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Abstract. This paper presents a new model to obtain the most economical dimension
of circular isolated footings considering that the contact surface works partially under
compression (a part of the contact surface of the footing is subject to compression and
the other part has zero pressure). The current model considers the entire area working
under compression and is developed proposing different dimensions until complying with
the biaxial bending equation (Minimum pressure must be equal to or greater than zero,
and maximum pressure must be equal to or less than the allowable load capacity of the
soil). Other authors present the equations to obtain the dimensions of the circular foot-
ing, but consider the total area working under compression. The methodology is developed
as follows: The resultant moment “MR” is obtained, and by integration the axial load
“P” and the moment around of a X ′ axis “MR” are obtained. Numerical examples are
presented to obtain the contact area of circular isolated footings under axial load and
moments in two directions, and the results are compared with those of other authors.
The results show that the new model is more economic and also more suitable to real
conditions.
Keywords: Circular isolated footings, Most economical dimension, Linear pressure dis-
tribution of the soil, Biaxial bending, Contact surface works partially to compression

1. Introduction. Foundations types are classified as deep and shallow according to their
importance level: geometry function, soil behavior, structural function, and type of con-
struction system. Shallow foundations can be of various types depending on their function:
isolated footing, combined footing, strip footing, or mat foundation. The isolated footings
are classified according to their geometry shape: rectangular, square and circular.

The plan dimensioning of the footings is usually carried out admitting a flat distri-
bution for the stresses transmitted to the soil. This hypothesis is quite likely in highly
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consolidated rocky or clayey and sandy soils and not so much for the latter when they
are normally consolidated; in such a case, a parabolic stress distribution may be closer to
reality. Taking the linear hypothesis into account, the calculation of stresses for a given
footing and loads is direct and immediate in cases where soil detachment does not occur
(i.e., when the entire base of the footing compresses the soil, with greater or less intensity),
since then the stresses can be easily calculated from the system of linear equations that
requires the balance between the actions on the base of the footing and the soil reaction
(biaxial bending equation). This equation is invalid in the event that there is partial
detachment of some area of the base, which is assumed to be traction. This occurs when
the resultant is located outside the Central Nucleus, a well-known and delimited area.
The researchers who address the issue about the foundations dimensions are as the

following: Khazaie and Amirshahkarami [1] developed constant computational models for
small and large foundations under a uniform distributed load taking account of the inter-
action between the soil and the foundation, and it has been analyzed by ANSYS software,
version 8.1; Jahanandish et al. [2] employed the stress level-based method of the zero ex-
tension lines to take account of the nonlinearity of the Mohr-Coulomb failure envelope
to determinate of the bearing capacity factor “Nγ” in function of the foundation size;
Luévanos-Rojas [3] presented a mathematical model to obtain the minimum dimensions
of the rectangular isolated footings using optimization techniques; Vyacheslavovich and
Adolfovich [4] investigated the stress-strain state of the foundation bed under the vari-
ously shaped footings and the foundation basis is featured by cohesive and non-cohesive
soil; López-Chavarŕıa et al. [5] employed the optimization techniques to obtain the min-
imum dimensions of the square isolated footings with eccentric load; López-Chavarŕıa et
al. [6] developed a model to obtain the minimum contact surface for the corner combined
footings considering three columns, a corner column and two boundary columns. The
analytical models have been presented to find the contact surface on the soil for square,
rectangular and circular isolated footings subjected to an axial load and two moments in
orthogonal directions (biaxial bending) [7-9]. A formulation is presented to obtain the
dimensions of isolated footings under biaxial bending take account of the low concrete
consumption [10]. A comparison is presented between the square, rectangular and circu-
lar footings in function of the contact surface with soil [11]. Other mathematical models
have been studied to obtain the contact surface on the soil for rectangular, trapezoidal,
strap and T-shaped combined footings subjected to an axial load and two moments in
orthogonal directions in each column [12-15]. These models consider the contact surface
subjected to compression totally.
Now, the researchers who address the issue about the foundations design are as the fol-

lowing: Luévanos-Rojas et al. [16] for rectangular isolated footings, Luévanos-Rojas [17]
for circular isolated footings, Luévanos-Rojas [18] for boundary rectangular combined foot-
ings, Luévanos-Rojas [19] for boundary trapezoidal combined footings, Luévanos-Rojas
et al. [20] for T-shaped combined footings, Yáñez-Palafox et al. [21] for strap combined
footings, Luévanos-Rojas et al. [22] proposed the optimal design for rectangular isolated
footings, and López-Chavarŕıa et al. [23] developed a mathematical model for the design
of square isolated footings with eccentric load. Also, these models consider the contact
surface subjected to compression totally.
Several researches have developed mathematical models to determinate the stresses in

the base of the rigid rectangular isolated footings with a linear soil pressure distribution
considering that contact surface works partially to compression, such as Irles-Más and
Irles-Más [24], Algin [25,26], Özmen [27], Bellos and Bakas [28,29], Aydogdu [30], and
Girgin [31].
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According to the literature review, the closest work is the dimensioning of circular iso-
lated footings, but the surface area in contact with the soil is considered fully compressed.
Therefore, there is no document with the current level of knowledge about the dimension
of circular footings considering that contact surface works partially in compression.

This study shows an analytical model to obtain the dimension of the circular footings
considering that contact area with the soil works partially to compression, i.e., a part
of the contact area of the footing is subject to compression and the other there is no
pressure and neither tensile. Other authors show the equations to obtain the dimensions
of the circular footing, but consider the total area working under compression completely.
Numerical examples are shown to find the contact area of circular footings under an axial
load and moments in two directions, and the results are compared with those of other
authors to observe the differences. In addition, this study presents the characteristics of
the environment indicator related to quality of life [32].

The paper is organized as follows. Section 2 describes the formulation of the new model
to obtain the dimension of the circular isolated footings considering that contact area
with the soil works partially to compression. Section 2.1 shows when the resultant force
is located inside the central nucleus. Section 2.2 presents when the resultant force is
located outside the central nucleus. Section 3 shows the numerical problems applied by
the new model for circular isolated footings. Section 4 presents the results. Section 5
shows the conclusions to complete the paper.

2. Formulation of the New Model. Figure 1 shows an axial load “P” and two mo-
ments “Mx and My” in orthogonal directions (biaxial bending) applied to a circular iso-
lated footing.

Figure 1. Load and two moments applied to a circular isolated footing

General equation for any type of footings subjected to biaxial bending is

σ =
P

A
+

Mxy

Ix
+

Myx

Iy
(1)

where σ is the soil pressure on the footing, A is the contact surface of the footing, P is
the load applied at the center of gravity of the footing, Mx is the moment applied on the
X axis, My is the moment applied on the Y axis, x is the distance in the X direction
measured from the center of gravity to the fiber under study, y is the distance in Y
direction measured from the center of gravity to the fiber under study, Iy is the moment
of inertia around the Y axis and Ix is the moment of inertia around the X axis.

Now, to simplify the problem, the resultant moment “MR” is obtained from the two
orthogonal moments “Mx and My” and thus works with a single moment.
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Figure 2 presents an axial load “P” and a resultant moment “MR” of the two moments
applied on the X and Y axes to a circular isolated footing, and it also shows the radius
R and the diameter D.

Figure 2. Load and a resultant moment applied to a circular isolated footing

The resultant moment “MR” is obtained as follows:

MR =
√
Mx

2 +My
2 (2)

The inclination angle “θ” of the Y ′ axis with respect to the Y axis is

cos θ =
Mx

MR

→ θ = arccos

(
Mx

MR

)
(3)

The soil pressure on the circular footing at any point by Equations (1) and (2) is
obtained:

σ =
P

A
+

MRy
′

Ix′
(4)

Substituting A = πR2 and Ix′ = πR4/4 into Equation (4) is obtained:

σ =
P

πR2
+

4MRy
′

πR4
(5)

Figure 3 shows the central nucleus of a circular footing (blue shaded area). If the
resultant force is located inside the central nucleus, the entire area under the footing is
subjected to compression. If the resultant force is located outside the central nucleus, a

Figure 3. Central nucleus of a circular isolated footing
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part of the area under of the footing is subjected to compression (this situation is well
known).

The eccentricity eR is obtained by the following equation:

eR =
MR

P
(6)

2.1. The resultant force is located inside the central nucleus, i.e., eR ≤ R/4.
General equation for a circular footing is

σ =
P

πR2
+

4MRy
′

πR4
≤ σp (7)

where σp is permissible load capacity of the soil.
Substituting y′ = R into Equation (7) is obtained:

σ =
P

πR2
+

4MR

πR3
≤ σp (8)

If the minimum pressure is considered equal to zero by Equation (8), it can be expressed
as follows:

R =
4MR

P
(9)

If the maximum pressure is considered equal to the permissible load capacity of the soil
by Equation (8), it can be expressed as follows:

σpπR
3 − PR − 4MR = 0 (10)

Then, the value of R that must be considered to satisfy the two conditions is the greater
value of Equations (9) and (10). This is the model proposed by Luévanos-Rojas [7].

2.2. The resultant force is located outside the central nucleus, i.e., eR > R/4.
Figure 4 shows the pressure diagram, when the resultant force is located outside the
central nucleus, i.e., the pressure is generated in a part of the contact surface of the
footing.

Figure 4. Pressure diagram of the circular isolated footing

The relationship between the maximum pressure “σp” and the pressure at anywhere of
the footing “σy′” is found as follows:

σp

R− y0′
=

σy′

y′ − y0′
(11)
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By Equation (11), the pressure at anywhere of the circular footing is obtained:

σy′ =
σp

(
y′ − y0

′)
R− y0′

(12)

Now, by integration the vertical load generated by the soil pressure is found, and the
sum of forces acting on the footing is obtained through the following equation:

P =

∫ R

y0′
σy′dA (13)

where
dA = 2x′dy′ (14)

x′ =

√
R2 − y′2 (15)

Substituting Equations (12), (14) and (15) into Equation (13) is obtained:

P =
2σp

R− y0′

∫ R

y0′
(y′ − y0

′)

√
R2 − y′2dy′ (16)

Simplifying Equation (16) is obtained:

P =
σp

R− y0′

[(
2R2 + y0

′2)√R2 − y0′
2

3
+R2y0

′ arcsin

(
y0

′

|R|

)
− Ry0

′π|R|
2

]
(17)

Now, by integration the moment generated by the soil pressure is found, and the sum
of moments acting on the footing is obtained through the following equation:

MR =

∫ R

y0′
σy′y

′dA (18)

Substituting Equations (12), (14) and (15) into Equation (18) is obtained:

MR =
2σp

R− y0′

∫ R

y0′

(
y′ − y0

′)y′√R2 − y′2dy′ (19)

Simplifying Equation (19) is obtained:

MR = − σp

R− y0′

[
y0

′ (5R2 − 2y0
′2)√R2 − y0′

2

12
+

R4

4
arcsin

(
y0

′

|R|

)
− R3π|R|

8

]
(20)

Subsequently, σp, P and MR (known values) are substituted into Equations (17) and
(20) to obtain R and y0

′.
Figure 5 presents the footing where the line crosses the circumference (pressure zero or

neutral axis) to obtain the coordinates on the two types of axes.
The rotated coordinates (X ′, Y ′) are obtained as follows:

P1
′ =

(√
R2 − y0′

2, y0
′
)

(21)

P2
′ =

(
−
√

R2 − y0′
2, y0

′
)

(22)

The original coordinates (X, Y ) are

P1 =

(
y0

′ sin θ +

√
R2 − y0′

2 cos θ, y0
′ cos θ −

√
R2 − y0′

2 sin θ

)
(23)

P2 =

(
y0

′ sin θ −
√

R2 − y0′
2 cos θ, y0

′ cos θ +

√
R2 − y0′

2 sin θ

)
(24)



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.18, NO.4, 2022 1109

Figure 5. Coordinates on the two types of axes for the circular isolated footing

3. Numerical Problems. Tables present three cases for dimensioning of circular isolat-
ed footings, for the three cases P = 500 kN and My = 100 kN-m, and Mx = 300 kN-m
for the case 1, Mx = 200 kN-m for the case 2, Mx = 150 kN-m for the case 3, and each
case presents four types of permissible load capacity of the soil of σp = 250, 200, 150, 100
kN/m2, that are the same in all cases. The decrease in Mx is to observe the differences
in the radius and area of the footing.

Table 1 shows the numerical problems of the new model for three cases of circular
isolated footings. Substituting the values of σp, P and MR into Equations (17) and (20)

Table 1. New model

σp(
kN/m2

) R (m)
eR
(m)

R (m) y0
′ (m) R (m) y0

′ (m)
σmax(

kN/m2
) σmin(

kN/m2
)By

Eq. (9)

By

Eq. (10)

By Eqs.

(17) and (20)
Proposed

Case 1: P = 500 kN, My = 100 kN-m, Mx = 300 kN-m, MR = 316.23 kN-m

250 2.53 1.35 0.63 1.41 −0.52 1.45 −0.59 227.24 0.00

200 2.53 1.47 0.63 1.51 −0.70 1.55 −0.76 185.63 0.00

150 2.53 1.64 0.63 1.67 −0.96 1.70 −1.01 141.97 0.00

100 2.53 1.92 0.63 1.93 −1.41 1.95 −1.44 97.30 0.00

Case 2: P = 500 kN, My = 100 kN-m, Mx = 200 kN-m, MR = 223.61 kN-m

250 1.79 1.25 0.45 1.26 −0.81 1.30 −0.88 228.27 0.00

200 1.79 1.36 0.45 1.36 −1.00 1.40 −1.06 186.84 0.00

150 1.79 1.52 0.45 1.52 −1.28 1.55 −1.33 143.08 0.00

100 1.79 1.79 0.45 1.79 −1.78 1.80 * 97.94 0.30

Case 3: P = 500 kN, My = 100 kN-m, Mx = 150 kN-m, MR = 180.28 kN-m

250 1.44 1.19 0.36 1.19 −0.96 1.20 −0.98 244.55 0.00

200 1.44 1.30 0.36 1.30 −1.16 1.30 −1.17 198.89 0.00

150 1.44 1.45 0.36 * * 1.50 * 138.75 2.72

100 1.44 1.71 0.36 * * 1.75 * 94.80 9.14

*There is no value. This means that the entire area of the footing works in compression.
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is obtained the values of R and y0
′. Subsequently, the value of R is considered a practical

value and is substituted into Equations (17) and (20) to obtain the values of σp and y0
′.

This procedure is used for when the resultant force is located outside the central nucleus
(eR > R/4). For when the resultant force is located inside the central nucleus (eR ≤ R/4)
use Equations (9) and (10) by Luévanos-Rojas [8].
Table 2 presents the coordinates (X ′, Y ′) and the coordinates (X, Y ) of the numerical

problems for the new model. Substituting the values of R and y0
′ into Equations (21)

and (22) is obtained the coordinates (X ′, Y ′). Now, substituting the values of R, y0
′ and

θ into Equations (23) and (24) is obtained the coordinates (X, Y ).

Table 2. Coordinates

σp(
kN/m2

) Coordinates (X ′, Y ′)

θ

(Rad)

Coordinates (X, Y )

P1
′ P2

′ P1 P2

x′

(m)

y′

(m)

x′

(m)

y′

(m)

x

(m)

y

(m)

x

(m)

y

(m)

Case 1: P = 500 kN, My = 100 kN-m, Mx = 300 kN-m, MR = 316.23 kN-m

250 1.32 −0.59 −1.32 −0.59 0.32 1.07 −0.98 −1.44 −0.14

200 1.35 −0.76 −1.35 −0.76 0.32 1.04 −1.15 −1.52 −0.30

150 1.37 −1.01 −1.37 −1.01 0.32 0.98 −1.39 −1.62 −0.53

100 1.31 −1.44 −1.31 −1.44 0.32 0.79 −1.78 −1.70 −0.95

Case 2: P = 500 kN, My = 100 kN-m, Mx = 200 kN-m, MR = 223.61 kN-m

250 0.96 −0.88 −0.96 −0.88 0.46 0.47 −1.21 −1.25 −0.36

200 0.91 −1.06 −0.91 −1.06 0.46 0.35 −1.36 −1.29 −0.54

150 0.80 −1.33 −0.80 −1.33 0.46 0.12 −1.55 −1.30 −0.84

100 * * * * * * * * *

Case 3: P = 500 kN, My = 100 kN-m, Mx = 150 kN-m, MR = 180.28 kN-m

250 0.69 −0.98 −0.69 −0.98 0.59 0.03 −1.20 −1.12 −0.43

200 0.57 −1.17 −0.57 −1.17 0.59 −0.18 −1.29 −1.12 −0.66

150 * * * * * * * * *

100 * * * * * * * * *

*There is no value. This means that the entire area of the footing works in compression.

4. Results. Table 1 presents the following: The radius is obtained by Equations (17)
and (20) because it has an eccentricity eR > R/4 for the three cases, with exception of
the case 2 for the permissible load capacity of the soil of σp = 100 kN/m2, and of the case
3 for the permissible load capacity of the soil of σp = 150 kN/m2 and σp = 100 kN/m2.
This can be observed directly in the table where the minimum stress does not reach the
value of zero. The results show that when the value of the permissible load capacity of the
soil σp decreases, the radius R increases and the value of y0

′ increases in absolute value.
Table 2 shows the following: The coordinates (X ′, Y ′) are obtained by Equations (21)

and (22), and these are verified because the points 1 and 2 are symmetrical with respect
to the Y ′ axis. The coordinates (X, Y ) are obtained by Equations (23) and (24), and are
verified by obtaining the radius by means of these coordinates. The results show that
when the value of the permissible load capacity of the soil σp decreases, the coordinates
(X, Y ) of the points 1 and 2 decrease.
Table 3 shows the numerical problems for three cases of circular isolated footings of

the model proposed by Luévanos-Rojas [8]. Substituting the values of σp, P and MR into



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.18, NO.4, 2022 1111

Table 3. Model proposed by Luévanos-Rojas [8]

σp(
kN/m2

) R (m) Stresses on the footing

By Eq. (9) By Eq. (10) Proposed
σmax(

kN/m2
) σmin(

kN/m2
)

Case 1: P = 500 kN, My = 100 kN-m, Mx = 300 kN-m, MR = 316.23 kN-m

250 2.53 1.35 2.55 48.76 0.19

200 2.53 1.47 2.55 48.76 0.19

150 2.53 1.64 2.55 48.76 0.19

100 2.53 1.92 2.55 48.76 0.19

Case 2: P = 500 kN, My = 100 kN-m, Mx = 200 kN-m, MR = 223.61 kN-m

250 1.79 1.25 1.80 97.94 0.30

200 1.79 1.36 1.80 97.94 0.30

150 1.79 1.52 1.80 97.94 0.30

100 1.79 1.79 1.80 97.94 0.30

Case 3: P = 500 kN, My = 100 kN-m, Mx = 150 kN-m, MR = 180.28 kN-m

250 1.44 1.19 1.45 150.99 0.41

200 1.44 1.30 1.45 150.99 0.41

150 1.44 1.45 1.50 138.75 2.72

100 1.44 1.71 1.75 94.80 9.14

Table 4. Comparison of the NM and the MPLR

σp(
kN/m2

) Radius (m) Area
(
m2

)
NM MPLR MPLR/NM NM MPLR MPLR/NM

Case 1: P = 500 kN, My = 100 kN-m, Mx = 300 kN-m, MR = 316.23 kN-m

250 1.45 2.55 1.76 6.61 20.43 3.09

200 1.55 2.55 1.65 7.55 20.43 2.71

150 1.70 2.55 1.50 9.08 20.43 2.25

100 1.95 2.55 1.31 11.95 20.43 1.71

Case 2: P = 500 kN, My = 100 kN-m, Mx = 200 kN-m, MR = 223.61 kN-m

250 1.30 1.80 1.38 5.31 10.18 1.92

200 1.40 1.80 1.29 6.16 10.18 1.65

150 1.55 1.80 1.16 7.55 10.18 1.35

100 1.80 1.80 1.00 10.18 10.18 1.00

Case 3: P = 500 kN, My = 100 kN-m, Mx = 150 kN-m, MR = 180.28 kN-m

250 1.20 1.45 1.21 4.52 6.61 1.46

200 1.30 1.45 1.12 5.31 6.61 1.24

150 1.50 1.50 1.00 7.07 7.07 1.00

100 1.75 1.75 1.00 9.62 9.62 1.00

Equations (9) and (10) the value of R is obtained, and the largest is taken as the proposed
radius.

Table 4 shows the comparison of the two models to observe the advantages of the new
model (NM) against the model proposed by Luévanos-Rojas (MPLR) [8].
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Table 3 presents the following: The radius is obtained by Equations (9) and (10), and
the radius R is governed by Equation (9) for all the cases, with exception of the case
2 for the permissible load capacity of the soil of σp = 150 kN/m2, and of the case 3
for the permissible load capacity of the soil of σp = 150 kN/m2 and σp = 100 kN/m2

which is governed by Equation (10). This can be observed directly in the table where the
maximum stress does not reach the value of the permissible load capacity of the soil σp.
Table 4 shows the following: The radius is obtained by Equations (17) and (20) for the

new model and by Equations (9) and (10) for the model proposed by Luévanos-Rojas [8],
and it is clearly observed that the new model presents smaller radius and smaller contact
area with respect to the model proposed by Luévanos-Rojas [8].
Figure 6 shows the comparison between the two models in terms of radii and areas of

the footings.

(a) Radius

(b) Area

Figure 6. Comparison between the two models
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In Figures 6(a) and 6(b), the following are observed: When the permissible load capacity
of the soil decreases, the difference between the two models is smaller, and in the cases
that present the same value, it is because the area of the footing works completely in
compression.

5. Conclusions. This paper presents a mathematical model of circular isolated footings
to determine the radius and the position where stresses are zero in an elastic soil for an
eccentrically loaded circular footing, assuming a linear pressure distribution of the soil.

The model consists of calculating the radius and the position where stresses are zero
of a circular isolated footing subjected to biaxial bending, and the solution is obtained
by solving the system of two equations that is generated by the balance of axial load and
resultant moment, subsequently the radius is adjusted, and now the two equation systems
are solved to obtain the position where stresses are zero and the maximum stress to verify
if the maximum stress is less than the permissible load capacity of the soil.

The main contributions of this document are as the following.
1) The new model shows a significant reduction in the radius and in the contact area

on the soil with respect to the model proposed by Luévanos-Rojas [8], if the resultant
force is located outside the central nucleus (eR = MR/P > R/4), i.e., when the moment
MR increases, the difference will be greater.

2) The new model shows an important advantage over any other model because it
considers the contact area with the soil working partially to the compression, i.e., a part
of the contact surface of the footing is subject to compression and for the other there is
no pressure and neither tensile.

The new model presented in this document to obtain radius of the circular isolated
footings subjected to an axial load and moment in two orthogonal directions due to the
column, also it can be applied to an axial load, and an axial load and moment in a
direction.

This study presents a robust and effective solution applied only to finding the radius of
the circular isolated footings resting on elastic soil, which meet expression of the biaxial
bending, i.e., the variation of the pressure is linear.

The suggestions for the next research are as fllows:
1) Contact surface on the soil for the combined footing (rectangular, trapezoidal, corner

and T-shaped) with the soil working partially under compression;
2) When totally cohesive soils (clay soils) and/or totally granular soils (sandy soils)

are presented, the pressure diagram is different, because the pressure is not linear as it
presented herein.

Acknowledgment. The research described in this work was funded by the Instituto de
Investigaciones Multidisciplinaria of the Facultad de Contaduŕıa y Administración of the
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[19] A. Luévanos-Rojas, Design of boundary combined footings of trapezoidal form using a new model,
Structural Engineering and Mechanics, vol.56, no.5, pp.745-765, 2015.
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