International Journal of Innovative
Computing, Information and Control
Volume 16, Number 6, December 2020

c
ICIC International ⃝2020
ISSN 1349-4198
pp. 2047–2061

VARIABLE COSTS-BASED MULTI-GRANULARITY FEATURE
SELECTION WITH TEST COST CONSTRAINT
Shujiao Liao1,∗ and Yidong Lin1,2
1

School of Mathematics and Statistics
Minnan Normal University
No. 36, Xianqianzhi Street, Xiangcheng District, Zhangzhou 363000, P. R. China
∗
Corresponding author: sjliao2011@163.com
2

School of Mathematical Sciences
Xiamen University
No. 422, Siming South Road, Siming District, Xiamen 361005, P. R. China

Received March 2020; revised August 2020
Abstract. In recent years, some researchers have studied the cost-sensitive feature
selection problem based on the rough set theory. Especially, in view of the variability
of test costs and misclassiﬁcation costs as well as the diversity of feature-value granularities between diﬀerent features, recently an eﬀective cost-sensitive multi-granularity
feature selection approach has been proposed. Nevertheless, the approach does not consider the case where a test cost constraint occurs because of limited resources. To tackle this
problem, in this paper a variable costs-based multi-granularity feature selection approach
is presented in consideration of test cost constraint. First, based on the theoretic framework called conﬁdence-level-vector-based neighborhood rough set, the test cost-constrained
multi-granularity feature selection problem is formally deﬁned. Then a heuristic featuregranularity selection algorithm is designed, by which desirable features and their respective
feature-value granularities can be simultaneously selected to minimize the total cost consumed in the test cost-constrained situation. Detailed experiments undertaken on six UCI
(University of California – Irvine) datasets validate the eﬀectiveness of the algorithm.
Keywords: Feature-granularity selection, Multi-granularity, Neighborhood rough set,
Test cost constraint, Variable costs

1. Introduction. Since feature selection can remove redundant or irrelevant features
from high dimensional dataset so as to reduce the computational complexity of data
processing, it is an important issue in data mining and machine learning [1, 2, 3, 4].
Besides, as an important branch of data mining and granular computing, rough set theory
does well in dealing with the uncertainty and granulation of data [5, 6, 7, 8]. Their relation
is that feature selection is a key task in the rough set domain. In the rough set community,
feature selection is also called attribute reduction, and the selected feature subset is also
called a reduct [9, 10].
Cost-sensitive learning is a challenging problem in data mining and machine learning
[11, 12]. In practical applications there are various kinds of cost, among which test cost
and misclassiﬁcation cost are the most frequently considered [13]. Test cost, also named
feature cost, is the money, time, or other resources consumed in obtaining a data item of
an object, while misclassiﬁcation cost refers to the penalty paid for the wrong classiﬁcation
of an object. In recent years, cost-sensitive learning methods have been studied in the
rough set domain, among which the most common issue is cost-sensitive feature selection,
also called cost-sensitive attribute reduction [14, 15, 16, 17, 18]. Cost-sensitive feature
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selection aims at selecting a desirable feature subset to minimize some types of cost and
meanwhile to keep certain information of the original data.
Although many cost-sensitive feature selection approaches have been proposed, most
of them do not touch the feature-value granularity and the cost variability. In fact, on
the one hand, measurement errors exist widely in real applications. For a given feature,
a high error range of feature values, or equivalently a high feature-value granularity, will
induce a low data precision. To obtain a rational data precision for a selected feature,
the feature-value granularity should be carefully chosen. On the other hand, costs are not
always constant. For example, acquiring ﬁne-grained data items is often more expensive
than acquiring coarse-grained ones; thus the test cost of a feature is often monotonically
increasing with the diminution of the feature-value granularity. To address these challenges, in recent years some single-granularity feature selection approaches [19, 20, 21]
and a multi-granularity feature selection approach [22], in which “granularity” refers to
the feature-value granularity, have been presented based on measurement errors and variable costs. In comparison, the single-granularity approaches suppose all features have the
same feature-value granularity; thus they are not feasible in some real-world scenarios;
while the multi-granularity approach takes account of the granularity diversity between
diﬀerent features, namely diﬀerent features may have diﬀerent feature-value granularities,
so it is more versatile and practical than the single-granularity approaches. However, the
test cost constraint problem has not been studied in the multi-granularity approach.
In some data mining applications there is a test cost constraint on account of limited
money, time, or other types of resources. To make the test costs under a budget, one usually has to sacriﬁce some properties that can be obtained in the test cost-unconstrained case;
thus the results of feature selection are often diﬀerent between the test cost-constrained
case and the unconstrained case. A test cost-constrained feature selection approach has
been presented based on variable costs [20], but it is single-granularity but not multigranularity. To address this challenge, in this paper we study the variable costs-based
multi-granularity feature selection approach with test cost constraint. It is notable that,
to solve the test cost-unconstrained multi-granularity feature selection problem, in [22] a
conﬁdence-level-vector-based neighborhood rough set model was constructed, and multiple types of variable cost setting were discussed. In this study, we ﬁrst give the deﬁnition
of the test cost-constrained multi-granularity feature selection problem based on the existing theoretic framework. Then a weighted heuristic feature-granularity selection (the
selection of features and their respective feature-value granularities) algorithm is designed
to solve the new problem. The algorithm can select a desirable feature-granularity pair
(the pair of features and feature-value granularities) to minimize the total cost consumed
under a rational test cost constraint. And the algorithm is eﬃcient because three accelerating techniques are used to speed up the procedure. Experiments undertaken on six
UCI datasets validate the eﬀectiveness of the proposed algorithm. Moreover, the inﬂuences of the test cost upper bound value to the feature-granularity selection result are also
discussed through experiments. In general, since the proposed multi-granularity feature
selection approach can simultaneously select features and their respective feature-value
granularities in consideration of multiple realistic factors, including measurement errors,
variable costs and test cost constraint, it is rather practical.
The rest of the paper is organized as follows. In Section 2, we ﬁrst review the theory about the variable costs-based multi-granularity feature selection without test cost
constraint. Based on this, then the new problem which takes account of the test cost
constraint is deﬁned formally. Section 3 proposes the heuristic feature-granularity selection algorithm and discusses the procedure of the algorithm. Experimental results are
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introduced and analyzed in Section 4. Finally, the paper ends with conclusions in Section
5.
2. Problem Definition. This section starts from reviewing the theory with respect to
the variable costs-based multi-granularity feature selection without test cost constraint,
including the conﬁdence-level-vector-based neighborhood rough set (CVRS), variable cost
settings, and the calculation method of average total cost [22]. Based on these, we deﬁne
formally the test cost-constrained multi-granularity feature selection problem.
2.1. Confidence-level-vector-based neighborhood rough set. In the existing multigranularity feature selection approach [22], for a given feature, the feature-value granularity is evaluated by the conﬁdence level of the feature values’ measurement errors. The
measurement errors are assumed to satisfy a normal distribution, and the conﬁdence level
refers to the frequency that an observed interval contains a speciﬁc error value. Based on
these, the CVRS model was constructed in [22]. Some important concepts and properties
in the model are reviewed below.
Definition 2.1. A confidence-level-vector-based decision system (CVDS) S is the 6-tuple:
(
(
))
S = U, C, d, V = {Va |a ∈ C ∪ {d}}, I = {Ia |a ∈ C ∪ {d}}, P = pa1 , pa2 , . . . , pa|C| ,
where U is a finite nonempty set of objects called the universe, C is the set of conditional
attributes (also called as features), d is the decision attribute, Va is the set of values for
each a ∈ C ∪ {d}, Ia : U → Va is an information function for each a ∈ C ∪ {d}, and
pai ∈ (0, 0.997] is the error confidence level for the feature values of feature ai .
An exemplary CVDS is composed of the decision system shown in Table 1 and the
conﬁdence level vector shown in Table 2. It is known from the two tables that U =
{x1 , x2 , x3 , x4 , x5 , x6 }, C = {a1 , a2 , a3 }, P = (0.5, 0.8, 0.6).
Table 1. An example of numeric decision system
x1
x2
x3
x4
x5
x6

a1
0.71
0.61
0.58
0.82
0.68
0.55

a2
0.31
0.34
0.27
0.29
0.44
0.38

a3
0.21
0.11
0.25
0.23
0.55
0.05

d
1
1
1
2
2
2

Table 2. An example of conﬁdence level vector
a a1 a2 a3
pa 0.5 0.8 0.6
Let e(a, pa ) denote the upper error bound w.r.t. feature a and its corresponding conﬁdence level pa , and then according to the statistical knowledge [23, 24], one has that
e(a, pa ) = σa zpa ,

pa ∈ (0, 0.997],

(1)

where zpa is the quantile value of pa w.r.t. the standard normal distribution, and σa is the
standard deviation which is set to be
σa = k · max a(xi ) − a(x) ,

1 ≤ i ≤ |U |,

(2)

2050

S. LIAO AND Y. LIN

where k > 0 is a constant, a(xi ) is the feature value of object xi w.r.t. feature a, and
∑|U |
a(xi ) is the average feature value of feature a for all objects in U .
a(x) = |U1 | i=1
Neighborhoods play an important role in the CVRS model. The neighborhood w.r.t. a
single feature and its corresponding conﬁdence level is deﬁned as follows.
Definition 2.2. Let S = (U, C, d, V, I, P ) be a CVDS, x ∈ U and a ∈ C. The neighborhood of x with reference to feature a and confidence level pa is defined as
n(a,pa ) (x) = {x′ ∈ U | |a (x′ ) − a(x)| ≤ 2e(a, pa )} ,

pa ∈ (0, 0.997].

The neighborhood of x ∈ U induced by B and PB is the intersection of the neighborhoods induced by each feature a ∈ B and its corresponding conﬁdence level pa , i.e., the
conﬁdence-level-vector-based neighborhood is
∩
n(B,PB ) (x) =
n(a,pa ) (x).
a∈B

Based on B and PB , a neighborhood relation
R(B,P
(
) B ) on the universe U can be induced.
It can be written as a relation matrix M R(B,PB ) = (rij )|U |×|U | , where rij = 1 if xj ∈
n(B,PB ) (xi ), or equivalently xi ∈ n(B,PB ) (xj ), otherwise rij = 0. Then < U, R(B,PB ) > is
called a neighborhood approximation space.
Lower approximation and positive region are fundamental issues in the rough set theory.
Definition 2.3. Let S = (U, C, d, V, I, P ) be a CVDS, and let U/{d} denote the partitions
of the universe U induced by the decision attribute d. Suppose that B ⊆ C and PB
is the corresponding confidence level subvector. Then for any X ∈ U/{d}, the lower
approximation of X in the neighborhood approximation space < U, R(B,PB ) > is defined as
N(B,PB ) (X) = {x ∈ U |n(B,PB ) (x) ⊆ X}.
Obviously, N(B,PB ) (X) ⊆ X.
Definition 2.4. Let S = (U, C, d, V, I, P ) be a CVDS, B ⊆ C, and PB be the corresponding confidence level subvector. Suppose that U/{d} = {X1 , X2 , . . . , XK }, where Xi is the
object subset with decision class i. Then the lower approximation of decision {d} in the
neighborhood approximation space < U, R(B,PB ) > is defined as
N(B,PB ) ({d}) =

K
∪

N(B,PB ) (Xi ).

i=1

The lower approximation N(B,PB ) ({d}) is also called as the positive region and denoted
by P OS(B,PB ) ({d}). It is easy to know that P OS(∅,P∅ ) ({d}) = ∅. For each object in
the positive region, its neighborhood granule consistently belongs to one of the decision
classes, so the objects in the positive region can be certainly classiﬁed into one class.
Many feature selection approaches aim to make the positive region as large as possible.
There are two main types of monotonicity for the fundamental concepts shown above.
The ﬁrst type of monotonicity relates to the addition of features.
Theorem 2.1. (Type-1 monotonicity). Let S = (U, C, d, V, I, P ) be a CVDS, B1 ⊆ B2 ⊆
C, PB1 ⊑ PB2 . We have
1) ∀x ∈ U , n(B1 ,PB1 ) (x) ⊇ n(B2 ,PB2 ) (x);
2) R(B1 ,PB1 ) ⊇ R(B2 ,PB2 ) ;
3) ∀X ∈ U/{d}, N(B1 ,PB1 ) (X) ⊆ N(B2 ,PB2 ) (X);
4) P OS(B1 ,PB1 ) ({d}) ⊆ P OS(B2 ,PB2 ) ({d}).
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The second type of monotonicity refers to the increase of conﬁdence levels. To facilitate
the discussion about the monotonicity, an order relation ≼ is deﬁned for the vectors with
the same dimension.
Definition 2.5. Given two vectors X = (x1 , x2 , . . . , xn ) and Y = (y1 , y2 , . . . , yn ), X ≼ Y
if xi ≤ yi , i = 1, 2, . . . , n.
Based on the order relation, the second type of monotonicity is given as follows.
Theorem 2.2. (Type-2 monotonicity). Let S = (U, C, d, V, I, P ) be a CVDS, B ⊆ C,
and P1 , P2 be two confidence level subvectors corresponding to B, which satisfies P1 ≼ P2 .
We have
1) ∀x ∈ U , n(B,P1 ) (x) ⊆ n(B,P2 ) (x);
2) R(B,P1 ) ⊆ R(B,P2 ) ;
3) ∀X ∈ U/{d}, N(B,P1 ) (X) ⊇ N(B,P2 ) (X);
4) P OS(B,P1 ) ({d}) ⊇ P OS(B,P2 ) ({d}).
Theorem 2.1 and Theorem 2.2 reveal the monotonicity of the fundamental concepts
in the CVRS model w.r.t. the addition of features and the increase of conﬁdence levels,
respectively. The two theorems can signiﬁcantly improve the eﬃciency of the heuristic
feature-granularity selection algorithm designed in Section 3.
2.2. Variable cost settings. In real applications test costs and misclassiﬁcation costs
often occur simultaneously, and they are usually variable but not constant. Concretely,
as discussed in [22], acquiring ﬁne-grained data items usually costs more than acquiring
coarse-grained ones, so the test cost of a feature often decreases monotonically with the
increase of feature-value granularity, or equivalently the error conﬁdence level of feature
values. While the variability of the misclassiﬁcation cost depends on the environment
involved and the object considered. Taking the risk evaluation of granting credit as an
example, if a customer is misclassiﬁed, both the cost (also called beneﬁt if the cost is
negative) of the customer and that of the ﬁnance company are usually constants. Taking
the medical diagnosis as another example, for the misdiagnosis of a speciﬁc disease, the
misclassiﬁcation cost of the patient is often ﬁxed, but that of the doctor is usually monotonically increasing with the total test cost paid by the patient. In view of these facts,
some types of test cost functions and misclassiﬁcation cost functions were given in [22],
which are introduced as follows.
For a CVDS S = (U, C, d, V, I, P ), let tc denote the test cost function, and tc(a) denote
the highest test cost of feature a, namely the test cost paid for obtaining the highest
data precision for feature a. Given feature a and its conﬁdence level pa , the test cost
function can be represented in diﬀerent forms according to the application backgrounds.
For example, a linear-function-form test cost is
tc(a, pa ) = tc(a) · (1 − λa pa ),

pa ∈ (0, 0.997],

(3)

where λa ∈ [0, 1] is the adjusting factor; a piecewise-constant-function-form test cost is
tc(a, pa ) = T Ci (a),

pa ∈ [pi−1 , pi ) (i = 1, 2, . . . , m),

(4)

where m is the number of segments, p0 > 0, pm < 1, and T Ci (a) are constant values
satisfying T C1 (a) > T C2 (a) > · · · > T Cm (a) > 0. Then, given a feature-granularity pair
(B, PB ), the corresponding total test cost (TTC) is
∑
tc(B, PB ) =
tc(a, pa ).
(5)
a∈B
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Finally, let (k, l) denote the misclassiﬁcation from class k to class l, which is called a misclassiﬁed class pair, and let mc(B, PB )(k,l) denote the misclassiﬁcation cost of (k, l) based
on (B, PB ) pair. Obviously, if k = l, mc(B, PB )(k,l) = 0. While if k ̸= l, mc(B, PB )(k,l)
can be given in multiple forms according to reality. For example, a constant-form misclassiﬁcation cost is
mc(B, PB )(k,l) = M C(k,l) ,
(6)
where M C(k,l) > 0 is a constant; a linear-function-form misclassiﬁcation cost is
mc(B, PB )(k,l) = γ(k,l) · tc(B, PB ),

(7)

where γ(k,l) > 0 is a penalty factor; a piecewise-constant-function-form misclassiﬁcation
cost is
(k,l)

mc(B, PB )(k,l) = M Cj

,

tc(B, PB ) ∈ [T T Cj−1 , T T Cj ) (j = 1, 2, . . . , n),
(k,l)

where n is the number of segments, all T T Cj and M Cj
(k,l)
(k,l)
(k,l)
and 0 < M C1 < M C2 < · · · < M Cn .

(8)

are constant values, T T C0 ≥ 0,

2.3. Calculation method of average total cost. The objective of multi-granularity
feature selection is to minimize the total cost consumed in the data processing. An
eﬀective calculation method of average total cost was introduced in [22]. Concretely,
let S = (U, C, d, V, I, P ) be a CVDS, x ∈ U , B ⊆ C, and let mc(x, B, PB ) denote
the misclassiﬁcation cost of x ∈ U based on the feature-granularity pair (B, PB ). The
calculation process of average total cost based on (B, PB ) is stated as follows:
1) For each object x ∈ U , classify it according to n(B,PB ) (x) and obtain mc(x, B, PB ).
There are two following cases.
A) If ∀y ∈ n(B,PB ) (x), d(y) = d(x), x can be classiﬁed into the right class, so mc(x, B,
PB ) = 0.
B) If ∃y ∈ n(B,PB ) (x), d(y) ̸= d(x), x can be classiﬁed into the class which minimizes
the total misclassiﬁcation cost for all objects in n(B,PB ) (x), and the corresponding mc(x, B,
PB ) can be obtained according to Equations (3)-(8).
2) Compute the total misclassiﬁcation cost (TMC) and average misclassiﬁcation cost
(AMC) for all objects in U .
∑
T M C(U, B, PB ) =
mc(x, B, PB ),
x∈U

AM C(U, B, PB ) =

T M C(U, B, PB )
.
|U |

3) Compute the average total cost (ATC) for all objects in U .
AT C(U, B, PB ) = tc(B, PB ) + AM C(U, B, PB ).
2.4. Test cost-constrained multi-granularity feature selection problem. In realworld applications, it might happen that the total test cost one can pay is limited, namely
there is a test cost constraint. Based on the theoretical framework reviewed above, the test
cost-constrained multi-granularity feature selection problem is formally deﬁned below.
Problem 2.1. The test cost-constrained multi-granularity feature selection problem.
Input: a CVDS S = (U, C, d, V, I, P ), the test cost upper bound M , the test cost function
for each feature, and the misclassification cost function for each misclassified class pair;
Output: the pair of selected feature subset B and confidence level vector PB ;
Constraint: tc(B, PB ) ≤ M ;
Optimization objective: min(AT C(U, B, PB )).
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From Problem 2.1, it is known that the test cost-constrained multi-granularity feature
selection aims at ﬁnding a desirable pair of feature subset and conﬁdence level vector to
minimize the average total cost under the test cost constraint. Moreover, the constraint
formula will not work if M = +∞, so it can be concluded that the test cost-unconstrained
multi-granularity feature selection problem is a special case of the test cost-constrained
counterpart.
In summary, based on some existing theory, this section deﬁnes formally the test costconstrained multi-granularity feature selection problem. To solve the new problem, an
eﬃcient heuristic algorithm will be designed in the next section.
3. Algorithm Design. Since not only features but also their respective feature-value
granularities are chosen in the multi-granularity feature selection problems, the problems
are more complicated than the traditional feature selection problems. In this section,
a weighted heuristic feature-granularity selection algorithm is proposed to solve the test
cost-constrained multi-granularity feature selection problem.
Algorithm 1 is the main framework of the heuristic feature-granularity selection algorithm, and Algorithm 2 is invoked by Algorithm 1. It is notable that, in the featuregranularity selection algorithm there are two vector-related operations, which have been
deﬁned in [22].
Definition 3.1. Given a vector X = (x1 , x2 , . . . , xn ) and a number y, X ⊔ (y) = (x1 , x2 ,
. . . , xn , y) denotes a new vector obtained by extending vector X and adding y as its last
component.
Definition 3.2. Given a vector X = (x1 , x2 , . . . , xi−1 , xi , xi+1 , . . . , xn ), X −(xi ) = (x1 , x2 ,
. . . , xi−1 , xi+1 , . . . , xn ) denotes a new vector obtained by deleting component xi from vector
X.
Besides, a so-called feature-granularity signiﬁcance function, which has also been deﬁned in [22], is used to evaluate the signiﬁcance of an unselected feature and its featurevalue granularity in the proposed algorithm. Concretely, suppose that B and PB are
the selected feature subset and conﬁdence level vector respectively, then the incremental
positive region (IPR) induced by feature a ∈ C − B and conﬁdence level pa is denoted as
IPR (B,PB ) (a, pa ) = P OS(B∪{a},PB ⊔(pa )) ({d}) − P OS(B,PB ) ({d}).
And the weighted feature-granularity signiﬁcance (FGS) function is deﬁned as
F GS(B,PB ) (a, pa ) = |IPR (B,PB ) (a, pa )| · [tc(a, pa )]δ ,

(9)

where δ ≤ 0 is the weight. The feature-granularity signiﬁcance function plays a crucial
role in the proposed algorithm.
Algorithm 1 contains three main steps, in which both Step 2 and Step 3 are a while
loop. Step 1 is shown in line 1 and it initializes several global variables. As listed in
lines 2-23, Step 2 is an addition phase. For each iteration of the while loop in this step,
the best pair of feature and conﬁdence level which has the maximal FGS value is added
into the feature-granularity pair (B, PB ) and the positive region is expanded gradually.
Firstly, for each unselected feature a, the conﬁdence level pa is tried from the minimal
value p0a to the maximal value 0.997 with a step-size sa ∈ (0, 1). If the corresponding
total test cost does not exceed the upper bound M , Algorithm 2 is invoked to obtain the
IPR and the FGS, and the best value p∗a which makes the FGS maximal is chosen. Then,
for all unselected features, their maximal FGS values are compared to select the best
feature a′ . The addition process continues until the positive region cannot extend any
more. Step 3 is shown in lines 24-35 and it is a deletion phase. For each iteration of the
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Algorithm 1 A weighted heuristic feature-granularity selection algorithm.
Input: (1) the weight δ, the conﬁdence-level-vector-based decision system
(U, C, d, V, I, P ), the test cost upper bound M , the test cost function for each feature,
and the misclassiﬁcation cost function for each misclassiﬁed class pair;
(2) for each feature a ∈ C, the conﬁdence level’s minimal value p0a and the step-size sa .
Output: the selected feature subset B and conﬁdence level vector PB .
1: Set B = ∅, PB = (), P OS(B,PB ) ({d}) = ∅, CA = C, and S = U , where B is the
selected feature subset, PB is the selected conﬁdence level vector (“()” denotes an
empty vector), P OS(B,PB ) ({d}) is the positive region, CA is the set of unselected
features, and S is the set of objects outside the positive region.
2: while (|S| > 0) do
3:
for (each a ∈ CA) do
4:
for (each x ∈ S) do
5:
signx = true;//signx is a global variable used in Algorithm 2
6:
end for
7:
for (pa = p0a ; pa ≤ 0.997; pa = pa + sa ) do
8:
if (tc(a, pa ) <= M ∧ tc(B ∪ {a}, PB ⊔ (pa )) <= M ) then
Use actual parameters S, B, PB , a, pa to invoke Algorithm 2, and return
9:
IPR (B,PB ) (a, pa ) and F GS(B,PB ) (a, pa );
10:
if (δ == 0) then
11:
p∗a = pa ; break;
end if
12:
13:
end if
14:
end for
15:
Select p∗a satisfying F GS(B,PB ) (a, p∗a ) = max(F GS(B,PB ) (a, pa ));
end for
16:
17:
Select a′ satisfying F GS(B,PB ) (a′ , p∗a′ ) = max(F GS(B,PB ) (a, p∗a ));
if (F GS(B,PB ) (a′ , p∗a′ ) > 0) then
18:
B = B ∪ {a′ }; PB = PB ⊔ (p∗a′ ); P OS(B,PB ) ({d}) = P OS(B,PB ) ({d}) ∪
19:
IPR (B,PB ) (a′ , p∗a′ ); CA = CA − {a′ }; S = S − IPR (B,PB ) (a′ , p∗a′ );//Update the
ﬁve variables
else
20:
21:
exit while;
22:
end if
23: end while
24: while (ture) do
25:
for (each a ∈ B) do
Compute AT C(U, B − {a}, PB − (pa ));
26:
27:
end for
Select a′ satisfying AT C(U, B−{a′ }, PB −(pa′ )) = min(AT C(U, B−{a}, PB −(pa )));
28:
29:
if (AT C(U, B, PB ) > AT C (U, B − {a′ }, PB − (pa′ ))) then
B = B − {a′ }; PB = PB − (pa′ );//Update the two variables
30:
31:
else
32:
exit while;
end if
33:
34: end while
35: return B, PB ;
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Algorithm 2 An algorithm to compute the incremental positive region and the featuregranularity signiﬁcance.
Input: the set S including the objects outside the positive region; the selected feature
subset B and conﬁdence level vector PB ; an unselected feature a and its corresponding
conﬁdence level pa .
Output: the incremental positive region (IPR) and the feature-granularity signiﬁcance
(FGS).
1: Set IPR (B,PB ) (a, pa ) = ∅;
2: for (each x ∈ S) do
3:
if (signx == true) then
4:
Compute n(B∪{a},PB ⊔(pa )) (x);//Compute the neighborhood of x with respect to
the new feature-granularity pair
5:
if (∀X ∈ U/{d}, n(B∪{a},PB ⊔(pa )) (x) * X) then
6:
signx = false;
7:
else
8:
IPR (B,PB ) (a, pa ) = IPR (B,PB ) (a, pa ) ∪ {x};//Update the incremental positive
region
9:
end if
10:
end if
11: end for
12: F GS(B,PB ) (a, pa ) = |IPR (B,PB ) (a, pa )| · [tc(a, pa )]δ ;//Compute the feature-granularity
signiﬁcance
13: return IPR (B,PB ) (a, pa ), F GS(B,PB ) (a, pa );

while loop in this step, the average total costs AT C(U, B − {a}, PB − (pa )) are computed
for each feature-granularity element (a, pa ) ∈ (B, PB ); and if their minimal value is less
than the currently minimal average total cost AT C(U, B, PB ), the corresponding featuregranularity element is considered to be redundant and is deleted from (B, PB ). The
deletion process continues until the average total cost cannot decrease any more. The
result of the feature-granularity selection algorithm is an optimal feature-granularity pair
that has the minimal average total cost.
Particularly, three accelerating techniques are used in the algorithm according to the
monotonicities with respect to the fundamental concepts in the CVRS model. Firstly,
as shown in lines 4-6 of Algorithm 1 and lines 3-10 of Algorithm 2, global variable signx
is employed to judge whether to continue calculating the neighborhood of x when pa
increases. Concretely, assuming that n(B∪{a},PB ⊔(pa )) (x) * X, ∀X ∈ U/{d}, “signx =
false” is labelled to avoid calculating n(B∪{a},PB ⊔(pa +sa )) (x) because n(B∪{a},PB ⊔(pa +sa )) (x)
* X according to Theorem 2.2, and naturally x ∈
/ IPR (B,PB ) (a, pa + sa ). Hence, this kind
of objects does not need to be considered in the computation of IPR (B,PB ) (a, pa + sa ).
Secondly, as shown in lines 10-12 of Algorithm 1, if δ = 0, then for each feature a, we let p∗a
be the minimal conﬁdence level that satisﬁes the test cost constraint, and the computation
of FGS values is avoided for larger conﬁdence levels. That is because F GS(B,PB ) (a, pa ) is
equal to |IPR (B,PB ) (a, pa )| at this time and the latter will decrease with the increase of
conﬁdence level according to Theorem 2.2. Finally, as shown in line 19 of Algorithm 1,
through using S = S − IPR (B,PB ) (a′ , p∗a′ ), the objects needed to be judged whether they
belong to the positive region get fewer and fewer as the feature-granularity selection goes
on. The reason is that, given B1 ⊆ B2 ⊆ C and PB1 ⊑ PB2 , if x ∈ P OS(B1 ,PB1 ) ({d}), then
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x ∈ P OS(B2 ,PB2 ) ({d}) according to Theorem 2.1. So we just need to discuss the objects
in U − P OS(B1 ,PB1 ) ({d}) when computing P OS(B2 ,PB2 ) ({d}).
Compared with the existing feature-granularity selection algorithm in [22], the key
characteristic of the proposed algorithm is considering the test cost constraint, which
is shown in line 8 of Algorithm 1. In this way, some processing methods are diﬀerent
between the two feature-granularity selection algorithms. For example, if δ = 0, then
for each feature a, p∗a = p0a in the existing algorithm, while p∗a is equal to the minimal
conﬁdence level satisfying the test cost constraint in the proposed algorithm. In fact, the
proposed feature-granularity selection algorithm is a generalization of that in [22], and
the latter is a special case of the former with the test cost upper bound M = +∞.
Finally, it is worth mentioning that, for the same dataset and the same cost setting,
diﬀerent δ values will induce diﬀerent feature-granularity selection results. One could
use the competition strategy introduced in [22] to choose the minimal average total cost
among multiple δ values. Naturally, the corresponding feature-granularity pair is optimal
among these δ values.
4. Experiments. Experiments are carried out upon six UCI datasets, whose basic information is listed in Table 3. Before the experimentation, the datasets are preprocessed
and some necessary parameters are set. Firstly, data items are normalized onto [0, 1],
and missing values are directly set to be 0.5. Secondly, since the UCI datasets have no
intrinsic test costs and misclassiﬁcation costs, we generate the two kinds of cost functions
for each dataset according to its application background and Equations (3)-(8). For each
dataset in Table 3, we generate 1000 diﬀerent cost settings, in which the values of cost
parameters are similar to those in [22]. Thirdly, the constant k in Equation (2) is set to
be a small positive number so that the upper error bound computed by Equations (1) and
(2) can lie within a reasonable range. Finally, to show the multi-granularity function of
the proposed algorithm more clearly, both the conﬁdence level’s minimal value p0a and the
step-size sa are respectively set to be the same among all features (when this assumption
does not hold, it is known by experimentation that the results are similar). For example,
the experiment results listed below are obtained by setting k = 0.05, p0a = sa = 0.1.
Table 3. Data information
Dataset Domain Samples Features Classes
Credit ﬁnance
690
15
2
Image graphics
2310
18
7
Liver
clinic
345
6
2
Sonar
physics
208
60
2
Wdbc
clinic
569
30
2
Wpbc
clinic
198
33
2
The weight δ in Equation (9) is set to be a series of values −4, . . . , −0.5, 0. For each
dataset and each cost setting, we run the proposed feature-granularity selection algorithm
for all δ values under diﬀerent values of test cost upper bound M . Especially, the case
where M = +∞, namely the test cost-unconstrained case is also taken into account for
comparison. We ﬁrst show a group of feature-granularity selection results of Liver dataset
with respect to M = +∞, 100, 80 in Tables 4-6 respectively, where the boldface numbers
in the fourth columns of the tables are the minimal average total costs among multiple δ
values, the integers in the ﬁfth columns are the indexes of selected features, and the unit
of run-time is 1ms. It is easy to know from the three tables that the proposed algorithm is
eﬀective for solving the test cost-constrained multi-granularity feature selection problem.
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Table 4. A representative feature-granularity selection result for Liver
dataset without test cost constraint, where TTC denotes the total test
cost for each object, and AMC and ATC denote respectively the average
misclassiﬁcation cost and the average total cost for all objects
δ
−4
−3.5
−3
−2.5
−2
−1.5
−1
−0.5
0

TTC
99.28
102.0773
102.197
79.3442
115.5947
85.2671
89.7119
95.4795
142.9966

AMC
206.6087
124.1739
124.1739
64.1159
20
19.7101
25.7971
5.5072
0

ATC
305.8887
226.2512
226.3709
143.4602
135.5947
104.9773
115.509
100.9868
142.9966

Feature subset Conﬁdence level vector Run-time
{1, 2, 3, 4, 6} (0.997, 0.9, 0.9, 0.997, 0.997) 3431
{1, 2, 3, 4, 6} (0.9, 0.9, 0.9, 0.997, 0.997)
5258
{1, 2, 3, 4, 6} (0.997, 0.9, 0.9, 0.8, 0.997)
4332
{1, 2, 4, 6}
(0.997, 0.9, 0.7, 0.9)
6717
{1, 2, 3, 4, 6}
(0.997, 0.9, 0.6, 0.7, 0.9)
5253
{1, 2, 4, 6}
(0.997, 0.9, 0.3, 0.9)
7136
{1, 2, 4, 6}
(0.9, 0.3, 0.997, 0.9)
6766
{1, 2, 4, 6}
(0.7, 0.3, 0.997, 0.9)
3240
{1, 2, 3}
(0.1, 0.1, 0.1)
1600

Table 5. The feature-granularity selection result for Liver dataset with
the same cost setting as that for Table 4 and test cost upper bound M = 100
δ
−4
−3.5
−3
−2.5
−2
−1.5
−1
−0.5
0

TTC
99.28
39.1538
66.1492
79.3442
79.3442
85.2671
89.7119
95.4795
99.338

AMC
206.6087
437.6812
382.6087
64.1159
64.1159
19.7101
25.7971
5.5072
11.4783

ATC Feature subset Conﬁdence level vector Run-time
305.8887 {1, 2, 3, 4, 6} (0.997, 0.9, 0.9, 0.997, 0.997) 2042
476.835
{1, 4, 6}
(0.9, 0.997, 0.997)
2832
448.7579
{1, 3, 4, 6}
(0.997, 0.9, 0.8, 0.997)
2566
143.4602
(0.997, 0.9, 0.7, 0.9)
{1, 2, 4, 6}
2078
143.4602
{1, 2, 4, 6}
(0.997, 0.9, 0.7, 0.9)
2117
104.9773
{1, 2, 4, 6}
(0.997, 0.9, 0.3, 0.9)
2102
115.509
{1, 2, 4, 6}
(0.9, 0.3, 0.997, 0.9)
2223
100.9868 {1, 2, 4, 6}
(0.7, 0.3, 0.997, 0.9)
3018
110.8162
{1, 2, 4}
(0.7, 0.1, 0.1)
1774

Table 6. The feature-granularity selection result for Liver dataset with
the same cost setting as that for Table 4 and test cost upper bound M = 80
δ
−4
−3.5
−3
−2.5
−2
−1.5
−1
−0.5
0

TTC
50.995
39.1538
66.1492
79.3442
79.3442
49.2193
77.4747
77.4747
77.5246

AMC
455.0725
437.6812
382.6087
64.1159
64.1159
115.942
58.029
58.029
84.8116

ATC
Feature subset Conﬁdence level vector Run-time
506.0675
{1, 3, 6}
(0.997, 0.9, 0.997)
1612
476.835
{1, 4, 6}
(0.9, 0.997, 0.997)
1907
448.7579
{1, 3, 4, 6}
(0.997, 0.9, 0.8, 0.997)
1615
143.4602
{1, 2, 4, 6}
(0.997, 0.9, 0.7, 0.9)
2005
143.4602
{1, 2, 4, 6}
(0.997, 0.9, 0.7, 0.9)
2027
165.1614
{1, 4, 6}
(0.997, 0.3, 0.9)
2607
135.5037
{1, 2, 6}
(0.9, 0.3, 0.9)
1778
135.5037
{1, 2, 6}
(0.9, 0.3, 0.9)
1696
162.3362
{2, 4}
(0.1, 0.1)
1156

For each δ value, the algorithm can obtain a nice feature-granularity selection result.
Besides, through comparing the results between Tables 4-6, we observe the following.
1) Even if both p0a and sa are respectively set to be the same among all features, the
best conﬁdence levels are not necessarily the same between diﬀerent selected features,
which veriﬁes that the heuristic algorithm can eﬀectively solve the test cost-constrained
multi-granularity feature selection problem.
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2) Generally speaking, with the decrease of test cost upper bound, three main kinds
of change will occur upon the selected feature-granularity pair to reduce the total test
cost: abandoning some feature-granularity elements, coarsening the granularities namely
increasing the conﬁdence levels of some features, or replacing some features with cheaper
ones. With these changes, the average misclassiﬁcation cost will increase, and the average
total cost will also increase in most cases.
3) With the decrease of test cost upper bound, the run-time drops for most of δ values.
This is mainly because the feature-granularity pairs which satisfy the test cost constraint
turn less at this time; naturally, the computation of IPR and FGS values also turns less
according to lines 8 and 9 of Algorithm 1.
We display the representative results of optimal feature-granularity selection among
all δ values for Liver dataset under diﬀerent values of test cost upper bound in Table
7, including the two ones shown in Table 4 and Table 6 respectively. Furthermore, we
draw the representative changes of total test costs and average total costs corresponding
to the optimal feature-granularity selection obtained by the proposed algorithm, and
meanwhile draw the average total costs obtained by the existing test cost-constrained
single-granularity feature selection approach in [20] under the same cost settings for the six
datasets in Figures 1-3. For convenience, the three kinds of cost are abbreviated as TTCMGFS, ATC-MGFS and ATC-SGFS respectively. From Table 7 and the three ﬁgures,
it can be found that the optimal feature-granularity selection results obtained by the
proposed algorithm among multiple δ values follow the rules observed above. Especially,
in the extreme case where the test cost upper bound is low enough, there is no solution for
the multi-granularity feature selection problem, which is in line with the reality. Moreover,
in most cases the proposed heuristic algorithm performs better than the algorithm in [20]
on minimizing the consumed total cost even if the latter is a backtracking algorithm. In
particular, when the test cost upper bound is relatively low, the proposed algorithm can
still ﬁnd the solution, namely select a feature-granularity pair while the existing algorithm
cannot. This is because the multi-granularity feature selection approaches allow diﬀerent
features have diﬀerent feature-value granularities while the single-granularity ones do not,
which is the fundamental advantage of the multi-granularity feature selection approaches.
In summary, it is known from the experimental results that the proposed heuristic
feature-granularity selection algorithm performs well on solving the test cost-constrained
multi-granularity feature selection problem. By using the algorithm, a desirable pair of
feature subset and conﬁdence level vector can be obtained to minimize the consumed
total cost under a rational test cost constraint. Besides, the inﬂuences of the test cost
upper bound value to the feature-granularity selection result are also discussed through
experiments.
Table 7. The optimal feature-granularity selection results for Liver
dataset with the same cost setting as that for Table 4 and diﬀerent values of test cost upper bound M , where the pairs of feature subset and
conﬁdence level vector have the minimal average total costs among δ =
−4, . . . , −0.5, 0
M
Optimal δ
+∞
−0.5
80
−1, −0.5
50
−1.5
30
−2.5, −2
20 −2.5, −2, −1.5, −1, −0.5
10
no solution

TTC
95.4795
77.4747
49.2193
27.5058
16.6349

AMC
5.5072
58.029
115.942
484.058
542.029

ATC
Feature subset Conﬁdence level vector
100.9868
{1, 2, 4, 6}
(0.7, 0.3, 0.997, 0.9)
135.5037
{1, 2, 6}
(0.9, 0.3, 0.9)
165.16147
{1, 4, 6}
(0.997, 0.3, 0.9)
511.5638
{4, 6}
(0.7, 0.997)
558.6639
{4}
(0.7)
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(b)

Figure 1. Changes of three kinds of cost with diﬀerent values of test cost
upper bound: (a) Credit, (b) Image, where TTC-MGFS and ATC-MGFS
respectively denote the total test cost and the average total cost obtained
by the proposed algorithm, while ATC-SGFS denotes the average total cost
obtained by the existing single-granularity algorithm in [20]. Especially, as
shown in Figure (a), when the test cost upper bound is 30, there is no
solution for the algorithm in [20].

(a)

(b)

Figure 2. Changes of three kinds of cost with diﬀerent values of test cost
upper bound: (a) Liver, (b) Sonar
5. Conclusions. In this paper, based on measurement errors and variable costs, an effective approach is proposed to solve the test cost-constrained multi-granularity feature
selection problem, so as to ﬁll in the gap that the test cost constraint issue has not been
touched in the existing cost-sensitive multi-granularity feature selection approach in [22].
Through using the designed heuristic feature-granularity selection algorithm, a desirable
pair of feature subset and error conﬁdence level vector can be selected to minimize the
total cost consumed under a rational test cost upper bound. In other words, a satisfactory
trade-oﬀ among feature dimension reduction, feature-value granularity selection and total
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(a)

(b)

Figure 3. Changes of three kinds of cost with diﬀerent values of test cost
upper bound: (a) Wdbc, (b) Wpbc
cost minimization under test cost constraint can be obtained by using the proposed approach. The future work is to present the extended approaches to deal with more complex
data, such as the composite data [25].
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