P̂ (B|A)P̂ (A)

)∣∣∣AK

⟩
(40)

= −
n∑
j

⟨
B
∣∣∣P̂ (B|A)P̂ (B|A)

∣∣∣Aj

⟩
·
⟨
Aj

∣∣∣log{P̂ (B|A)P̂ (A)
}∣∣∣AK

⟩
= −C∗

KβKηK · log2(βKηK),



QUANTUM EXPRESSION OF NEURAL NETWORK AND CIRCUITS 981

by using eigen-state vectors, Equations (28) and (29), and taking an expectation’s value
of operators. Moreover, the amplitude of entropy for AK is σq(AK) which is related to
the state AK :

σq(AK) ≡ −
⟨
Aj

∣∣∣P̂ (A) log2 {P̂ (A)}∣∣∣AK

⟩
δjK = − |βK | eiγK

(
log2 |βK |+ log2 e

iγK
)

∵ −π ≤ Im(βK) ≤ π, arg(βK) = γK (41)

by using eigen-state vectors, Equations (30) and (31) and the operations of expectation
values. Then the entropy of the occurrence of quantum system, Hq(AK) for AK , is written
as

Hq(AK) ≡ −
[
σ∗
q (AK)σq(AK)

]1/2
= −|βK | ·

{
(log2 |βK |)

2 + (γK/ ln 2)
2
}1/2

= −(1 + JK) · P (AK) log2 P (AK) ∵ JK ≡ 1.041γ2K
(log2 |βK |)2

. (42)

We sum up the entropy of each pure state to obtain the total entropy of probabilities:

HTq(AK) = −
n∑
K

|βK | ·
{
(log2 |βK |)

2 + (γK/ ln 2)
2
}1/2

≈ −
n∑
K

(1 + JK) · P (AK) log2 P (AK). (43)

Comparing the above result of Equation (43) with the classical result of Equation (39),
we immediately find the JK-term to be added to P (AK) log2 P (AK) whose additional
term is directly generated by a phase of the wave function of the AK , and the phase
affects the occurring probability, and it gives rise to an interference, reflexive interaction
and transitional action. However, if both operators, P̂ (AK) and P̂ (B|AK), are Hermitian
and the counter states belong to their pure states, then their eigen values become real
numbers since their phase γK reduces to zero. Thus, the quantum results of Equation
(43) perfectly coincides with the classical case of Equation (39). Using those relations for
Equation (40), the total entropy amplitude of the final state |B⟩ is given as σTq(B|AK),
which is not pure state but it is clearly the mixed state superposed by many pure states:
the σTq(B|AK) is

σTq(B|A) = −
n∑
K

σq(B|AK) = −
n∑
K

C∗
KβKηK · log2(βKηK). (44)

Finally, the total entropy is calculated by those equations, and we obtain the final result
of the quantum expression corresponding to classical relation (38):

HTq(B|A) = −

[
n∑
K

σ∗
Tq(B|AK)σTq(B|AK)

]1/2

= −
n∑
K

|CK | · |βKηK | · log2 |βKηK | (1 +D) (1 +B + E)

D = −
∑n

J ̸=K |CJCKβJβKηJηK | log2 |βKηK | · log2 |βJηJ |
(
∑n

J |CJβJηJ | · log2 |βJηJ |)
2 ,

∵ βK = |βK | eiγK , ηK = |ηK | eiδK

B =
(
∑n

K τK log2 e)
2∑n

K |C∗
KβKηK |

2 · (log2 |βKηK |)
2 , E =

∑n
J>K Re(WJ,K)∑n

K |C∗
KβKηK |

2 (log2 |βKηK |)
2 . (45)
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It should be noticed that entropy of the quantum system has a lot of complex ad-
ditional terms whose effects arise from much interference and a mixture of pure states.
Comparing Equation (45) with classical entropy Equation (39), we find the same term,
P (B|A)P (A) log2 P (B|A)P (A) which means classical effect, and the other residual terms
are corresponding to much interference of quantum system. Considering both result Equa-
tion (42) and Equation (45), we conclude that generally the entropy of quantum system is
greater than that of the classical system since the other residual terms are additional and
non-negative. Thus, the quantum interference between pure states makes out an increase
of entropy larger than the case of the classical system.

6. Multi Channels and Steps with Errors. We reported quantum channel and those
steps without noise and its related Bayes’ theory [18,20], and in this section, we can
start discussing these quantum machines with multi channels with errors. Now we can
imagine two types of channels, one is a classical system and the other means quantum
one. Moreover, we have discussed a type model, which had multi-inputs |AK⟩ and single
output |B⟩.
We would like to expand the above model to a kind of multi-outputs |BS⟩model. Figure

1 means that this quantum system has multi-initial states and single output. On the other
hand, Figure 2 is multi-outputs’ system.

Figure 1. Single output system Figure 2. Multi-output system

We showed the results of quantum Bayes’ form of the entropy and his quantum Bayes’
calculations as shown in Section 5. Now, we would like to expand to systems of multi-
inputs & multi-outputs channels (quantum machines) with errors. The quantum machines
are not problem whether its systems are single output channel or not. Consequently,
quantum machines are acquired by translating these probabilities into the corresponding
quantum operators, for example, operators, P̂ (AS) (generally P̂ (A)) and P̂ (Bj|AS). After
all, a classical event AS corresponds to a state vector |AS⟩ in quantum machine. From
the previous section, the simplest multi quantum channels and steps are described by
Equation (46). ⟨

AK

∣∣∣P̂ (A|B)
∣∣∣Bj

⟩
≡

⟨
Bj

∣∣∣P̂ (B|A) · P̂ (A)
∣∣∣AK

⟩
∑n

j

⟨
Bj

∣∣∣P̂ (B|A) · P̂ (A)
∣∣∣Aj

⟩ . (46)

We introduce both classical and quantum expressions of error’s propagating probability
into our quantum case Equation (46) or classical Equation (23). The classical case is the
probability of real number, which is described as probabilty 1− P (Bj|AS). On the other
hand, quantum one is not real probability but it means the operator for probability
amplitude 1 − P̂ (Bj|AS). Thus, we define the similar rules to simplify our quantum
machine.
1) Base set: the state vectors |AS⟩, (s = 1 ∼ n) make a complete set, and they are in

pure state. State vectors |Bj⟩, (j = 1 ∼ q) are not in pure states, but they belong to the
mixed states of all pure states |AS⟩.



QUANTUM EXPRESSION OF NEURAL NETWORK AND CIRCUITS 983

2) Orthonormality of base set: the pure state vectors have an orthonormality.

⟨Aj(tj)|AK(tK)⟩ = δjKδ(tj − ts). (47)

3) As for eigen function, eigen state, and propagating operators, an emergence proba-
bility of AS makes eigen state.

P̂ (A)|Aj⟩ = βj|Aj⟩. (48)

The propagating operators of probability, in quantum channels, with errors or with
correct: If the correct propagator of probability of the state |AS⟩ is 1 − P̂ (Bj|AS), then

the error probability’s operator state |AS⟩ becomes 1 − P̂ (Bj|AS). If we have p correct
channels, the rest (n-p) is in the wrong. We define the correct and wrong propagating
case.

a) Correct case:

P̂ (B|A)|Aj⟩ ≡ η̂(A)|Aj⟩ = ξjηj|Aj⟩, 1 ≤ j ≤ p (49)

b) Wrong case: {
1− P̂ (B|A)

}
|Aj⟩ ≡ η̂w(A)|Aj⟩ = ξj(1− ηj)|Aj⟩. (50)

The operator η̂ ordinary conveys probability amplitude of correct information, and so
the ξ means conduction-rate of propagating processes. However, it sometimes fails to
transmit the correct information from |AS⟩ to |Bj⟩. If we assume that the p numbers’
channels are in correct states and the other (n-p) channels have the wrong signals, we can
define two cases. One is the correct case and the other corresponds to the wrong case. Our
propagating operator of neuron model is having four effects, which are neural conductions,
ephapse among axons, thermal noise, and interferences at synaptic junction. And errors
are caused by various quantum interference and noise. Thus, the correct propagating
operators η̂(A) should be composed of those factors:

η(A) = (neural conduction)+(ephapse)+(noise & attenuation)+(synaptic interferences).

4) Each final state |Bj⟩, (j = 1 ∼ q) is given as summing up pure initial states. Thus,
each |Bj⟩, is mixed and superposed by many pure states |AS⟩. So, we are able to expand
the final mixed states by using n-numbers bases of each orthonormal pure state. Then we
have descriptions of each final state. Each final state of B is expressed as superposition:

|Bj⟩ =
q∑
s

Cj
s |As⟩, 1 ≤ j ≤ q. (51)

If we assume that the p numbers’ channels are in correct and the others (n-p) are in
wrong state, then finally Equation (46) is written down by Equations (47)-(50). We obtain
Equation (52)

PQ(As|Bj) =

∣∣C∗j
s=1βsξsηs

∣∣(∣∣∑p
s=1C

∗j
s=1βsξsηs

∣∣2 + ∣∣∑n−p
s=1 C

∗j
p+sβp+sξp+s(1− ηp+s)

∣∣2 + Zq

)1/2
Zq ≡

(
p∑

s=1

C∗j
s=1βsξsηs

)
·

(
n−p∑
s=1

C∗j
p+sβp+sξp+s(1− ηp+s)

)
, (52)

where Zq means quantum fluctuations between correct channels and wrong ones. So,
we can obtain amplitude of entropy σtA(Bj|A) for all paths from an initial state AS,
(s = 1 ∼ n) to final state Bj, (j = 1 ∼ q). Thus, we reach total probability amplitude of
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entropy σ(B|A) for mixed vectors of all final state Bj. An amplitude of entropy σ(B|A)
becomes with Equation (23), so we can easily calculate the amplitude of entropy σtA(Bj|A)

σtA(Bj|A) ≡
n∑
s

σ(Bj|As) =
⟨
Bj

∣∣∣P̂ (B|A)P̂ (A) · log
(
P̂ (B|A)P̂ (A)

)∣∣∣As

⟩
= −

p∑
s=1

C∗j
s βsξsηs · log2(βsηs)−

n−p∑
s=1

C∗j
p+sβp+sξp+sη̄p+s · log2(βp+sη̄p+s)

∵ η̄p+q ≡ 1− ηp+s. (53)

Finally, total amplitude of σ(B|A) becomes

σ(B|A) ≡
q∑
j

σtA(Bj|A)

= −
q∑
j

(
p∑

s=1

C∗j
s βsξsηs · log2(βsηs)

)

−
q∑
j

(
n−p∑
s=1

C∗j
p+sβp+sξp+sη̄p+s · log2 (βp+sη̄p+s)

)
, (54)

where ξ means a conduction-rate of propagating processes. The total entropy H(B|A),
not complex amplitude, from state A to state B is given as

H(B|A) ≡ − [σ∗(B|A) · σ(B|A)]1/2

= Abs

{
q∑
j

(
p∑

s=1

C∗j
s βsξsηs · log2(βsηs)

)

+

q∑
j

(
n−p∑
s=1

C∗j
p+sβp+sξp+sη̄p+s · log2 (βp+sη̄p+s)

)}
. (55)

From Equation (55), we notice that there are quantum interference between correct
channels and wrong ones. Those two kinds of channels mix each other, and they build
mixed state.

7. Differences and Similarities. We have discussed Bayesian theorem, descriptions of
entropy and multi-channel propagators based on both classical and quantum information
theory. Theme of entropy, propagation of information and probability are start points
of information theory, and belong to a part of fundamental concepts. We showed these
contents by two ways: the one is in terms of classical and well-known method, and the
other is quantum description.
However, the differences between classical and quantum rules are whether quantum

fluctuation and interferences are included in the mechanical systems. Quantum systems
have these fluctuations and their interferences. The classical ones do not have these
fluctuations and interferences, which are excluded by standardizing these physical char-
acteristics.
In this section, we intend to mention between the differences of these two neurons,

and refer to formal similarities of the two systems [18]. And we should be noticed that
classical systems are special limits of quantum ones, and essentially all systems should
be expressed by quantum language. So, we are able to express that the classical systems



QUANTUM EXPRESSION OF NEURAL NETWORK AND CIRCUITS 985

almost imitate quantum ones. For example, one of the classical networks is represented
as following equations:

UK =
N∑
j

WKjXj − hj (56)

where inputs signal is Xj (j = 1 ∼ N), weight is WKJ which means to be added to the
K-th neuron. The UK is output of the K-th neuron. As you know, the output of K-th
neuron YK is described as

YK = f(UK) =
1

1 + exp(−aUK)
(57)

with control function f(X) and UK . The imitated quantum system has mathematical
similar forms with state vectors and wave function: the state vector

∣∣AB
K(t)

⟩
is written as

∣∣AB
K(t)

⟩
=

N∑
j

CKj(t) |Aj(t)⟩ =
N∑
j

{
CKj(t) exp

(
−iεjt
~

)
|Aj⟩ − hj|Aj(0)⟩

}
,

∵ |Aj(0)⟩ = const. (58)

The weight CKj (coefficient) is of superposition of the state vector |Aj(t)⟩, and
∣∣AB

K(t)
⟩

is the final state vector and it corresponds to the potential term UK of classical system.
So, if we project these state vectors of Equation (58) on coordinate space x, then we obtain
normal coordinate expression. It should be noticed that the quantum UK , whose meaning
is ΦK in quantum language, is described by superposition of many wave functions. The
constant wave function CK0 plays a role of threshold value in classical system. So we have
Equation (59), which is projection to a coordinate system

ΦK =
⟨
x
∣∣AB

K(t)
⟩
=

N∑
j

CKj(t) ⟨x|Aj(t)⟩ − hjCj0

=
N∑
j

CKj(t) exp

(
−iεjt
~

)
⟨x|Aj⟩ − hjCj0

=
N∑
j

{
CKj(t) exp

(
−i(px+ εjt)

~

)
− hjCj0

}
, ∵ Cj0 = ⟨x|Aj(0)⟩ . (59)

Thus, the quantum controlled output ΨK , which is the controlled wave function, is
expressed as

ΨK = f(ΦK) =
1

1 + exp(−aΦK)
. (60)

Then, both classical and quantum control expressions are so similar to each other. How-
ever, the essential differences are whether the interferences and fluctuations are included
or not. Quantum system has interferences, superposition, fluctuations and probability
amplitude because of complex number. On the other hand, classical one does not have
them. We should notice that if we pay attention to similarities of both systems, we are
able to re-write easily the classical control function into quantum expression with replac-
ing UK and YK into ΦK and ΨK . This similarity is convenient merit because we are able
to utilize our most knowledge of classical systems.

We point out the second similarity and difference: We would like to refer to thermal
noises between classical signals and quantum ones (examples: polariton, photon, quantum
particle).
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The thermal noise is against neural conduction of electric signals, and heart is a kind
of troublesome electric current being called noise current. J. B. Johnson, as you know,
found out the noise electric current by observations of some resistors. The noise currents
are called thermal noises and hot resisters generate noise power. The most of the noise
power is described as

N = kBTW. (61)

kB is Boltzmann constant, and T is absolute temperature. The symbol W means the
bandwidth of noise in cycles per second. The noise determines the power required to send
messages (conduct on axon). When we transmit information C bits/s, the signal power
P should be related to noise power N . C is

C =W log

(
1 + P

N

)
= W log

(
1 + P

kBTW

)
. (62)

If the P/kBTW becomes very small compared with unity then

P = 0.693kBTC. (63)

Equation (64) shows that we utilize very wide bandwidth, and we spend at least its
power 0.693kBT joule/s to send 1 bit/s. At 300 Kelvin, the signal power becomes 1.7×10−2

eV (per/s)/(bit/s) as shown in Equation (63). At T = 300 K, the thermal noise energy
is almost estimated,

3/2kBT = 6.3× 10−21 J = 3.9× 10−2 eV. (64)

It should be noticed that the value of the thermal noise 3.9 × 10−2 eV is lager than
that of 0.639kBT , 1.7 × 10−2 eV (per/s)/(bit/s). In classical mechanics, the energy of
particles should be larger than that of the thermal noise to convey the information of
neuron. However, quantum particle’s polariton obeys to quantum rules, and we should
re-write classical form Equation (62) into quantum ones. Herry Nyquist gave relations
between thermal noise and all frequencies of light. He mentioned that the thermal noise
with bandwidth Wi was described as

Ni =
~ωiWi

exp (~ωi/kBT )− 1
. (65)

Then the most noise power Ni is given as

Ni ≈ x(1 + x+ x2 + · · · )~ωiWi =

[
~ωi

kBT
exp

(
− ~ωi

kBT

)]
kBTWi, x ≡ exp

(
− ~ωi

kBT

)
.

(66)
We take sum of the suffix i and calculate the average of Equation (66) according to

statistical mechanics.

⟨Ni⟩ = ⟨riWi⟩kBT, ⟨riWi⟩ =
∑
i

Wi

[
~ωi

kBT
exp

(
− ~ωi

kBT

)]
. (67)

If all Wi are the same values and the average ri is nearly to 1, then Equation (67)
becomes

⟨N⟩ = ⟨ri⟩kBTW ⇒ ⟨N⟩ = kBTW. (68)

It should be noticed that Equation (68) is quantum description, and Equation (62) is
classical one. Both forms of these two equations are so much similar to each; however, the
classical form Equation (7) has only the value at low frequency. The energy per polariton
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is hν, and ideally the energy per bit is 0.639kBT . We are able to estimate amount of
information which polariton conveys at 300 Kelvin.

~ω
0.693kBT

= 2.31× 10−3ν (bits/polariton). (69)

If we can use frequency of thermal noise, then the polariton carries amount of infor-
mation, 9.38 × 1012 bits/polariton, at 300 Kelvin. We would like to propose the third
example, which is similarities and differences between fuzzy set theory and quantum sys-
tem [18]. To simplify these problems, we take up a fuzzy probability of dice. The Set X
is defined as the set of numbers of dice:

Set X = {1, 2, 3, 4, 5, 6}. (70)

The value of Set X is expressed to be nearly equal to 6, which is called as fuzzy
probability PE(≈ 6). If membership function A(X) is defined as A(1) = 0, A(2) = 0.1,
A(3) = 0.3, A(4) = 0.6, A(5) = 0.9, A(6) = 1, then we obtain the fuzzy probability

PE(≈ 6) = A(1)P (1) + A(2)P (2) + A(3)P (3) + A(4)P (4) + A(5)P (5) + A(6)P (6). (71)

Expanding this fuzzy probability to continuous probability variable X, we can give an
expression to the fuzzy probability PE(X) with membership function F (X) and proba-
bility density

ρJ(X) : PE(≈ XJ) =

∫
all X

ρJ(X)FJ(X)dX. (72)

So, it is definition of fuzzy probability. On the other hand, expectation value of quantum
mechanics is described as

⟨FJ⟩ =
∫
ψ∗
J(X)FJ(X)ψJ(X)dX. (73)

It should be noticed that Equation (72) is the expression of fuzzy probability, and the
other equation Equation (73) means quantum expectation value of the physical observable
FJ . When we compare Equation (72) with Equation (73), immediately we recognized that
both equations are so much similar to each other. The probability density and the mem-
bership function correspond to quantum probability density ψ∗(X)ψ(X) and the physical
observable Fj(X). However, the fuzzy probability is described with real number: Both
membership function and probability density are real number. Generally, the probability
amplitude ψ(X) and the physical observable are often complex number, but the results
of calculation should be real number. We never encounter complex number under its
calculation process on fuzzy probability. Expectation value of quantum mechanics is es-
sentially different from fuzzy probability except similarity of each other form. We assume
that ψ = exp(−ikX) is plane wave and we adopt its complex conjugate wave function
ψ = exp(ik+∆k)X with slight differences of momentum. So, we take momentum operator
Fj(X), and then its expectation value becomes

⟨FJ(≈ XJ)⟩ =
∫
Pρ(X)FJ(X)dX =

∫
Ψ∗(X)FJ(X)Ψ(X)dX

=

∫
eikX

(
−i~ d

dX

)
e−i(k+∆k)XdX = −

∫ ∞

−∞
e−i∆kX · ~(k +∆k)dX

= −2πδ(∆k) · ~(k +∆k), (74)

where δ(∆k), which has much sharp function, is named as Dirac delta function. We
perform an integral to Equation (74) at near to zero, and then we obtain the following
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result: ∫
⟨FJ⟩d(∆k) = −

∫ ε

−ε

2πδ(∆k) · ~(k +∆k) · d(∆k) = −2π~k. (75)

We should pay attention to this result to have the finite value. On the other hand, the
calculation of Equation (72) sometimes becomes infinite value or zero. If we adopt real
function ψ(X) = cos(kX), ψ(X) = cos {((k +∆k)X)} and momentum operator i~d/dX,
then the fuzzy probability

PE(≈ XJ) =

∫
all X

Pρ(X)FJ(X)dX =

∫ ∞

−∞
cos(kX) ·

(
i~

d

dX

)
cos(k +∆k)XdX

= ~2
∫ ∞

−∞
cos(kX) · (k +∆k) sin{(k +∆k)X}dX = 0. (76)

If the above membership takes following conditions
1) AX +B (−B/A ≤ X ≤ 0)
2) −AX +B (0 ≤ X ≤ B/A)
3) 0 (|X| > B/A),

where both A and B are positive numbers, we know that the fuzzy probability becomes
divergence in limit of ∆k → 0. If ∆k is not near to zero, then we can obtain zero fuzzy
probability. We think that these two cases are not significant under long-range integrals.
Thus, if we take complex probability amplitude ψ(X) in fuzzy probability, we will be able
to reach quantum mechanical expectation or complex fuzzy theory in order to prevent
the insignificant results.

8. Summary and Conclusion. We, at first, showed an equation of polariton motion
based on Proca equation. And we have reduced Proca equation to quaternary Schrödinger
equation. However, we can obtain the scalar potential ϕ by ignoring vector potential A,
if polariton’s mass is so large and its propagating speed is so small. Interference among
many neurons is described by path integrals, instead of wave equations, and the method
of path integral is closely related to the propagation of polaritons. And then we have
compared classical Bayesian theorem with quantum Bayes’ cases. The quantum Bayes
rule is given as operator’s relation (q-number), though the classical Bayesian theorem is
described by c-number’s equation and the observable values are real number. An essential
difference between the quantum description and the classical one in the Bayesian theorem
is whether the incidental probability and the propagating probability take complex num-
bers or not. So, the classic system is related to the real number, which always directly
means the probability. On the other hand, the quantum mechanical values are closely
connected to complex number; however, the physical observable are always real number.
So, it is said that physical quantities (momentum, Hamiltonian, potential, propagators,
etc.) are always expressed as operators or probability amplitude; however, these observed
physical values always should be probability of real number. For example, its wave func-
tion describes the probability amplitude, which always takes complex number, and so the
probability is given as absolute values of the probability amplitude. Then, probability
amplitude is complex number, but probability is real number. Thus, quantum Bayes’ rule
includes much interference among each quantum state. However, there is not interference
in the classical Bayesian theorem. Then, the result of the quantum Bayes’ form is equal
to that of the classical Bayes’ theorem, if it were not for the interferences among each
quantum state. That result means that pure states are changed into many mixed states
by interactions, interferences and potential scatterings. We calculated values of entropy
by both types, which were classical system and quantum one. The quantum entropy,
which is compared with classical one, has much interference term, and each interference
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is combined with many states so as to make up new mixed states as well as quantum
Bayes’ theory. The quantum neurons can control their networks as the classical networks
do. The only difference between both networks is whether there are interferences between
each path or not. And the common probability density is governed by Fokker-Planck
equation with the scalar density function ϕ; however, the wave function of the polariton
should be essentially described by the quaternary Schrödinger equation Aµ(ϕ,A), except
the slow change of magnetic field (i.e., vector potential A is almost constant). If A is near
to zero then the polariton obeys the ordinary Schrödinger equation with only an electric
field.

We showed some similarities and differences between classical systems and quantum
ones. Both classical and quantum control expressions are so much similar to each oth-
er; however, the essential differences are whether the interferences are included or not.
Quantum system has interferences, superposition and probability amplitude because of
complex number. On the other hand, classical one does not have them. We should notice
that if we pay attention to similarities of both systems, we are able to re-write easily the
classical control function into quantum expression with replacing UK and YK into ΦK and
ΨK . So, we mentioned relations between the classical noise theory (J. B. Johnson) and
Herry Nyquist theorem. The classical theory gives correct results under low frequency,
and the limits of quantum systems gain on classical ones when the frequencies are increas-
ing. If we almost utilize the frequency of thermal noise, we see that the polariton carries
amount of information, 9.38× 1012 bits/polariton, at room temperatures.

The form of fuzzy probabilities is similar to that of quantum mechanics. If we are
able to find motion of equation, like as equations of membership function or equations
of probability density, we recognize that both systems come to have more similarities.
The both probability amplitude and the observable are almost complex variable, and
their expectation values should be real number. On the other hand, parts of classical
equations are essentially real number in classical systems. Thus, quantum systems have a
tendency to converge to some value, when we perform integral. However, the classical ones
sometimes go to zero or divergence. We would like to propose a kind of complex fuzzy
system (or complex neural net works). Both systems (i.e., fuzzy system and quantum
system) have something in common on these shapes.

If we can give the time-development equations, prescriptions, interferences and super-
position to the real fuzzy system, then the real fuzzy system has complex variables and
the fuzzy neural system becomes more similar to quantum calculation process of brain
functions. One day in future, we expect that some parts of brain functions and its net-
works are able to describe with methods of complex fuzzy neural networks or quantum
fuzzy processes.
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