International Journal of Innovative
Computing, Information and Control ICIC International (©)2023 ISSN 1349-4198
Volume 19, Number 2, April 2023 pp. 339-353

ON BIPOLAR-VALUED SUBBISEMIRINGS OF BISEMIRINGS
AND THEIR EXTENSION

M. PALANIKUMAR! AND AIYARED [AMPANZ*

!'Department of Mathematics
Saveetha School of Engineering
Saveetha University
Saveetha Institute of Medical and Technical Sciences
Tamil Nadu, Chennai 602105, India
palanimaths86@gmail.com

2Fuzzy Algebras and Decision-Making Problems Research Unit
Department of Mathematics
School of Science
University of Phayao
19 Moo 2, Tambon Mae Ka, Amphur Mueang, Phayao 56000, Thailand
*Corresponding author: aiyared.ia@up.ac.th

Received August 2022; revised December 2022

ABSTRACT. We defined bipolar-valued subbisemirings, level sets of bipolar-valued sub-
bisemirings, and bipolar-valued normal subbisemirings of bisemirings. Additionally, we
look into some of these subbisemirings related properties (shortly, SBS). Let A be a
bipolar-valued fuzzy set (BVFES) in S. Prove that f= (f4, f3) is a bipolar-valued sub-
bisemiring of S if and only if all non-empty level set f%) is a subbisemiring of S for
t €[0,1] and s € [-1,0]. Let A be a BVSBS of a bisemiring S and V be the strongest
bipolar-valued relation of S. Prove that A is a BVSBS of S if and only if V is a BVSBS
of S x S. The homomorphic image and pre-image of BVSBS are also BVSBS. Let fs be
an («, 8)-BVSBS of S. Prove that the nonempty sets f? and f are SBSs of S, where
R={pesS|fp)>al}tand f ={pe S| [(p) <a"}. Let [f= (fh, f3) be any
BVFS in S. Prove that f is an («, 8)-BVSBS of S if and only if each non-empty level
subset f9) is an SBS of S for all t € (a®, BP] and s € (o™, B"]. Examples are given to
demonstrate our findings.

Keywords: Subbisemiring, Bipolar-valued subbisemiring, («, $)-bipolar-valued sub-
bisemiring, (a, 8)-bipolar-valued normal subbisemiring, Homomorphism

1. Introduction. The various ideals based on semirings have been described by a number
of authors and academics [1]. The German mathematician Dedekind initiated the study
of semirings in relation to the ideals of commutative rings. The American mathematician
Vandever later explored semirings and recognized them as a basic algebraic structure in
1934. It is a generalization of distributive lattices and rings. However, since 1950, there
have been improvements in semiring theory. In 1965, Zadeh [2] introduced the fuzzy set
theory. A bipolar fuzzy set is an extension of a fuzzy set in which membership degree range
is [—1, 1] [3]. The membership degree range of the bipolar fuzzy set is expanded from the
interval [0, 1] to [—1,0]. The idea which lies behind such description is connected with the
existence of bipolar information (positive information and negative information) about
the given set. Information that would be positive indicates what is accepted as possible,
whereas information that is negative shows what is thought to be absolutely impossible.

DOI: 10.24507 /ijicic.19.02.339

339



340 M. PALANIKUMAR AND A. TAMPAN

In reality, a large number of human decisions are founded on dualistic or bipolar judgment
thinking, which has both a positive and a negative side. For example, collaboration and
competitiveness, hostile opposition, shared interests, effect and side effects, probability
and conflict of interest improbability and other concepts are the two parties frequently
collaborate. Lee [4] discussed the concept of BVFSs and their operations. Palanikumar
and Arulmozhi [5, 6, 7, 8, 9] presented various fuzzy ideals of bisemirings and semigroups.
A semiring (S, +, -) is a non-empty set in which (S, 4) and (S, -) are semigroups such that
“7 is distributive over “+”. Ahsan et al. [10] presented the idea of fuzzy semirings in
1993. Sen and Ghosh [11] introduced the notion for bisemirings in 2001. A bisemiring
(S, 4,0, %) is an algebraic structure in which (S,+,0) and (5,0, x) are semirings in
which (S, +), (S, 0), and (S, x) are semigroups such that (1) zo (y+2) =xoy+xo0 2,
(2) (y+z)ox=yox+zox, (3)xx(yoz)=(xxy)o(xxz)and (4) (yoz)xx =
(y x x)o(z x x) for all x,y,z € S. A non-empty subset A of a bisemiring (S5, +, o, X)
is an SBS of S if and only if v +y € A, xoy € A, and z xy € A for all x,y €
A [12]. Palanikumar et al. discussed various algebraic structures and its applications
[13, 14, 15, 16, 17, 18, 19]. The goal of this study is to investigate and make conclusions on
several aspects of the subbisemiring theory to BVSBS theory. The following five sections
make up the article. Section 1 contains the introduction, and Section 2 has the semiring
and SBS preliminary facts. The BVSBS hypothesis is contained in Section 3. In Section
4, the idea of («, §)-BVSBS homomorphism is proposed, and its features are discussed.
The theory of («, 3)-BVNSBS homomorphism is introduced in Section 5. Additionally,
when evaluating the BVSBS and BVNSBS, use some numerical examples.

2. Preliminaries. In this section, we quickly recall some of the basic definitions required
for our further studies.

Definition 2.1. [3] Let (S,+,-) be a semiring. A fuzzy set A in S is said to be a fuzzy
subsemiring of S if it satisfies the following conditions:

(1) fa(z +y) > min{fa(z), fa(y)},

(2) fa(z-y) > min{fa(z), fa(y)}, Yo,y € S.
Definition 2.2. [4] The BVFS A in a universe X is an object having the form A =
{(z, fi(x), fi(x)) | © € X}, where f4: X — [0,1] and f4: X — [—1,0]. Here f4(x)
represents the degree of satisfaction of the element x to the property and fii(x) represents

the degree of satisfaction of x to some implicit counter property of A. For simplicity, the
symbol (f4, f1) is used for the BVFS A = {(z, f4(z), fi(z)) | x € X}.

Definition 2.3. Let A = (f%, f4) and B = (fp, f}) be two BVESs in a non-empty set
X. Then

(1) AN B = {{z, min{ f}(2), fp(2)}, max{fi(z), f5(2)}) | x € X},

(2) AU B = {{z, max{ f4(2), fl(x)}, min{ f3(2), fa(@)}) | = € X}.
Definition 2.4. For any BVFS A = (f4, f4) in a non-empty set X, we defined the
(e, B)-cut of A as the crisp subset {x € X | fi(x) > a and f}(x) < B} of X.
Definition 2.5. Let A and B be fuzzy sets in S1 and So, respectively. The product of A
and B denoted by A x B is defined as A x B = {faxp(s1,52) | s1 € S1 and s5 € Ss},
where faxp(s1,s2) = min{ fa(s1), fe(s2)} for all s; € Sy and s € Ss.

Definition 2.6. [5] The fuzzy set A in a bisemiring (S, Xy, Xy, X3) is said to be a fuzzy
subbisemiring (FSBS) of S if it satisfies the following conditions:

(1) fa(rx Xy y) > min{ fa(z), fa(y)},
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(2) fa(x Xy y) > min{fa(z), fa(y)},
(3) fa(x W3 y) > min{ fa(z), fa(y)}, Yo,y € S.

Definition 2.7. [5] The FSBS A of a bisemiring (S,Xy, Ky, K3) is said to be a fuzzy
normal subbisemiring (FNSBS) of S if it satisfies the following conditions:

(1) fA(»T X y) = fA(?/ X, ),

(2) fa(z®ay) = faly Xy z),

(3) fa(x®3y) = falyXsz z), Vo,y € S.
Definition 2.8. [12] Let (S,+,-, x) and (T,®,0,®) be two bisemirings. A function ¢:
S — T is said to be a homomorphism if it satisfies the following conditions:

(1) ¢(z +y) = o(z) ® d(y),

(2) ¢(z - y) = ¢(x) o ¢(y),

(3) o(x x y) = ¢(x) ® ¢(y), Y,y € 5.

3. Bipolar-Valued Subbisemirings. In what follows, let S = (5, X, K, X3) denote a
bisemiring unless otherwise stated.

Definition 3.1. Let S be the SBS. The BVFS A = (f%, f%) in S is said to be a bipolar-
valued subbisemiring (BVSBS) of S if it satisfies the following conditions:

(1) fale Ry y) > min{f}(z), fi(y)},

(2) fi(z Ry y) > min{fi(z), f4(y)},
(3) fi(z N3 y) > min{ f4(2), f4(y)},
(4) (xR y) < max{fi(x), f4(y)},
(5) fi(z Ry y) < max{fi(x), f4(y)},
(6) fi(r Ry y) < max{fi(z), fi(y)}, Yo,y € S.

Example 3.1. Let S = {x1, 29, 23,24} be the bisemiring with the following Cayley table:

Xy | 21 |22 | 23| 24 Mo | 21 |22 | 73| 24 N | 21 |22 | 23| 24
T1 |21 |T1 | X1 |21 T1 | T1| T2 | T3 | T4 T1 |21 |T1 | X1 | X1
Ty | X1 | T2 | T1 | T2 Ty | T2 | T2 | Ty | T4 Ty | T1 | T2 | T3 | T4
T3 | X1 |T1 | T3 | T3 T3 | T3 | Ty | T3 | Ty T3 | Ty | Ty | Ty | Ty
Ty | X1 | XTo | T3 | Ty Ty | Ty | Ty | Ty | Ty Ty | Ty | Ty | Ty | Ty

(0.70, —0.40) if v = x4
b _ (0.60, —0.30) if x =z
(L I (@) (0.30, -0.10) if & = x4
(0.50, —0.20) if x = x4
Now f4(z2 By x3) = fh(x1) = 0.70 and min{f%(xs), f4(x3)} = min{0.60,0.30} = 0.30.
Hence, f4(xy By x3) > min{f4(z2), f4(z3)}. Also, fi(xe Wy x3) = fi(z1) = —0.40,
max{ fi(z2), fi(r3)} = max{—0.30,—-0.10} = —0.10.

Hence, fh(xo®23) < max{f}(xa), fi(x3)}. By routine calculations based on Definition
3.1, all the conditions are satisfied. Therefore, A is a BVSBS of S.

Theorem 3.1. The arbitrary intersection of a BVSBS of S is a BVSBS of S.

Proof: Let {V; | i € I} be the family of BVSBSs of S and A =(),.;Vi. Let z,y € S.
Then

el

ffx(x X, y) = ?elﬁ{fe'(x X, y)}
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> inf{min{ f}, (), f{; (v)}}

= win {inf (% ()} {7, 0}
— win{ (@), £4(0)}
Simnilarly, f1(x K 9) > min{ £} @), £4()} and f5(x By y) > min{ (). F5(0)}. Also,
filz Ry y) = S}Glp{f% (z Xy y)}

= max {igy{f& ()}, Szlel?{f(}l (y)}}
= max{ f}(z), f1(y)}.

Similarly, fi(z Xy y) < max{fi(z), fi(y)} and fi(r X3 y) < max{fi(z), fi(y)}. Hence,
Ais a BVSBS of S. O

Theorem 3.2. If A and B are the two BVSBSs of Sy and Sy, respectively, then the
Cartesian product A x B is a BVSBS of S1 x 5.

Proof: Let A and B be the two BVSBSs of S; and Sy, respectively. Let (z1,y1), (2, y2)
€ 5] x S5. Then

Fhupl(@,y1) Ky (22, 90)] = flyp(21 By 22,91 K1 o)
= min{ f}(z1 X 2), f5(y1 K1 y2)}
> min{min{f}(z1), f}(z2)}, min{ f5(v1), f5(y2)}}
= min{min{ f}(z1), f5(y1)}, min{ 4 (z2). f5(y2) }}

= min{ fi, 5(21,91), faxp(T2, y2)}-

Also,

fﬁxBlea yl) X, (I27y2)] > min{fﬁxB(xhyl)a fﬁxB(x%y?)}
and

fixB [(‘rlv yl) s (x% yQ)] > min{fﬁxB(‘rlv yl)? fﬁxB(x% yQ)}
Similarly,

Fasp [(@1,y1) B (22, 42)] = fhyp(@1 By 22,91 K yo)

max{ f} (1 B z2), f5(y1 B y2)}

< max{max{ f}(z1), f4(22) }, max{f5(v1), f5(v2)}}
= max{max{ f}(x1), f5(y1)}, max{ fi(z2), f5(y2)}}

maX{fsz($17 yl)v fXxB('er y2>}'

Also,
faxp [(@1,y1) Ba (22, y2)] < max{fi, p(21,91), [ixp(T2,92)}
and
Fasp (@1, 91) B (22, y2)] < max{fi, g(1,91), [axp(T2,¥2)}-
Hence, A x B is a BVSBS of S x S,. O

Corollary 3.1. If A, Ay, ..., A, are BVSBSs of bisemirings S1,Ss,...,S,, respectively,
then Ay X Ay X --- X A, is a BVSBS of S1 x Sy X -+ X S,,.
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Definition 3.2. Let A be the BVFES in S, the strongest bipolar-valued relation on S,
that is a bipolar-valued relation V' on A is given by fi(z,y) = min{f4(x), fi(y)} and
fo(@,y) = max{fi(x), fi(y)}, Yo,y € S.

Theorem 3.3. Let A be the BVSBS of S and V' be the strongest bipolar-valued relation
on S. Then A is a BVSBS of S if and only if V is a BVSBS of S x S.

Proof: Assume that A is a BVSBS of S and V' is the strongest bipolar-valued relation
on S. Then for any « = (x1,22), y = (y1,%2) € S X S, we have

(@ ®yy) = (@, 22) B (y1,92)]
= fg(% Xy g1, 20 Xy 1)
= min{ f (z1 X1 y1), fi (22 Ky y2)}
> min{min{f}(z1), f4(y1)}, min{ f4(x2), f4(y2) }}
= min{min{ f}(z1), f4(z2) }, min{ f3(v1), f4(y2) }}
= min{fi(z1, 22), fi7 (Y1, v2)}
= min{fy(z), f/-(v)}-

Also, f{(z Xy y) > min{ fi;(2), fi/(y)} and fi(z M3 y) > min{f7(z), fi:(y)}. Similarly,

fo(z W y) <max{fy(2), fr(y)}, fi(z®y) < max{f}(z), [y (y)},
and
Jo(z W5 y) < max{ fy(z), fy7(y)}-
Hence, V is a BVSBS of S x S.

Conversely, assume that V' is a BVSBS of S x S. Then for any = = (z1,22), y =
(y1,92) € S x S, we have

min{ffx(% Xy y1), ffx(xz X1 y2)} = f{}(a:l Xy y1, 20 Xy o)
= i [(z1,22) B (Y1, y2)]
= fr(z X y)
> min{ fi(z), [y (y)}
= min{ f{ (21, 22), f7(y1,92) }
= min{min{ f (1), fx(2)}, min{ f3 (1), f4(y2) }}-

If fi(er Xyy) < fi(ze Xy oyo), then fi(z1) < fi(ze) and fi(y1) < fi(yz). We get
(@R y1) > min{ f4 (x1), fi(y1)} and mind f3 (21Xay1), f4(22Xy2) } >min{min{ f}(z1),
Fa(2) }, min{ £ (1), fi(y2)}}-

If fi(z My y1) < fh(we o yo), then fli(z1 Ky y1) > min{f}(z1), fi(y1)}. We get
min{ f} (21 Xz y1), f4(v2 K3 y2)} > min{min{ f4(z1), f4(22) }, min{ f4(y1), f4(y2)}}-

If fh(z1 Kz y1) < flh(22 M3 y2), then fh(x) Mz y1) > min{f(z1), f4(y1)}. Similarly,
max{ i (z1 Xy y1), fi(z2 B y2) } < mas{max{fi(z1), fi(z2)}, max{fi(y1), fi(y2)}}-

If fi(z: By y1) > fh(zs By o), then fi(z1) > fi(ze) and fR(y1) > fi(y2). We get
(o Xyyn) <max{ fi(z1), fi(y1)}, so max{ f4(21Xay1), fi(12Kays) } <max{max{ f}(r1),
fi(za) b, max{fi(y1), f4(y2) }}-

If fh(er My y1) > fh(ra By yo), then fi(zy Mo y1) < max{fi(z1), fi(y1)}. We get
max{ [ (z1 X3 y1), fi(r2 W3 y2) } < max{max{fi(z1), fi(z2)}, max{fi(y1), fi(y2)}}-

If fi(z1 Rz y1) > fi(ze W3 o), then fi(z) Kz yi) < max{fi(z1), fi(y1)}-

Hence, A is a BVSBS of S. O

Theorem 3.4. A BVFS f= (f4, f1) is an BVSBS of S if and only if all non-empty level
set f®9) is an SBS of S fort € [0,1] and s € [—1,0].
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Proof: Assume that fis a BVSBS of S. For each t € [0,1] and s € [—1,0] and
a,ay € f%), we have fi(a1) > t, fi(as) > t and fi(a) < s, fi(as) <
falar By az) = min{ fi(ar), fi(az2)} > ¢, fh(ar K2 az) = min{f}(ar), f4(az)}
fh(ar B3 ag) > min{ f4(a1), f4(as)} > t. Similarly,

falar By az) < max{fi(a1), fi(a2)} <s, fi(ar Xz az) <max{fi(a1), fi(az)} < s,

and
filan B az) < max{fi(a1), fi(az)} < s.

This implies that a; 8y ap € &, a3 Ky as € f&9), and a3 K3 ag € &), Therefore, )
is an SBS of S for each ¢ € [0,1] and s € [—1,0].

Conversely, assume that ) is an SBS of S for each ¢ € [0,1] and s € [-1,0]. Suppose
if there exist aj,as € S such that f4(a1 Wy az) < min{f4(a1), f4(az)}. Select ¢ € [0, 1]
such that f}(a1M1a2) <t <min{f}(a1), fi(a2)}, fi(a1B2a2) <t < min{fj(a1), fi(az2)},
and fj(a1 M3 ap) <t < min{f}(a1), fi(a2)}. Then ai,a, € f©9) but a; Xy ay ¢ f&9),
a1 Ry as ¢ @) and ay My ay ¢ &) This contradicts to that f**) is an SBS of S.
Hence, f4(a1 Xy az) > min{f4(a1), f4(a2)}, fh(ar Ky az) > min{f4(a1), f4(az2)}, and
fh(ay ®3 az) > min{ f4(a1), f4(az)}. Similarly,

filar By az) < max{fi(a1), fi(az)}, fi(ar Wy as) < max{fi(ar), fi(a2)},

and

fi(ar B az) < max{f}i(a1), f4(a2)}-
Hence, f = (f%, f1) is a BVSBS of S. O

Theorem 3.5. If A is a BVSBS of S, then H ={xz |z € S| f4(x) =1 and f}(z) = —1}
is either empty or is an SBS of S.

Proof: Assume that H is non-empty. If z,y € H, then fi(z) = 1, fi(y) = 1 and
Fi@) = 1 fis) = 1. Now, Az B y) > min{f}(z), f4y)} = min{L1} = 1.
Therefore, f4(zX;y) = 1. Similarly, f4(zXsyy) =1 and f4(xX3y) = 1. Now, fi(z X, y)
< max{fi(z), fa(y)} = max{—1,—1} = —1. Therefore, fi(z X; y) = —1. Similarly,
fi(zXey) =—1and fi(zrN3y) = —1. Thus, Xy y € H, zXyy € H,and x X3y € H.
Hence, H is an SBS of S. O

Definition 3.3. Let A be any BVSBS of S, a € S and a fized real number p(a) € [0,1].
Then the pseudo bipolar-valued coset (aA)P is defined by ((af})P)(x) = p(a)fi(x) and

((af3)P)(x) = pla) fi(z) for every x € S.

Theorem 3.6. If A is a BVSBS of S, then the pseudo bipolar-valued coset (aA)P is a
BVSBS of S for every a € S.

Proof: Let A be any BVSBS of S and for every z,y € S. Then ((af})?)(x X, y) =
p(a) F2(ehy) > pla) min{ f4(x), f4(y)} = mindp(a) f3 (=), pla) f4(y)} = min{((af%)?)(z),
((af)P)(y)}- Hence, ((afi)?)(x By y) = min{((af3)?)(x), ((af})")(y)}. Similarly,

((afd)")(x By y) = min{((af)")(x), ((af3)")(y)}
and
((af2)?)(x X3 y) = min{((af3)")(x), (af3))(y)}
Now, ((afi)")(x B y) = pla)fi(z B y) < pla) max{fi(z), fi(y)} = max{p(a)[4(z),

p(a)fi(y)} = max{((af3)")(x), ((af3)")(y)} Hence, ((af3)")(xBhy) < max{((af3)")(x),
((af3)")(y)}. Similarly,

((af3)")(z By y) < max{((af})")(x), ((af3)")(y)}



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.19, NO.2, 2023 345

and

((af2)")(x W3 y) < max{((af3)?)(z), ((af3)")(y)}.
Hence, (aA)? is a BVSBS of S. O

Definition 3.4. Let (S, ®1, P2, D3) and (Sz, ©1, @2, ®3) be any two bisemirings. Let p:
S1 — Sy be any function, A be any BVSBS in Sy, and V' be any BVSBS in ¢(S1) =
So. If fa = (f4, f4) is a BVFES in Sy, then fy is a BVFS in Sy, defined by fi(y) =
SUD,c,-1y fa () and fi}(y) = infoe,-1, fi(7) for allz € Sy and y € Sy is called the image
of fa under ¢. Similarly, if fv = (fv., fi}) is a BVFS in Sy, then the BVES fa = po fy
in Sy [i.e., the BVFS defined by fa(x) = fy(¢(x))] is called the preimage of fy under .

Theorem 3.7. Let (S1, @1, Da, B3) and (Sz, ©1,®2, @3) be any two bisemirings. The ho-
momorphic image of BVSBS of Sy is a BVSBS of Ss.

Proof: Let ¢: S; — S be any homomorphism. Then ¢(x &1 y) = ¢(z) ©1 ¢(y), ¢(z
Day) = ¢(z) O2 p(y), and p(z @3 y) = ¢(x) O3 p(y) for all 2,y € 51 Let V = p(A),
where A is any BVSBS of S;. Let o(x), p(y) € Sa. Let z € ¢~ ( (z)) and y € o~ (p(y))

A
be such that fﬁ( ) - Supz@p L(p(z)) fA( ) and fA( ) - Supzetp (e(y)) f ( ) NOW
)

fole(z) ©19(y)) = sup fA(Z)
2'ep~Hp(z)O10(y))

sup fa(z")
Z'epHp(z®1y))

= fi(z &1 y)
> min{f}(z), f4(y)}
= min{fHe(), fle(y)}-
Thus, f7(¢(x) ©1 ¢(y)) > min{ f{e(z), f{e(y)}. Similarly,
f (o) @2 0(y)) = min{ flo(z), fio(y)}

and

fo(o(z) O3 ¢(y)) > min{ fle(z), fey)}.
Let o(x ) s@(y) € Sy Let z € 90 Yp(x)) and y € ¢ ' (p(y)) be such that fi(r) =
lnfzep f;ll( ) and fi(y) = inf zep~(p(y fA( ). Now,

fr(p(x) O1o(y)) = inf fa#)

Z€pHp(z)O19(y))

= inf n(y
Sep-1(p(a@1y)) Ji(Z)

= [i(z @1 y)
< max{f}i(z), fi(y)}
= max{ fyp(z), fre(y)}-
Thus, fy(¢(x) ©1¢(y)) < max{fye(z), fye(y)}. Similarly,
fv(e(z) ©2 ¢(y)) < max{ fTe(@), fre(y)}

and

Jv(e(@) @3 ¢(y)) < max{fye(z), fre(y)}
Hence, V' is a BVSBS of Ss. O

Theorem 3.8. Let (S1, D1, Do, D3) and (S, ©1, ®2, ®3) be any two bisemirings. The ho-
momorphic preimage of BVSBS of Sy is a BVSBS of 5.
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Proof: Let ¢: S; — Sy be any homomorphism. Then ¢(x @1 y) = ¢(x) ©1 ¢(y
o(x B2y) = p(r) ®290(y), and p(x B3 y) = ¢(z) O3 ¢(y) for all z,y € S;. Let V = gp(
where V' is any BVSBS of S;. Let x,y € S;. Then f4(z &, y) = file(z &1 y))
fo(e(@) ©1 ¢(y)) = min{fie(2), fre(y)} = min{fj(x), fi(y)}. Thus, fi(z &1 y)
mind 4(2), f4()}. Silarly

fa(z @2 y) = min{ f}(x), fA(y)}

AVAR I \-’\-/

and

falz @3 y) > min{ f}(z), f1(y)}-
Now, fi(z @1 y) = fy(e(z @1y)) = [vle(r) O1 ¢(y) < max{fie(z), fTe(y)} =
max{ f}(z), fi(y)}. Thus, fi(z ®1y) < max{fi(z ),fli( )}. Similarly,

iz @2y) < max{fj(z), fi(y)}
and

fi(z @sy) < max{fi(z), fi(y)}.
Hence, A is a BVSBS of 5;. O

Theorem 3.9. Let (S1, D1, Do, B3) and (S2, ©1,®a, @3) be any two bisemirings. If :
Sy — Sy is a homomorphism, then ©(Ag.s)) is a level SBS of BVSBS V' of S,.

Proof: Let ¢: S; — Sy be any homomorphism. Then p(x & y) = ¢(x) ©1 ¢(y), ¢(x
Doy) = p(7) O20(y), and p(xB3y) = p(z) O3 0(y) for all 7,y € S1. Let V = p(A), where
Ais a BVSBS of S;. By Theorem 3.7, we have V' is a BVSBS of S,. Let Ay ) be any level
SBS of A. Suppose that z,y € Ays). Then p(z @1 y), ¢(z G2 y) and (z B3 y) € Ap,s).
Now, f(e(x)) = fi(z) = t and fi(e(y)) = fi(y) > t. Then f(p(z) O1 ¢(y)) =
fal@@ry) > ¢, fi(p(@) O20(y)) = fA(x@2y) > t, and fi(p(x) ©30(y)) > fi(zDsy) =t
for all p(z),¢(y) € Sa. Now, fli(p(z)) = fi(z) <s and fi(e(y)) = fi(y) < s. Then

fo(p(x) ©19(y)) < fi(z @1y) < s, fy(p(z) ©20(y) < fi(r ©2y) < s, and [ (p(r) Oy
o(y)) < fa(xdsy) < s forall p(x),¢(y) € So. Hence, ¢ (A(t 5) s a level SBS of BVSBS
V of S,. O

Theorem 3.10. Let (S1,®1, Do, D3) and (Sz, ®1,O2, ®3) be any two bisemirings. If p:
S1 — 8o is any homomorphism, then Aw ) is a level SBS of BVSBS A of S;.

Proof: Let ¢: S; — Sy be any homomorphism. Then ¢(x @& y) = ¢(x) ©1 ©(y),
oz ®ry) = p(x) O29(y), and p(x B3 y) = ¢(z) @3 p(y) for all z,y € Sy. Let V = ¢(A),
where V' is a BVSBS of S;. By Theorem 3.8, we have A is a BVSBS of S;. Let ¢(A.s)) be a
level SBS of V. Suppose that ¢(z), p(y) € ¢(Aw,s)). Then p(x®1y), p(xD2y), p(xB3y) €
P(A(s). Now, fi(z) = fi(p(x)) >t and fi(y) = fi(e(y)) = t. Then fi(x @1 y) > ¢,
Por @2 y) > 6, and [(n @) > ¢ for all 1y € S, Now, [1(r) = Fp(p(x)) < s
and fi(y) = fy(e(y)) < s. Then fi(z @ y) = fv( () O1¢(y)) < s, fi(r G2y) =

x
F2(0(5) @ 0(y)) < 5, and f3(x By y) = fi(p(x) s () < s for all 7,y € Sy. Hence,
A, is a level SBS of BVSBS A of 5. O

4. (o, 3)-Bipolar-Valued Subbisemirings. In what follows that, let (a?, f7) € [0, 1]
and (o™, ") € [—1,0] be such that 0 < o? < 7 < 1 and —1 < " < o™ < 0, both
(a, B) € [0, 1] are arbitrary fixed.
Definition 4.1. Let S be the SBS. The BVFS A in S is called an («, 3)-bipolar-valued
subbisemiring ((«, )-BVSBS) of S if it salisfies the following conditions:

(1) max{f}(z Xy y),a?} > min{ fi(x), f4(y), 5"},

(2) max{fj(z W y), o’} = min{f}(x), f4(y), 5"},

~— ~—
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(3) max{fy(z X3 y), o} > min{f}(z), f4(y), 6"},
(4) min{ f}(z & y),a"} < max{fi(z), fi(y), 8"},
(5) min{ fi(z Wy y),a"} < max{fi(z), fA(y), 8"},
(6) min{ f3(x By y), a"} < max{f3(x), fi(y), 8}, Y,y € .
Example 4.1. By Example 3.1, we have
(0.75,—0.45) if v = x4
(0.65, —0.35) if x = x5
(0.35,—0.15) if x = x5
(0.55,—0.25) if x = x4

(75 ") () =

Then A is a (0.60,0.70)-BVSBS of S.

Theorem 4.1. The arbitrary intersection of an («, 8)-BVSBSs of S is an («, 3)-BVSBS
of S.

Proof: Let {V; | i € I} be a family of (a,3)-BVSBSs of S and A = (1, Vi. Let
x,y € S. Then

max{ f4(x X, y),a’} = 12§{max{f& (z Xy y),a’}}
> inf{min{f{, (z), 7, (v), "}}
= i {7 o)) L7 0. )
= min{f}(z), f4(y), 6"}

Similarly,
max{f}(z Xz y),a”} > min{f}(z), fi(y), 8"}
and
ma{ f4(x By ), 0} > min{ f5(2), FA(9), B}
Now,
min{f}(z X y), "} = S}el?{miﬂ{f&. (z Xy y),a"}}
< sup{max{fy, (z), fv.(v), 5"}}
— max {sgﬁ){f{}Z ()}, Slel?{f% (y), 5”}}
= max{fZ(x), fz(y)a Bn}
Similarly,
min{ f3(z Xz y), "} <max{fi(z), fi(y), 8"}
and

mm{fﬁ(ff X5 y)> an} < HlaX{fZ(Qf), fZ(y)v 6n}
Hence, A is an («, 5)-BVSBS of S. O

Theorem 4.2. If A and B are any two («, 5)-BVSBSs of bisemirings Sy and Ss, respec-
tively, then A X B is an («, )-BVSBS of S x Ss.

Proof: Let A and B be two (a, 3)-BVSBSs of S} and Sy, respectively. Let (x1,y1), (72,
y2) € S1 X Sy. Then
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max{ fi, p[(z1,y1) X (22, 12)], o’}
= max{ f}, p(r1 Xy 29, y1 Xy y), 0’}
= min{max{ f} (z; ¥ x3), &’ }, max{ 5 (y1 K y2), "} }
> min{min{f}(z1), fi(22), 8”7}, min{f5(y1), f5(v2), B*}}
= min{{min{f(z1), f5(y)}, min{f}(x2), f5(32)}}, B}
= min{ f}, g(z1, 1), faxp(@2,12), 67}
Also,

max{ fi, pl(z1,y1) K2 (22, y2)], @’} > min{ f}, g1, 1), fhx5(T2,92), 8"}
and

max{ [}, p[(z1,41) W5 (22, y2)], 0"} = min{ f4, p(21, 1), fAxp(22,92), B}
Similarly,
min{f3, p[(z1,y1) B (22,12)], "}
= min{ fi, p(71 Xy 9,91 Xy 12), "}
= max{min{f}(z1 K z2), 2"}, min{ f5(y1 W 12), 0" }}
< max{max{f}(z1), fi(z2), 8"}, max{f5(v1), f5(y2), 5"} }
= max{{max{f}(z1), f5(y1)}, max{fi(z2), fp(y2)}}, 6"}

=max{fi,z(z1,v1), fixp(T2,92), 8"}
Also,

min{ f4, pl(z1, Y1) Ko (22, y2)], 2"} < max{fi, z(z1,v1), fixp(T2, v2), 8"}
and

min{ f4, p[(21, y1) B3 (22, 42)], &'} < max{f, p(x1,51), fhxp(22,42), 6"}
Hence, A x B is an («, 5)-BVSBS of S; x S5. O

Corollary 4.1. If Ay, Ay, ..., A, are (o, 3)-BVSBSs of Si,Ss, ..., Sy, respectively, then
Ay X Ay X -+ X Ay is an (o, 5)-BVSBS of S1 X Sy X -+ X S,,.

Definition 4.2. Let A be a BVFS in S, the strongest («, 3)-bipolar-valued relation on
S, that is an (o, f)-bipolar-valued relation on A is V' given by max{f (z,y),a?} =
min{ 4 (), fi(y), 87} and min{f;(z,y), a"} = max{fi(x), fi(y), 8"} for all z,y € 5.

Theorem 4.3. Let A be an («a,5)-BVSBS of S and V' be the strongest («, 3)-bipolar-
valued relation on S. Then A is an (a, B)-BVSBS of S if and only if V is an (o, 5)-BVSBS
of S x S.

Proof: The proof is similar to Theorem 3.3. a

Theorem 4.4. If f5 is an («, 8)-BVSBS of S, then the nonempty sets fP and fI are
SBSs of S, where f2 ={pe S| fP(p) >aP} and f2 ={pe S| f"(p) < a"}.

Proof: Suppose that f5 is an («, §)-BVSBS of S. Let f? be an (a?, 8?)-BVSBS of S.
Let p,q € S be such that p,q € f. Then fP(p) > o and fP(q) > o®. Now, max{ f?(p X,
q),a?} > min{ fP(p), f*(q), f*} > min{a?, o, f*} = oP. Hence, fP(pX; q) > aP. It shows
that pXy ¢ € f2. Similarly, pXyq € f? and pXsq € fP. Therefore, f? is an SBS of S. Let
/2 be an (", f")-BVSBS of S. Let p,q € S be such that p,q € f. Then f"(p) < o™ and
[™(q) < a. Now, min{f"(pX; ¢),a"} < max{f"(p), ["(q), 8"} < max{a”,a", "} = a".
Hence, f"(pX; q) < a”. It shows that pX ¢ € f2. Similarly, pXyq € 7 and pKs3q € f2.
Therefore, f2 is an SBS of S. O
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Theorem 4.5. A non-empty subset A of S is an SBS of S if and only if the BVFS

=M 1) of S, and then is an (a, )-BVSBS of S, where

pry_ ) =0 forallpe A nin | <pB™ forallpe A
Falp) = { oP otherwise . filp) = o otherwise

Proof: Suppose that f = (f%, f4) is an («, 5)-BVSBS of S. Let p,q € A. Then
filp) > B, fila) > AP and fi(p) < B", falq) < B". Now, max{f}(p X q),a?} >
wind f4(p), /5(a), > min{@, 5%, 3} = 5 and min{f3(p Xy q),a"} < max{fi(p)
fi(q), "} < max{p", 5", "} = p". It follows that pX; ¢ € A. Similarly, pXy ¢ € A and
pM3q € A. If we choose p,q ¢ A, then pX;q € A, pKyg € A, and pX3q € A. Therefore,
Ais an SBS of S.

Conversely, suppose that A is an SBS of S. Let p,q € A. Then pX; ¢ € A. Hence,
fa(p ®iq) > 8P and fi(pX, q) < B". Therefore, max{f}(pX, q),a?} > 7 = min{ f}(p),
fi(q), B} and min{f3(p ¥y ¢),a"} < B" = max{fi(p), fi(q),B"}. lfp &€ Aorq ¢ A,
then min{ /% (p), f4(q), B} = a? and max{f}(p), f3(q), B"} = . That is max{f%(p &,
q),a?} > min{f4(p), fi(q), 87} and min{f%(p ¥ q), a"} < max{fi(p), fi(q),"}. Sim-
ilarly, other two operations Xy and X3 are true. Therefore, f is an («, 5)-BVSBS of S.
O

Theorem 4.6. A BVFS f= (f4, 1) is an (o, B)-BVSBS of S if and only if each non-
empty level subset f®*) is an SBS of S for all t € (a”, 87] and s € (™, B"].

Proof: Suppose that fis an (a, 3)-BVSBS of S. For each t € (o, 8] and s € (o, 3"
and p1,p2 € f9, we have fi(p1) > ¢, fi(p2) > t and fi(p1) < s, fh(p2) < s. Now,

max{ f}(p1 X1 p2),a?} > min{ fi(p1), f4(p2, B7)} >t and max{f}(p1 Xz p2), 0P} >t and
max{ f4 (p1 X3 p2),a?} > t. Similarly,

min{ f(p1 &1 p2), "} < max{fi(p1), f4(p2), 8")} < s, min{f}(p1 K2 p2),a"} <3,
and

min{ f}(p1 M3 pa),a"} < s.
This implies that p; Xy ps € f&9), py Ky py € fE9) and py Ky py € ). Therefore, f&*)
is an SBS of S for each t € (a”, 8] and s € (a™, B"].
Conversely, suppose that f*) is any SBS of S for each t € (a?, 7] and s € (", 8"].

]
Suppose if there exist pi,ps € S such that max{f%(p1 X p2), o} < min{f4(p1), f4(p2),
pP}. Select t € [0,1] and s € [—1,0] such that max{f4(p1 X ps),a?} <t < min{f4(p1),

fa(p2), 7} andfﬂin{f}i(m&pz), at > s> m?{X{fZ(pl), fi(p2), 8"}. Then py, ps € Je),
but p; X, py ¢ f**). This contradicts to that f*) is an SBS of S. Hence, max{ f% (p; X,
pa),aP} > min{ f4(p1), f4(p2), 7} and min{fﬁ(]ﬁ X pa), o} < max{fi(p1), [4(p2), 8"}
Similar proof for other two operations. Hence, f is an (a, )-BVSBS of S. a

Corollary 4.2. Fvery BVSBS is an («, 8)-BVSBS of S by taking o? = 0, 57 = 1 and
a” =0, 8" = —1. However, converse is not true by the following example.

Example 4.2. For Ezample 3.1, we define the BVFS f as follows:
(0.80,—0.60) if z = a;
0.70, —0.50) if z = ay

)

)

{
(0.50,—0.30) if x = ag
(0.30,—0.20) if x = ay

(fa: [i)(x) =
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Then f is a (0.65,0.75)-BVSBS of S, but not a BVSBS. Since f%(as s as) = fh(ay) =
0.30 2 min{f%(as), f4(as)} = 0.50 and f4(as X3 a3) = fi(as) = —0.20 £ max{f%(as),

Theorem 4.7. Let (S1, D1, g, D3) and (Sz, ®1, ®2, @3) be any two bisemirings. The ho-
momorphic image of (c, B)-BVSBS of Sy is an («, 5)-BVSBS of Ss.

Proof: Let p: S; — Sy be any homomorphism. Then ¢(z®;1y) = ¢(z) ©1¢(y), o(x Do
y) = p(x) 2 p(y), and p(z 3 y) = p(r) O3 (y) for all 2,y € Si. Let V = p(A), where
A is any (a, 3)-BVSBS of S;. Let ¢(z),o(y) € So. Let z € o™ (p(x)) and y € o (o(y))

be such that ff}( ) - Susztp Lp(x fA( ) and ff}(y) = Supzégofl(go(y)) ff}(z) NOW;

Inax{fﬁ(w(w)Ch@(yD,ap}==nuﬂ<{ sup fﬁ(z»,ap}

2'€p=Hp(z)O10(y))

= max sup R, o
2 epHp(z@1y))
= max{f}(z ®1y),a’}

> min{f} (), f4(y), B}
= min{ ¢ (2), fFe(y), 87}
Thus, max{f{}(¢(z) ©1 ¢(y)), o’} = min{ fle(x), fle(y), 87} Similarly,
max{ f{}(o(z) ©2 ¢(y)), &’} > min{ flo(z), fHey), 67}

and
max{ f7:(¢(r) @3 p(y)), o’} > min{ Lo (), fTo(y), 87}

Let z € ¢ ' (¢(x)) and y € ¢ '(¢(y)) be such that fi(x) = inf,e,-1(pm) f1(2) and
fi(y) = infep1(p(y) f4(2). Now,

min{fp(ele) @1 gt =min{ it piean)

Z'epHp(z)010(y))

= min { inf fa(?), O‘n}
2'ep= 1 (p(zP1y))

= min{f}(x ® y),a"}

< max{f}(x), fi(y), "}

= max{ fyp(z), fre(y), 8"}
Thus, min{ /(¢ () ©1 ¢(y)), "} < max{ fpo(z), fie(y), 5"} Similarly,
min{ f{ (p(z) ©2 (y)), "} < max{ firo(x), frey), 6"}

and

min{ fi:(¢(2) O3 ¢(y)), a"} < max{ fye(z), frey), 5}
Hence, V is an (a, 5)-BVSBS of 5. O

Theorem 4.8. Let (S1, @1, B, B3) and (Sz, ©1,®2,®3) be any two bisemirings. The ho-
momorphic preimage of (a, )-BVSBS of Sy is an («, B)-BVSBS of S;.

Proof: Let ¢: S; — Sy be any homomorphism. Then p(z @1 y) = p(z) @1 ©(y),

pr @2 y) = @(r) O p(y), and p(z @3 y) = @(r) O3 p(y) for all 2,y € 51 Let V' =
©(A), where V' is any (a, 5)-BVSBS of Sy. Let 2,y € S;. Then max{f}(z &, y),a?} =
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max{ fi(¢(z ©1 y)), o} = max{f{(p(r) ©1 ¢(y)),a?} > min{flo(x), frely),F} =
min{ 1 (z), f4(y), 87}. Thus, max{f(z ®1y), o} > min{ f}(z), f4(y), }. Similarly,
max{ f}(r @2 y), o’} > min{fi(z), f4(y), B}
and
max{ f}(r ©3y), o’} > min{ f}(z), f4(y), B}
Now, min{f}(z ®1 y),a"} = min{fi}(¢(r ®1¥)),a"} = min{f(p(z) ©1 ¢(y)),a"} <
max{ fpo(x), fre(y), 8"} = max{fi(z), fi(y), 3"}. Thus,

min{f3(z ®1 y), "} < max{fi(z), fi(y), 5"}

Similarly,
min{ f3(z ©2 y), "} <max{fi(z), fi(y), 8"}
and
min{ f}(r ©3y), "} < max{fi(z), fi(y), 5"}
Hence, A is an (o, 3)-BVSBS of S;. O

5. (e, B)-Bipolar-Valued Normal Subbisemirings. In what follows that, let (o®, 5P)
€ [0,1] and (a™, 5™) € [-1,0] be such that 0 < o < f? <1 and —1 < " < o™ < 0, both
(a, B) € [0, 1] are arbitrary fixed.

Definition 5.1. An («, 3)-BVSBS A of S is said to be an («, 3)-bipolar-valued normal
subbisemiring ((«, 8)-BVNSBS) of S if it satisfies the following conditions:

(1) falz Xy y) = fily X 2),
(2) fa(zRyy) = fi(y Xy z),
(3) falz W3 y) = fi(y Xz x),
(4) fi(x Xy y) = fi(y ¥ z),
(5) filxXay) = fi(y Ky z),
(6) fi(z M y) = filyKs z), Vo,y € S.

Theorem 5.1.

(1) The intersection of a family of BVNSBSs of S is a BVNSBS of S.
(2) The intersection of a family of (a, f)-BVNSBSs of S is an («, 3)-BVNSBS of S.

Theorem 5.2.
(1) If Ay, Ay, ..., A, are BVNSBSs of bz’semz’rz’ngs S1, S, ...,8,, respectively, then Ay X
A2><--~><Anz'saBVNSBSofSleQ - XSy,
(2) If Ay, Ay, ..., Ay are (o, B)-BVNSBS of bzsemzmngs Sy, 52, ..., Sy, respectively, then
Al X Ag X - X A, zsan( ,B)-BVNSBS of S; X Sy X -+ X S,.

Theorem 5.3.
(1) Let A be any BVNSBS of S and V' be the strongest bipolar-valued relation on S.
Then A is a BVNSBS of S if and only if V is a BVNSBS of S x S.
(2) Let A be any (a, 5)-BVNSBS of S and V' be the strongest (a, 3)-bipolar-valued rela-
tion on S. Then A is an («, 8)-BVNSBS of S if and only if V is an («, 3)-BVNSBS
of S x S.

Theorem 5.4. Let (S1, @1, Dq, P3) and (So, ©1, ©2, @3) be any two bisemirings.

(1) The homomorphic image of any BVNSBS of Sy is a BVNSBS of Ss.
(2) The homomorphic image of any («, 5)-BVNSBS of Sy is an («, B)-BVNSBS of Ss.

Theorem 5.5. Let (S1, D1, Do, B3) and (52, ©1, ®2, @3) be any two bisemirings.
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(1) The homomorphic preimage of any BVNSBS of Sy is a BVNSBS of S;.
(2) The homomorphic preimage of any (o, B)-BVNSBS of Sy is an («, )-BVNSBS of

Sy.
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