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Abstract. With the adoption of the damage tolerance design principle, the health monitoring system has become an integral part of the operation of engineering structures. For
the system to work, a damage indicator that describes the structural integrity level should
be established and monitored. The damage indicator is usually derived from structural
responses. Many quantities have been proposed for damage indicator including natural
frequency, mode shape, curvature, strain energy, and t-, F -, and z-statistics. In this paper, we propose a new damage indicator in the time and frequency domains derived from
the Euler-Bernoulli beam theory. We evaluate the method by using data obtained from a
numerical simulation of a cracked beam. The beam deformation is nonlinear due to the
contact between the crack faces during vibration. The proposed damage index is estimated
in the domains for various observation points on the beam. Besides, the existence of the
crack is also predicted by the widely used traditional method based on the change of the
natural frequency and mode shape. A comparison is made between the present method
and the existing ones. We conclude the present proposal is more sensitive to detect the
crack.
Keywords: Euler-Bernoulli beam, Structural health monitoring, Damage indicator,
Natural frequency, Finite element method

1. Introduction. Structural Health Monitoring (SHM) is a system integrating many
subsystems including a subsystem of sensors and data acquisition, a subsystem of information and communication technology, a database subsystem, and a structural management
subsystem. The system is essential to provide the guarantee of safe and reliable operation
of engineering systems. It allows us to monitor the integrity of engineering structures in
real time; hence, the potentially catastrophic failures can be avoided. The use of the SHM
system has been evaluated for various engineering structures including bridges [1–7] and
airplanes [8–11]. Those required subsystems are interrelated to set up a complete SHM
system as illustrated in Figure 1 [12]. The component that labeled ‘On-bridge’ can be
considered to be for any engineering structure of interest.
In general, the SHM system works by relating structural deformation data, structural
integrity, and machine learning algorithms. Features derived from structural deformation
data are crucial for the system to assess structural integrity. So far, the most popular
features are the structural natural frequencies and mode shapes [5,13–18]. Those features
can simply be reduced from the deformation data. Those indicators are useful despite their
limitations. Natural frequency and mode shape are good indicators. Natural frequency is
global as damage at any point on a structure affects the indicator. However, when small
DOI: 10.24507/ijicic.16.05.1579
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Figure 1. The architecture of structural health monitoring system: PIMS
= Portable Inspection and Maintenance Subsystem; SS = Sensor Subsystem; DATS = Data Acquisition and Transmission Subsystem; PDAS =
Portable Data Acquisition System; DPCS = Data Processing and Control
Subsystem; DMS = Data Management Subsystem; SES = Structural Evaluation Subsystem [12]
damage instantiates, natural frequency often only changes slightly, hardly detectable.
Mode shape is also global, but the measurement at several points is required to establish
the indicator. Vibration curvature and elastic energy possess similar characteristics. The
power spectral density can hardly differentiate the healthy condition from the damaged
condition when the damage level is small as pointed out by [19].
The flow of information and assessment of the structural integrity occurs with the following sequence. The flow is all started from the sensor subsystem, labeled with SS.
Generally, the subsystem consists of sensors for structural responses such as strain, acceleration, or displacement. The information is acquired and recorded temporarily by
the Data Acquisition and Transmission Subsystem (DATS). An additional system called
Portable Inspection and Maintenance Subsystem (PIMS) may also be incorporated.
The second major component is labeled ‘Central Control Office’, consisting of subsystems of Data Processing and Control Subsystem (DPCS), Data Management Subsystem
(DMS), and Structural Evaluation Subsystem (SES). The latter subsystem is one of the
most critical subsystems that translates the structural response data to structural integrity level, and damage location and level. The subsystem reduces the response data into
features that are sensitive to structural damages for both location and level.
As for the damage sensitive features, many research papers have considered the structural natural frequencies and mode shapes [5, 13–18]. Many recent publications proposed
machine learning techniques for SHM [9, 10, 20–27]. Also, the structural curvature, elastic energy, and power spectral density during vibration are widely used. Although each
feature has its benefits and limitations, it is generally accepted that the detection is only
possible when the damage has reached a certain level [19]. Lately, many machine learning
techniques have been evaluated for SHM applications [9, 10, 20–27]. However, two major
journals in the field, Journal of Mechanical Systems and Signal Processing and Journal of
Sound and Vibration, put forward the remarks regarding the trend. They consider that
applying machine learning only to solving mechanical system problems without applying
sound engineering principles is insufficient to justify publication.
The methods proposed for damage detection by each of the above references are briefly
and concisely described as the following. [13] proposed a 3-layer Artificial Neural Network
(ANN) model with inputting a vector consisting of the structural natural frequencies
and mode shapes and outputting a vector consisting of damage severities on structural
joints. [5] proposed a clustering method where the damage sensitive features were the
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impulse response function projected to a few dominant eigenvectors. The vectors were
obtained from the covariance matrix of the impulse response function. [14] proposed the
COordinate Modal Assurance Criterion (COMAC) and modal strain energy. [15] proposed
the change of the Frequency Response Functions (FRF) between two states: healthy and
damaged. The change was measured by the difference and correlation of FRFs. [16]
and [17] proposed the use of the wavelet transform on the structural response data. [18]
and [19] proposed the use of the Power Spectral Density (PSD). [20] proposed a backpropagation feed-forward neural network to predict the crack length on a lap joint based
on inputs of the strains at many measurement points. The strains were approximated with
the first 20 terms of the Fourier series. Furthermore, the Fourier coefficients were reduced
into six principal components, which were used as the input vector of the ANN model. [21]
proposed ANN models in the hierarchy for crack characterization and its location. [22]
addressed the problem in [21] by using support vector machine.
In our perspective, machine learning techniques are applicable when a large size dataset
is available. For SHM, where structural data in healthy and damaged conditions are required, the existing data are usually limited. Those who proposed machine learning techniques were using data from engineering simulations that often require many assumptions
and do not entirely resemble the actual engineering structures.
A new and better indicator is required. It should be more sensitive to damage, require a
minimum amount of data, and be easily measured. This paper addresses those issues. In
this work, we propose a new damage sensitive index in the time and frequency domains.
We derive the feature from the structural governing dynamics and are expected to be
more sensitive to damage than the existing technique. Traditionally, in the design phase
of engineering structures, the structural governing dynamics are only utilized to estimate
deformation and stress, making sure structures can be operated safely. In operation, the
governing dynamics are being used to estimate the loads subjected to the structures,
making sure that structures are not subjected beyond their critical loads. Thus, this
paper offers a new application of the structural governing dynamics that is for monitoring
of structural integrity. In this paper, we demonstrate the index by analyzing a cracked
beam specimen and compare the results with that by using the natural frequency method.
The method is evaluated on a beam structure with a breathing crack. The problem is
more complex because the structural responses may be nonlinear due to the potential
interaction between the crack faces during vibration. The index was evaluated on a
Euler-Bernoulli beam with damage smeared uniformly in the structure in [28] and on an
idealized system in [29].
It proposes an indicator developed based on our understanding of the theory regarding
the strength of materials. An initial assessment of the method applied to a spring-mass
system is presented in [29].
We structure the paper as the following. Section 2, Research Method, describes the
derivation of the damage indicator and the method to generate sample data where the
indicator is empirically evaluated. Section 3, Results and Discussion, presents the results
of the computed damage indicator. In this section, we also compare with the results
of natural frequency method. Finally, in Section 4, Conclusion, we conclude the most
essential aspects contributed by this research.
2. Research Method. By this paper, we wish to propose a new damage indicator for
structural health monitoring that is derived from our understanding of the structural
dynamics in intact condition. We limit our discussion to the case of a two-dimensional
beam structure. However, we believe the idea is generally applicable to the engineering
structure in general. We have assessed the idea of using the governing dynamics of the
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structure for monitoring the structure condition in a few engineering cases. In [29, 30],
we evaluated the index in an idealized condition where the engineering structure was
simplified as a system of a set of springs and masses. In [28, 31], we evaluated the index
for monitoring damage in a beam structural member where the damage was considered
occurring uniformly across a beam section. The present paper also considers a case of
the beam but with damage in the form of a breathing crack, which induces a nonlinear
structural deformation. All previous studies have been done for linear conditions. As
future work, we plan to extend our approach to other types of engineering structures
including laminated composite plates. The proposed damage indicator is derived on the
following.
2.1. The proposed damage indicator. The theory of the strength of materials has
provided a set of differential equations describing the dynamics of beam structure when it
is subjected to time-varying loads. The so-called Euler-Bernoulli beam theory is accurate
to estimate the beam lateral displacement w(t, x) due to dynamic loads q(t, x). The theory
relates the both quantities with a fourth-order linear partial differential equation of [32]
∂ 4 w(t, x)
∂ 2 w(t, x)
=
−ρ
+ q(t, x).
(1)
∂x4
∂t2
The symbol E denotes the beam elastic modulus, I denotes the second moment of area
of the beam cross-section, and ρ is the material density.
We should provide notes regarding the underlying assumptions where the governing
dynamic was derived. The first is that the magnitude of the lateral deflection w(t, x) is
assumed to be very small in comparison to the beam length L. When the deflection is
small, the beam cross-section surface remains flat during deformation. For all the time,
the cross-section inclines at a right angle with the beam neutral plane.
For structural health monitoring, and for our method to be realizable, we assume that
measurement sensors are available where the structural deflection d(t, x) can be obtained
within an acceptable level of accuracy. Many instruments, such as laser-based sensors,
are available for the purpose. Our proposal is still applicable when the data E, I, ρ,
and q(t, x) are unavailable, and for the case, the data d(t, x) taken when the structure is
healthy are required.
Based on Equation (1), we propose the following damage indicator d(t, x):
EI

d(x, t) = EI

∂ 4 w(t, x)
∂ 2 w(t, x)
+
ρ
− q(t, x) ,
∂x4
∂t2

(2)

which simply measures the deviation of the structural dynamics from those of the healthy
or intact condition.
The dynamic equilibrium equation is applicable at any point on the beam at any time.
We hypothesize that a deviation from the condition may signify a change in either the
material properties or the beam geometry or both. Corrosion or crack may alter beam
cross-section. Thus, the change may reflect the deterioration in material integrity. Furthermore, we hypothesize when the beam is intact where E, I, and ρ are unaltered, the
damage indicator d(t, x) should be zero or very small. The indicator may shift from zero
when the beam contains damages. We assume that damages alter the beam deformation
w(t, x).
For SHM purposes, we have the freedom to choose the observation or measurement
point. We may select the point where the external load is absent (q(x) = 0). Thus, it
simplifies the computation of the damage indicator.
In this work, we use the Euler-Bernoulli theory not to predict a beam deformation,
nor to predict the exerted force, but to estimate the beam integrity. For the purpose, we
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propose
∂4w
∂2w
+
ρ
− q(t, x) .
(3)
∂x4
∂t2
In the practical applications, the data E, I, and ρ are potentially unknown to service
engineers. In such a case, one may perform a calibration test on the healthy condition to
obtain the data w(t, x), and establish a material constant c = −EI/ρ from the relationship:
∂ 4 w(t, x)
∂ 2 w(t, x)
=
c
.
(4)
∂x4
∂t2
The constant is the only parameter required
the
indicator.
 4 to compute
 damage
4
2
2
The two quantities, namely, ∂ w(t, x) ∂x and ∂ w(t, x) ∂t , are required for the computation of the damage index. In the following section, we describe numerical procedures
to establish both.
We also evaluate the index in the frequency domain. For the purpose, we define a
DFT
time-frequency transformation pair as u(t) ⇐=⇒ û(ω), where DFT stands for the discrete
Fourier transform. With the fact that dn u(t)/dtn = (ω)n û(ω), and 2 = −1, we obtain
the frequency domain damage index, assuming q(t, x) = 0:
d(x, t) = EI

4
ˆ x) = EI ∂ ŵ(ω, x) − ρω 2 ŵ(ω, x).
d(ω,
∂x4

(5)

2.2. The computation of spatial and time derivatives. Both the quantities ∂ 4 w/∂x4
and ∂ 2 w/∂t2 are obtained numerically. As for the former quantity, we obtain it by the
central difference approach.
We compute the term ∂ 4 w/∂x4 by the finite difference approximation of
∂ 4 w(x, t) w(x − 2h, t) − 4w(x − h, t) + 6w(x, t) − 4w(x + h, t) + w(x + 2h, t)
≈
. (6)
∂x4
h4
Thus, w(t, x) should be measured on five adjacent points separated uniformly by a small
distance h. In this work, as the required data are established numerically by the finite
element method, the length h is taken as the element length, or the distance between two
adjacent nodes. We suggest [33] for the readers interested in its derivation and accuracy.
As for the term ∂ 2 w/∂t2 , we firstly fit the displacement time-history data with a cubic
spline function and then take the first and the second derivatives of the function to provide
the acceleration. The derivation of the cubic spline function is as the following.
We consider n data points: [(t1 , s(t1 )), (t2 , s(t2 )), . . . , (tn , s(tn ))]. Strictly, we have the
condition: t1 < t2 < · · · < tn . We fit the segment in [tj , tj+1 ] with a third order polynomial
where j is an index from 1 up to n. The polynomial can be written in the Newton form
as:
pj (t) = c1,j + c2,j (t − tj ) + c3,j (t − tj )2 + c4,j (t − tj )3 .
(7)
To complete the polynomial, we should determine the values of the four coefficients: c1,j ,
c2,j , c3,j , and c4,j . They can be computed by
c1,j = s(tj ),
c2,j = mj ,
[tj , tj+1 ]s − mj
c3,j =
− c4,j ∆tj and
∆tj
mj + mj+1 − 2[tj , tj+1 ]s
c4,j =
.
(∆tj )2

(8)
(9)
(10)
(11)
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The term mj denotes the gradient at point tj . The term [ti , . . . , ti+k ]s denotes the kth
divided difference of s at the points t1 , . . . , ti+k . It can be computed by:
[ti , . . . , ti+r ]s =

[ti+1 , . . . , ti+r ]s − [ti , . . . , ti+r−1 ]s
.
ti+1 − ti

For given the slopes m1 at the first point t1 and mn at the last point tn , we can compute
the gradients at the points t2 , t3 , . . . , tn−1 by solving a set of linear equations:
∆tj · mj−1 + 2(∆tj−1 + ∆tj ) · mj + ∆tj−1 · mj+1 = 3 (∆tj [tj−1 , tj ]s + ∆tj−1 [tj , tj+1]s) , (12)
leading to the gradients m2 , m3 , . . . , mn−1 . With these results, we establish the cubic
splines for interpolation of the data w(t, x) across the time domain.
2.3. The model of a breathing crack on a beam. Empirical data are required to
evaluate the proposed index numerically. For the purpose, we develop a two-dimensional
cantilever beam model as shown in Figure 2. This model is adopted from [34], which
studied three models of breathing crack for structural health monitoring. With this
approach, the empirical data can be quickly generated and used to validate the proposed
damage classification method.

Figure 2. The mesh of the finite element model of the 2D beam with a
crack. The beam is clamped on its left and its right side is subjected to a
harmonic load f (t). For this model, we establish a coordinate system with
an origin (0, 0) located at the crack tip.
The beam has a simple geometry and is simply clamped on one of its ends. The beam
has a length of 300 mm, a width of 20 mm, and a thickness of 20 mm. In its mid-section,
the beam has a crack with a length of 6 mm. The beam is made of steel material. [34]
discussed structures made of steel material; however, it did not provide the material data.
We also assume that our beam is made of steel material and we assign the following
material data: Young’s modulus (E) is 207 GPa, Poisson ratio is 0.3, and density (ρ) is
8050 kg/m3 . Later, we find our results of the natural frequencies, which will be presented
in the next section, are slightly different from those in the reference. We speculate it may
be due to a difference in the material data.
The beam is discretized into 6000 square-shape elements. Each element size is 1 mm.
The model is built in Ansys, a finite element package, with Ansys’s Plane183 element type.
The type has eight nodes in rectangular element-shape with quadratic displacement field
in each element. Each node has two degrees of freedom: translations in the nodal x and
y directions. The finite element model of the beam is shown in Figure 2.
As for the dynamic analysis, from which the model responses are recorded and used
for the damage index analysis, the nonlinearity due to the crack is taken into account.
On the overlapping nodes on the crack faces, gaps elements are built to allow the crack
faces interacting in compression only. The element type for the gap elements is Conta178.
The model is subjected to a sinusoidal force on the nodes on the model right-end, see
Figure 2. The forcing function is at the frequency of 18.153 Hz, about one-tenth of the
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natural frequency of the first mode. The analysis is performed for 128 ms. The structural
displacements on nodes across the specimen surface are sampled at the rate of 0.5 ms.
The considered beam model allows the occurrence of more complex deformation across
the beam thickness than that assumed by the Euler-Bernoulli beam theory. However,
with this model, we demonstrate that although the index is derived with a few assumptions about the structural geometry and deformation, it is applicable for more general
conditions.
3. Results and Discussion. In this section, we discuss four significant issues related
to Structural Health Monitoring (SHM). They are the beam natural frequency, the beam
displacement response, the damage indicator in the time domain, and the frequency domain. In particular, we compare the quantities for the cases with and without crack. The
first two aspects are traditional in SHM and both are widely used for assessing structural
integrity. The last two quantities are the present proposal. We begin with the beam
natural frequency.
In Table 1, we present the beam natural frequencies for the first five modes only for the
conditions when the beam is healthy and when it contains 6-mm crack. The frequencies
are obtained by solving det (K − ω 2M) = 0 for the natural frequency ω where K is the
stiffness matrix and M is the mass matrix. For the case involving a 6-mm crack, the faces
of the crack are assumed separated sufficiently wide such that they are not in contact
during the duration of the analysis. The assumption simplifies the model as linear so the
natural frequency can be easily obtained.
Table 1. The natural frequencies in Hz of the beam with and without crack
Modes
1
2
3
4
5

Healthy
Damaged
Change (%)
Current FE. [34] Exp. [34] Current Exp. [34]
Current
181.5
185.1
185.2
179.0
174.7
1.4
1115.0
1159.9
1160.0
1052.9
1155.3
5.6
3028.9
3247.6
3245.0
3027.9
3134.8
3.4
4229.1
4156.5
1.7
5700.4
5453.9
4.3

Also, the table shows the results of the natural frequency provided by Friswell and
Penny [34]. They obtained the quantity experimentally and numerically. In this study,
we adopt their specimen, which has been utilized by a couple of references, with an
expectation that our results can be compared with the existing ones.
It is clear from the table that there are small differences in the natural frequencies
between the current model and those in the literature. On the healthy condition, for
example, the first three frequencies of the present model are lower by 2.0%, 3.9%, and
6.7%. We speculate the differences are due to material parameters. The reference only
stated that their model was made by steel material without providing the exact values of
the material properties.
From the above fact, we conclude that the model matches reasonably well with that
in the literature. The fact that the difference is getting larger with the mode number
should not be an issue as in the dynamic analysis, the beam is subjected with a harmonic
load with the frequency of one-tenth of the first natural frequency. Generally, for SHM
purposes, only low-frequency vibration is of interest.
As for the natural frequency, what is important for SHM is the change of the frequency
due to the crack. In the last column of the table, we obtain the change in percent within
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the range of 1.0-6.0. The change is too small to be detectable reliably by the existing
methods of modal analysis. We conclude that the use of natural frequency for SHM may
not work satisfactorily for the present case.
The second approach of SHM is by observing the change of the deformation pattern.
For the purpose, one may quantify the change by a Modal Assurance Criterion (MAC),
and other related criteria such as the COordinate Modal Assurance Criterion (COMAC),
the Frequency Response Assurance Criterion (FRAC), Coordinate Orthogonality check
(ORTHO), Frequency-scaled Modal Assurance Criterion (FMAC), Partial Modal Assurance Criterion (PMAC), and Scaled Modal Assurance Criterion (SMAC).
As for the change of the deformation pattern due to the crack, we show, in Figure 3, the
mode shapes for the first five cases, and in Figure 4, we compare the lateral displacements
for the beam with and without crack. In general, the change is becoming more visible
with time. At the same measurement point, the peak response of the cracked specimen is
slightly higher than that without crack. However, the difference is generally very small to
be detectable. This remark holds for all measurement points including those where the
deformation is small, and those where the deformation is big.
Modes

Healthy

Damaged

1
2
3
4
5
Figure 3. The first five mode shapes associated with the natural frequencies in Table 1
The third issue we wish to discuss in this section is our proposal for the damage indicator
in the time domain. As for the frequency domain, we will discuss it shortly. In the time
domain, our proposal is presented in Equation (3). To simplify the computation, we
evaluate the index only at some points around the crack where the external load does
not exist. With these results, we wish to confirm the previous finding (see [29]) that the
index performs well to detect damage when it is computed near the damaged area.
We evaluate the index at the x locations, in mm, of −50, −40, . . . , 40, 50. See the
center panel of Figure 5. The crack is at x = 0. Thus, the evaluation points are evenly
distributed around the crack location. Five measurement points are on the left of the
crack and five points are on the right of it. The computed damage index is depicted in
Figure 5. From the results, we reduce the following notes. The index reaches its higher
magnitude when it is evaluated at the closest distance, among the measurement points,
to the crack, strengthening the previous remark, which was made based on the case of a
simple spring-mass system. The index sensitivity to the crack quickly vanishes with the
distance from the crack position. At the measurement point of x = ±10 mm, the largest
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(a) x = −10 mm

(b) x = 10 mm

(c) x = −20 mm

(d) x = 20 mm

(e) x = −30 mm

(f) x = 30 mm

(g) x = −40 mm

(h) x = 40 mm

Figure 4. The lateral displacement of the beam surface at various locations. The crack is located at x = 0.
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Figure 5. The computed time-domain damage index at a number of locations for the beam with and without crack

Figure 6. The computed frequency-domain damage index at a number of
locations for the beam with and without crack. The two vertical grid lines
are for the frequency 18.153 Hz and 181.500 Hz.
value of the damage index is only around 40% of the same quantity at the point x = 0.
Furthermore, at the measurement points x = ±20 mm, the value of the index has become
very small, nearly the same as the case without the crack. Thus, the distance, where the
indicator is assessed, to damage is crucial for the current method to detect the damage.
Besides, the results also suggest that the sensitivity of the index to the crack is independent of the scale of the deformation at the point where the quantity is established.
The points on the right of the crack undergo much larger deformation than those on the
left (see Figure 4). However, the values of the damage index are identical when they are
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computed at the same distance from the crack. For example, the figure shows that the
values of index at x = −10 mm are identical to those at x = +10 mm.
The last issue we wish to discuss is about our proposal of the damage index established
in the frequency domain. Similar to the previous issue, we also compute the index at
those measurement points mentioned above. The index is computed by Equation (5) and
the results are depicted in Figure 6.
By comparing these results with those in Figure 5, we conclude that the index is more
sensitive in the frequency domain than in the time domain. At x = 0, the values of the
index for the condition with crack are much higher than those without crack. This pattern
is also observable at x = ±10 mm and x = ±20 mm. Even on the measurement points as
far as x = ±40 mm, the existence of the crack is still detectable by the index. However,
for the case, only the spectra around the load frequency, i.e., at 18.153 Hz, are markedly
affected by the crack.
Another interesting result is that for the condition without crack, the damage index is
small and random with a constant variance across the considered frequency range. For
the case with a crack, the index associated with the load frequency and the first natural
frequency is mainly and strongly affected by the crack.
4. Conclusion. In summary, we propose a new approach to monitor the integrity of
engineering structures. We propose a damage index derived from our comprehensive and
reliable understanding of the structural mechanics of deformation. We have evaluated
our proposal for a simple case in [29] and a beam with a smeared damage in [28]. In this
paper, we evaluate the proposal on the case involving a breathing crack, which affects
the structural deformation in a nonlinear fashion. We evaluate our proposal in both the
time and frequency domains and compare its performance with the most widely used
method. We find our method is more sensitive to damage than the frequency domainbased method. We note although the natural frequency is less sensitive, it theoretically
can monitor damage across the entire part of the structure from a monitoring point. The
current method is more sensitive to damage but it only works when the measurement
point is around the damage. Besides, we suggest the use of the index in the frequency
domain because it is more sensitive and simpler. The index in the time domain can be
computed when both displacement and acceleration data are available. In the frequency
domain, only displacement data are required. As for future research, we plan to apply
the method for various damages in various engineering structures including structures
involving composite materials. Besides, the use of better governing dynamics such as
Timoshenko theory for beam which takes account of the shear deformation should also
be evaluated as it potentially offers a more sensitive damage index. The other potential
future research topic is to verify the current method with data collected from a laboratory
experiment.
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