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Abstract. In practical systems, control systems are often required to attenuate period-
ic output disturbances and make the output follow the non-periodic reference input. A
control system to attenuate the periodic disturbance often has a high-order controller. A
high-order controller increases computational and tuning burden and can complicate sta-
bility margins. In order to design the control system with low-order controller, a control
system using a periodic disturbance observer is proposed. Periodic disturbance observer is
an observer that estimates periodic disturbances from available measurements. However,
no paper considers a design method of a control system using the multi-period distur-
bance observer to attenuate the periodic output disturbance for the non-minimum phase
plants. This paper examines the control system using the multi-period disturbance ob-
server to attenuate the periodic output disturbances, to make the transfer function from
the disturbance to the output have finitely many poles and for the output to follow the
non-periodic reference input.
Keywords: Disturbance attenuation, Non-minimum phase systems, Periodic distur-
bance, Multi-period disturbance observer, Two-degree-of-freedom control system

1. Introduction. Disturbance attenuation is an important issue of control system de-
sign. From the internal model principle, the non-periodic disturbance, such as step distur-
bances or ramp disturbances, can be attenuated by making a controller have an integrator.
Disturbances are not only non-periodic but also periodic. In some practical applications,
periodic disturbances arise, for example, in optoelectronic precision positioning systems
[1], active noise control [2], and robotic manipulators [3]. Achieving disturbance attenua-
tion is a core requirement in precision control. By the internal model principle, effective
rejection of step or ramp disturbances requires embedding the corresponding dynamics
in the controller [4]. However, in practice, many systems are perturbed by periodic dis-
turbances containing multiple harmonics, which severely degrade accuracy in precision
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motion and power-conversion applications [5]. Such periodic disturbances often contain
multiple harmonics, and effective attenuation is nontrivial in practical feedback designs.
It is well-known that attenuating the periodic disturbance is difficult. A classical ap-

proach to attenuating periodic disturbances is repetitive control. Repetitive control em-
beds an internal model of periodic signals and thus achieves strong attenuation of periodic
components [6]. Repetitive control essentially places an infinite set of poles on the imag-
inary axis corresponding to the period of harmonics, which enables high-performance
tracking for periodic reference and attenuation for periodic disturbances. To follow the
output to a non-periodic reference input, Pipeleers et al. have proposed a robust higher-
order repetitive control [7]. Nevertheless, repetitive control has some problems [8]:

1) its controller is often high-order;
2) the exact knowledge of the period-time of reference or disturbance signals is required

[8, 9];
3) the perfect reduction at harmonic frequencies is counteracted by amplification of noise

at intermediate frequencies [8, 10].

Recent studies have extended repetitive control in several directions, including applica-
tions to nonlinear/Lur’e-type systems [11] and designs using fractional time-delay elements
in discrete-time settings [12]. Moreover, phase-compensated equivalent-input-disturbance
approaches have been proposed to improve disturbance rejection within repetitive-control
structures [13].
The other approach for attenuating the periodic disturbances is to use the disturbance

observer. Disturbance-observer approaches are attractive due to their low structural com-
plexity and direct disturbance estimation [3, 14, 15, 16]. Representative advances in-
clude higher-order/time-series disturbance observer [17, 18], the disturbance observer-
aided repetitive designs for delay systems [19, 20], and broad surveys covering linear and
nonlinear developments [15, 21]. For periodic disturbances in particular, adaptive/periodic
disturbance observer schemes using time-delay elements have been validated on multi-axis
systems [22]. Disturbance-observer-based control is closely related to extended H∞-type
design viewpoints and has been discussed in comparison with H∞ control [23, 24]. Using
the extended H∞ method, control systems can have disturbance attenuation or rejection.
Kobayashi et al. clarify the relationship of tradeoffs between the practical tuning and
robustness based on the phase-compensation analysis [25].
In parallel with these papers, research on the parameterization of all disturbance ob-

servers has emerged [5, 26, 27, 28, 29]. The parameterization of all disturbance observers
is a problem to clarify all disturbance observers to estimate a disturbance. The parame-
terization for all disturbance observers allows for a unified design of disturbance observers.
Early studies characterized the characteristics of all disturbance observers for a finite num-
ber of frequency components [26]. More recent papers have provided the parameterization
of a disturbance observer using the period of periodic disturbances [27, 28, 29]. Phukapak
et al. clarify the parameterization of all disturbance observers for periodic input or out-
put disturbance [27, 28]. In [29], the parameterization of all disturbance observers for the
periodic input and output disturbances is provided. The results of [27, 28, 29] have a re-
maining problem in that their method uses only one signal of the periodic time before the
present time. Phukapak et al. provide a Multi-Period Disturbance Observer (MP-DOB)
using multiple signals before the present time, and clarify the parameterization of all multi-
period disturbance observers for the output periodic disturbances [5]. Compared with the
single-period case, which uses only one delayed signal from the most recent period, the
MP-DOB utilizes multiple delayed signals taken from several past periods with delays
synchronized to the disturbance period. Because these delayed signals correspond to the
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same repeating pattern of the disturbance, their periodic components add constructively
when combined, which reinforces the periodic disturbance estimate while non-periodic
components do not accumulate in the same manner. By combining several period-aligned
delayed components, the MP-DOB can improve attenuation of periodic disturbances con-
taining multiple harmonics, while preserving a low-order structure. This is the theoretical
origin of the core advantage of the MP-DOB over the traditional single-period observer;
see [5].

The parameterization of all disturbance observers is applicable to designing a control
system to follow a non-periodic reference input and to attenuate periodic disturbance
without using repetitive control. Yamada et al. consider a design method of control system
based on the result of [27] for the periodic output disturbance [30]. From [30], the controller
using the multi-period disturbance observer can be designed to make the transfer function
from the disturbance to the output have finitely many poles. Thus, the control system
using the multi-period disturbance observer has an advantage in making the controller
more easily designed than using repetitive control. Related studies for non-minimum-
phase plants include attenuation of periodic disturbances without using repetitive control
[31] and low-sensitivity stabilization using double feedback control [32].

However, a design method of a control system using the multi-period disturbance ob-
server for non-minimum phase plants has not been established in the existing literature.
Since many practical plants are non-minimum phase, it is important to develop such a
design method.

This paper proposes a design method for control system for non-minimum-phase plants
using the multi-period disturbance observer for the periodic disturbance. This paper is
organized as follows. In Section 2, the problems in this paper are explained. In Section
3, the condition that the transfer function from the disturbance to the output has a finite
number of poles is shown. In Section 4, the necessary and sufficient condition that the
control system is internally stable is clarified. In Sections 5 and 6, a design method for the
feedback controllers and the controller for disturbance observer are examined. In Section
7, a design procedure is provided. In Section 8, numerical examples are illustrated to show
the effectiveness of the proposed method. Section 9 gives some concluding remarks.

2. Problem Formulation. Consider the single-input and single-output linear time in-
variant plant denoted by {

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) + d(t)
, (1)

where x(t) ∈ Rn is the state variable, u(t) ∈ R is the input, y(t) ∈ R is the output, d(t) is
the disturbance and A ∈ Rn×n, B ∈ Rn and C ∈ R1×n. Assume that (A,B) is stabilizable,
(C,A) is detectable, and A has no eigenvalues on the imaginary axis. The plant in (1) is
non-minimum phase, that is,

det

[
A− sI B

C 0

]
= 0 (2)

has roots in the closed right-half plane. u(t) and y(t) are assumed to be available but d(t)
is unavailable. d(t) ∈ R in (1) is a periodic disturbance with period T > 0 satisfying

d(t+ T ) = d(t). (3)

The Laplace transformation of (1) gives

y(s) = G(s)u(s) + d(s), (4)
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where
G(s) = C(sI − A)−1B, (5)

y(s) = L[y(t)], u(s) = L[u(t)] and d(s) = L[d(t)].
To make y(t) follow a non-periodic reference r(t) and attenuate the periodic disturbance

d(t), we propose a control system that adopts the multi-period disturbance observer for
output disturbances [5]. The proposed control structure is shown in Figure 1. We also
define d1(s) ∈ R(s) and d2(s) ∈ R(s) as exogenous (aperiodic) signals. They represent
unknown inputs that are not generated by the nominal plant model and are not assumed
to be periodic with period T (e.g., aperiodic load disturbances, unmodeled dynamics, and
sensor noise/bias). These signals enter the summing junctions in Figure 1, perturb the
measured output and/or the control input, and hence affect the closed-loop response.

Figure 1. Control system using multi-period disturbance observer

Here, C1(s) ∈ R(s) is the stabilizing controller for G(s) and C2(s) ∈ R(s) is the
controller that attenuates the periodic disturbance d(s). Without loss of generality, C2(s)
is assumed to satisfy C2(s) ̸= 0. r(s) ∈ R(s) is the non-periodic reference input. For
example, in motor speed control, the command r(t) is often non-periodic, whereas the
periodic disturbance d(t) can represent rotation-synchronous effects such as torque ripple
or encoder ripple.
The estimator to estimate the periodic disturbance d(s) is denoted by

d̃(s) =
N∑
k=1

F1k(s)e
−sTky(s) +

N∑
k=1

F2k(s)e
−sTku(s), (6)

where
Tk = kT (k = 1, 2, . . . , N). (7)

The estimator d̃(s) in (6) for the periodic disturbance d(s) ∈ R(s) is called the multi-
period disturbance observer when

lim
t→∞

e(t) = lim
t→∞

(
d(t)− d̃(t)

)
= 0 (8)

holds true. According to [5], the parameterization of all disturbance observer for the
periodic disturbance d(s) is given by
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N∑
k=1

F1k(s) = D(s)(1 +Q(s)), (9)

and
N∑
k=1

F2k(s) = −N(s)(1 +Q(s)), (10)

respectively, where N(s) ∈ RH∞ and D(s) ∈ RH∞ are coprime factors of G(s) on RH∞
satisfying

G(s) =
N(s)

D(s)
. (11)

Q(s) ∈ RH∞ is any function satisfying

D(sl) +Q(sl)D(sl) = 1, (12)

sl = jωl (13)

and

ωl =
2πl

T
(∀l = 1, 2, . . .). (14)

The problem in this paper is to propose a design method of C1(s) and C2(s) for the
output y(t) to follow the non-periodic reference input r(t) without steady-state error, the
periodic disturbance d(t) in (3) is attenuated, and the transfer function from d(s) to y(s)
has finitely many poles.

3. Condition for Finitely Many Poles. We derive the necessary and sufficient condi-
tion that the transfer function from the disturbance d(s) to the output y(s) in Figure 1
has finitely many poles.

The transfer function from d(s) to y(s) is given by

y(s)

d(s)
=

1 + C2(s)
∑N

k=1 F2k(s)e
−sTk

1 +G(s)C1(s) +
∑N

k=1C2(s) (F2k(s) +G(s)F1k(s)) e−sTk

. (15)

From this equation, the condition that the transfer function from d(s) to y(s) in (15) has
finitely many poles is summarized in the following theorem.

Theorem 3.1. The transfer function in (15) has finitely many poles if and only if

N∑
k=1

(F2k(s) +G(s)F1k(s)) = 0 (16)

holds true.

Proof: The necessity is shown. That is, if the transfer function from d(s) to y(s) in
(15) has finitely many poles, then (16) holds true. The denominator of transfer function
from d(s) to y(s) in (15) is given as

1 +G(s)C1(s) + C2(s)

(
N∑
k=1

F2k(s)e
−sTk +G(s)

N∑
k=1

F1k(s)e
−sTk

)
. (17)

The proof of necessity is to show that if the transfer function in (15) has finitely many
poles, then (16) holds. From (17) and the assumption that C2(s) ̸= 0 and the transfer
function in (15) has finitely many poles,

N∑
k=1

F2k(s)e
−sTk +G(s)

N∑
k=1

F1k(s)e
−sTk = 0 (18)
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has to be satisfied. From (18), we have

N∑
k=1

(F2k(s) +G(s)F1k(s)) e
−sTk = 0. (19)

This implies that

F2k(s) +G(s)F1k(s) = 0. (20)

A solution of F2k(s) ∈ RH∞ and F1k(s) ∈ RH∞ are given as

F2k(s) = −N(s)−N(s)Qk(s) (21)

and

F1k(s) = D(s) +D(s)Qk(s), (22)

where Qk(s) ∈ RH∞ is any function. The sum of F2k(s) in (21) and the sum of F1k(s) in
(22) are described as

N∑
k=1

F2k(s) = −N(s)[1− {(N − 1) +NQk(s)}] (23)

and
N∑
k=1

F1k(s) = D(s)[1− {(N − 1) +NQk(s)}], (24)

respectively. Since Qk(s) ∈ RH∞,
∑N

k=1 F2k(s) in (23) and
∑N

k=1 F1k(s) in (24) are the
disturbance observer for the periodic disturbance. Using F2k(s) in (21) and F1k(s) in (22),
we have

N∑
k=1

(F2k(s) +G(s)F1k(s)) =
N∑
k=1

(−N(s)−N(s)Qk(s) +N(s) +N(s)Qk(s)) = 0. (25)

Thus, the necessity has been shown.
The sufficiency is shown. That is, if (16) holds true, then the transfer function from d(s)

to y(s) has finitely many poles. From the assumption that (16) holds true, the denominator
of transfer function from d(s) to y(s) is reduced to 1 + G(s)C1(s). Thus, it is clear that
the transfer function from d(s) to y(s) has finitely many poles.
We have thus proved Theorem 3.1. �

4. Stability Condition. In this section, we clarify the stability condition of control
system in Figure 1.
The stability condition is summarized in Theorem 4.1.

Theorem 4.1. Assume that Theorem 3.1 holds true. The control system shown in Figure
1 is internally stable if and only if following expressions hold true.

1) The controller C1(s) makes G(s) internally stable.
2) C2(s) ∈ RH∞.

Proof: The necessity is shown. That is, we show that if the control system is internally
stable, then the expressions 1) and 2) hold true. From the assumption that (16) holds
true, the transfer function from r(s), d(s), d1(s) and d2(s) to u(s) and y(s) is given as

[
y(s)

u(s)

]
=

[
V1(s) V2(s) V3(s) V4(s)

V5(s) V6(s) V7(s) V8(s)

]
r(s)
d1(s)
d2(s)
d(s)

 , (26)
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where Vi(s) (i = 1, 2, . . . , 8) are written by

V1(s) =
G(s)C1(s)

1 +G(s)C1(s)
, (27)

V2(s) =
G(s)

(
1 + C2(s)

∑N
k=1 F2k(s)e

−sTk

)
1 +G(s)C1(s)

, (28)

V3(s) =
−G(s)C2(s)

(
1 + C2(s)

∑N
k=1 F2k(s)e

−sTk

)
1 +G(s)C1(s)

, (29)

V4(s) =
1 + C2(s)

∑N
k=1 F2k(s)e

−sTk

1 +G(s)C1(s)
, (30)

V5(s) =
C1(s)

1 +G(s)C1(s)
, (31)

V6(s) =
G(s)

(
C1(s) + C2(s)

∑N
k=1 F2k(s)e

−sTk

)
1 +G(s)C1(s)

, (32)

V7(s) =
−C2(s)

(
1 + C2(s)

∑N
k=1 F2k(s)e

−sTk

)
1 +G(s)C1(s)

(33)

and

V8(s) =
C1(s) + C2(s)

∑N
k=1 F2k(s)e

−sTk

1 +G(s)C1(s)
. (34)

From the assumption that the control system in Figure 1 is internally stable, all Vi(s)
(i = 1, 2, . . . , 8) from (27) to (34) are stable. From the assumption that F1k(s) ∈ RH∞
(k = 1, . . . , N) and F2k(s) ∈ RH∞ (k = 1, . . . , N) and equations from (27) to (34),
we have G(s)C1(s)/(1 + G(s)C1(s)) ∈ RH∞, G(s)/(1 + G(s)C1(s)) ∈ RH∞, C1(s)/(1 +
G(s)C1(s)) ∈ RH∞ and 1/(1 + G(s)C1(s)) ∈ RH∞. This corresponds to the expression
1). In the same reason, C2(s) ∈ RH∞. This corresponds to the expression 2).

Sufficiency is shown. That is, if expressions 1) and 2) hold true, then the control system
in Figure 1 is internally stable. From the assumption that expressions 1) and 2) hold true,
it is obvious that Vi(s) (i = 1, 2, . . . , 8) from (27) to (34) are stable. The control system
in Figure 1 is internally stable.

We have thus proved Theorem 4.1. �

5. Design of C1(s). In this section, we examine a design method of C1(s) to make the
output y(t) follow the non-periodic reference input r(t) without steady-state error.

The transfer function from r(s) to y(s) in Figure 1 is written by

y(s)

r(s)
=

G(s)C1(s)

1 +G(s)C1(s)
. (35)

From this equation and the internal model principle [4], in order for y(t) to follow r(t)
without steady-state error, C1(s) needs to be

C1(s) = Cr(s)C̄1(s), (36)

where Cr(s) ∈ R(s) is the bi-proper internal model of r(s) and C̄1(s) ∈ R(s) is a function
that does not have the unstable poles of Cr(s) as its zeros.
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Then the problem to design C1(s) for y(t) to follow r(t) without steady state error is
reduced to design C̄1(s) to make G(s)Cr(s) stable. C̄(s) is obtained from the parameter-
ization [33, 34] of all stabilizing controllers for G(s)Cr(s).

6. Design of C2(s). In this section, we provide a design method of C2(s).
Consider the influence of d(s) to y(s). The transfer function from d(s) to y(s) is written

by

y(s) =
1 + C2(s)

∑N
k=1 F2k(s)e

−sTk

1 +G(s)C1(s)
d(s). (37)

From (37) and e−slTk = 1, if

1 + C2(s)
N∑
k=1

F2k(s)

∣∣∣∣∣
s=sl

= 0, (38)

then d(t) in (3) is attenuated effectively.
A solution to (38) is written by

C2(s) = − 1∑N
k=1 F2k(s)

. (39)

Since G(s) is of non-minimum phase and (10), F2k(s) (k = 1, . . . , N) is of non-minimum
phase. C2(s) in (39) is unstable.
From Theorem 4.1, C2(s) needs to satisfy the expression 2) in Theorem 4.1. However,

there exists C2(s) ∈ RH∞ satisfying

1 + C2(s)
N∑
k=1

F2k(s)

∣∣∣∣∣
s=sl

≃ 0 (l = 1, . . . , lmax), (40)

where lmax is the maximum frequency component to attenuate the disturbance d(t). A
solution of (40) is obtained by using C2(s) that satisfies

C2(s)
N∑
k=1

F2k(s) = −Ni(s)Q̄(s), (41)

where Q̄(s) ∈ RH∞ is a function satisfying Q̄(jωl) ≃ 1 in the wide frequency range, and
makes C2(s) in (41) proper and

Q̄(s)

No(s)(1 +Q(s))
∈ RH∞. (42)

Here, No(s) ∈ RH∞ is the outer function of N(s) satisfying

N(s) = Ni(s)No(s) (43)

and Ni(s) ∈ RH∞ is an inner function satisfying Ni(0) = 1.
Using C2(s) satisfying (41) and F2k(s) satisfying (10), (40) can be written by the form

in

1−Ni(s)Q(s)|s=sl
≃ 0. (44)

The solution to (41) is given by

C2(s) =
−Ni(s)Q̄(s)∑N

k=1 F2k(s)
=

Q̄(s)

No(s) (1 +Q(s))
. (45)
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Since Q̄(s) makes C2(s) proper and (42), C2(s) ∈ RH∞ in (45). Note that from (45), Q̄(s)
has zeros of 1 +Q(s) in the closed right half plane, since No(s) has no zeros in the closed
right half plane.

7. Design Procedure. In this section, we provide a design procedure of the control
system in Figure 1.

The design procedure of the control system in Figure 1 is summarized as follows.

Step 1 Obtain coprime factors N(s) ∈ RH∞ and D(s) ∈ RH∞ of G(s) satisfying (11).
Step 2 Obtain Ni(s) and No(s) satisfying (43).
Step 3 Find the period T of d(t) in (3).
Step 4 We settle Cr(s) in (36) from r(t).
Step 5 Settle N and Tk (k = 1, . . . , N) satisfying (7), where Tk = kT is chosen to align

the delay branches with the disturbance period T , and N is selected as a trade-off
between attenuation performance and implementation complexity.

Step 6 F1k(s) (k = 1, . . . , N) and F2k(s) (k = 1, . . . , N) are designed as (9) and (10),
respectively. Q(s) ∈ RH∞ is any function to make 1/(1 +Q(s)) ∈ RH∞.

Step 7 Design Q̄(s) in (41) as

Q̄(s) =
1

(1 + τs)α
, (46)

where τ ∈ R is any real number and α is any integer satisfying Q̄(jωk) ≃ 1 and
(42).

Step 8 Using Q̄(s) in (46), C2(s) is settled by (45).
Step 9 Using the internal model of r(s), C1(s) in (36) is designed from the parameteriza-

tion of all stabilizing controllers for G(s)Cr(s).

8. Numerical Examples. In this section, numerical examples are illustrated to show
the effectiveness of the proposed method.

Consider the problem to design the control system in Figure 1 for the non-minimum
phase plant G(s) written by

G(s) =
s− 100

s2 − 43s− 350
. (47)

The objective is that the output y(t) follows the non-periodic reference r(t) = t and
attenuates the periodic output disturbance d(t) given as

d(t) =
3∑

i=1

sin(it). (48)

The period T of the disturbance d(t) in (48) is T = 2π.
Coprime factors N(s) ∈ RH∞ and D(s) ∈ RH∞ of G(s) in (11) are given as

N(s) =
−2s+ 200

s2 + 1007s+ 7000
(49)

and

D(s) =
−2s+ 100

s+ 1000
. (50)

An inner function Ni(s) ∈ RH∞ and an outer function No(s) ∈ RH∞ in (43) are obtained
as

Ni(s) =
−2s+ 200

2s+ 200
(51)
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and

No(s) =
2s+ 200

s2 + 1007s+ 7000
. (52)

To attenuate d(t) in (48), we design the control system in Figure 1 with N = 3. F1k(s)
(k = 1, 2, 3) and F2k(s) (k = 1, 2, 3) are designed as

F1k(s) =
1

N

−5s2 − 750s+ 50000

s2 + 1050s+ 50000
(k = 1, 2, 3) (53)

and

F2k(s) =
1

N

5s2 + 500s− 100000

s3 + 1057s2 + 57350s+ 350000
(k = 1, 2, 3). (54)

Q(s) is settled by

Q(s) =
1.5s+ 450

s+ 50
. (55)

Q̄(s) is designed as

Q̄(s) =
1

(0.0166 s+ 1)3
. (56)

Using Q̄(s) in (56), C2(s) is settled by (45) and written by

C2(s) =
2.16× 105s3 + 2.283× 108s2 + 1.239× 1010s+ 7.56× 1010

5s5 + 2400s4 + 42.4× 104s3 + 3.528× 107s2 + 1.404× 109s+ 2.16× 1010
(57)

Using the parameterization of all stabilizing controllers for G(s)Cr(s), C1(s) is designed
as

C1(s) =
−1011(−3.092× 1011s3 + 70.26 s2 + 1176 s+ 6524)

s2 (s3 + 3.154× 104s2 + 2.713× 108s+ 3.474× 1011)
. (58)

The response of y(t) for d(t) in (48) is shown in Figure 2. Here the dotted line shows
the periodic disturbance d(t) in (48), and the solid line shows that of y(t) for d(t). Figure
2 implies that d(t) is attenuated effectively.
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Figure 2. The response of y(t) for the disturbance d(t)

The reference tracking performance of the control system is shown. Figure 3 shows
that the error e(t) for r(t) = t. From Figure 3, the error e(t) converges to 0. This result
confirms that the proposed method not only attenuates periodic disturbances but also
maintains accurate ramp tracking despite the structural constraints.
To compare the effectiveness of the multi-period disturbance observer for the periodic

output disturbance, two numerical examples are shown. One numerical example is for the
control system in Figure 1 when N = 3. This is the control system using the disturbance
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Figure 3. Response of error e(t) = r(t)−y(t) for the ramp reference input
r(t) = t under the proposed controller

observer that uses three signals of the periodic time before the present time. The other
numerical example is for the control system in Figure 1 when N = 1. This is the control
system using the disturbance observer that uses only one signal of the periodic time before
the present time. These two numerical examples use the same controllers C1(s) in (58)
and C2(s) in (57).

To show the numerical example for the control system in Figure 1 when N = 1, F11(s)
and F21(s) when N = 1 are designed as

F11(s) =
−5s2 − 750s+ 50000

s2 + 1050s+ 50000
, (59)

F21(s) =
5s2 + 500s− 100000

s3 + 1057s2 + 57350s+ 350000
. (60)

The gain plot of the transfer function from d(s) to y(s) of the control system in Figure
1 when N = 1 and that of when N = 3 is shown in Figure 4. Here the solid line shows
the gain plot when N = 3, and the dashed line shows that when N = 1.

1 2 3 4 5 6 7 8 9 10
Frequency (rad/s)

-160

-140

-120

-100

-80

-60

-40

-20

0

M
ag

ni
tu

de
 (

dB
)

N = 1
N = 3

Figure 4. Gain plot of transfer function from d(s) to y(s) (solid: N = 3,
dashed: N = 1)

The response of y(t) to the periodic disturbance d(t) in (48) is shown in Figure 5. The
dotted line indicates the response for N = 1, whereas the solid line indicates that for N =
3. As observed in Figure 5, the dominant transient peak of y(t) for N = 1 is approximately
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Figure 5. Response of y(t) for d(t) in (48) (solid: N = 3, dashed: N = 1)

three times larger than that for N = 3, indicating a significant reduction of the peak
excursion by the proposed multi-period design. Regarding the decay of the oscillation
envelope, the case N = 1 exhibits a slightly faster settling in the early stage; however,
the difference is small, and the responses for N = 1 and N = 3 become comparable
after the transient. Therefore, the main advantage of increasing N to 3 in this example
is the substantial peak reduction while maintaining a similar settling behavior, which is
particularly beneficial when peak constraints (e.g., saturation limits or safety margins)
are critical under periodic disturbances.
Furthermore, it is shown the performances of the proposed controller and the other four

control methods for d(t) in (48) and the plant G(s) in (47) as follows:

1) OL – a control only using the feed forward without controller;
2) DF – feedback only using y(t);
3) DF+C1(s) – one degree of freedom control system using C1(s) in (58);
4) DOB – the control system in Figure 1 when N = 1;
5) Proposed DOB – multi-period disturbance observer (N = 3).

The performance is evaluated by the response of y(t) of r(t) = 0 of the each control
method with d(t) in (48) and that of the control system in Figure 1 when N = 3 with
d(t) in (48) on the time interval from 0 to 30 seconds. For indicating the performance, we
use four indicators: the Integral Square Error (ISE), the Integral Absolute Error (IAE),
the Root Mean Square (RMS) and the percentage improvement based on RMS. The ISE
is given by

ISE :=

∫ 30

0

(y(t))2dt. (61)

The IAE is given by

IAE :=

∫ 30

0

|y(t)|dt. (62)

The RMS is given by

RMS :=

√
1

30

∫ 30

0

y(t)2dt. (63)

The percentage improvement based on RMS is given by

Improvement =
RMSother − RMSProposed

RMSother

× 100[%], (64)
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where RMSother is the RMS of OL, DF, DF+C1(s) or DOB, RMSproposed is the control
system in Figure 1 when N = 3.

The performance is summarized in Table 1. From Table 1, the proposed multi-period
disturbance observer with N = 3 has the lowest RMS than the other three control meth-
ods. In the OL case, the RMS decreases from 1.28866 to 0.014876, corresponding to a
98.85% reduction. In the DF+C1(s) case, the RMS is reduced by 19.32%. In the DOB
case, the RMS is reduced by 0.97%.

Table 1. Steady-state tracking error metrics

Control method ISE IAE RMS Improvement (%)

OL 42.6384 26.0275 1.28866 98.85

DF ∞ ∞ ∞ 100

DF+C1(s) 0.00855712 0.358094 0.0184371 19.32

DOB (N = 1) 0.00609553 0.15773 0.0150214 0.97

Proposed DOB (N = 3) 0.0057742 0.203574 0.014876 –

These results imply that the proposed control system using the multi-period disturbance
observer when N = 3 provides a good performance about the disturbance attenuation for
the periodic disturbance.

Next, we evaluate robustness against disturbance-period uncertainty by a period-mis-
match test, as shown in Figure 6. In this test, the MP-DOB is designed with the assumed
period T = π, while the actual disturbance d(t) has period 2π. The dotted line indicates
the response for N = 1, whereas the solid line indicates that for N = 3. As seen in Figure
6 (and its zoomed view), a mismatch in the period leads to a residual periodic component
that cannot be perfectly canceled; nevertheless, the proposed multi-period design (N = 3)
yields a smaller output oscillation than the single-delay design (N = 1). In particular,
the transient peak excursion is reduced for N = 3, and the subsequent steady oscillation
amplitude remains consistently lower than that ofN = 1. These observations demonstrate
that increasing N improves attenuation performance even when the actual disturbance
period deviates from the design period, thereby providing practical robustness to period
perturbations.

Next, to further verify the universality of the proposed design for non-minimum phase
systems with different pole distributions, we consider another non-minimum phase plant

0 5 10 15 20 25 30

t[sec]

-0.5

0

0.5

y
(t

)

y(t) N=1

y(t) N=3

Figure 6. The response of y(t) for d(t) with period 2π when T = π:
Comparison between N = 1 (dashed) and N = 3 (solid)
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that has stable complex-conjugate poles :

Gnew(s) =
s− 100

s2 + 20s+ 350
. (65)

Note that Gnew(s) is stable (all poles are in the open left-half plane) while it is still non-
minimum phase due to the right-half-plane zero at s = 100. Applying the same design
procedure in Section 7 with the same fundamental period T = 2π, we compare the gain
of the disturbance-to-output transfer function in (37) for N = 1 and N = 3.
As shown in Figure 7, the delay-coordinated structure produces notch behavior at

harmonic frequencies determined by the period T . Moreover, the three-delay configuration
(N = 3) yields a lower gain profile around these harmonic components compared with
the single-delay case (N = 1), which implies stronger attenuation of periodic disturbance
components in the output.
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Figure 7. Gain plot of the disturbance-to-output transfer function for
Gnew(s) (solid: N = 3, dashed: N = 1)

The time-domain response in Figure 8 is consistent with the frequency-domain result
in Figure 7: after the transient, the output oscillation under N = 3 becomes smaller than
that under N = 1, demonstrating that the proposed multi-period disturbance observer
maintains its disturbance-attenuation advantage even for a different non-minimum phase
plant with stable complex poles.
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Figure 8. Output response comparison for Gnew(s) (solid: N = 3, dashed:
N = 1)
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9. Conclusion. This paper proposed a design method for a control system using a multi-
period disturbance observer to attenuate periodic output disturbances in non-minimum-
phase plants. The proposed structure makes the disturbance-to-output transfer function
have finitely many poles, and the internal stability condition of the overall control system
was clarified. A simple design procedure was presented, and numerical examples demon-
strated the effectiveness of the proposed method. The numerical examples also confirmed
that the proposed control system remains effective even when the disturbance period does
not coincide with the design period.

From an implementation viewpoint, the proposed control system is suitable for real-
time deployment because it consists of low-order rational controllers/filters and a finite
number of delay branches. In digital implementation, each delay element can be realized by
a sample buffer corresponding to the required delay length, and the rational controllers/
filters can be implemented by standard discrete-time realizations (difference equations or
state-space forms). Therefore, the required memory and per-sample computations increase
approximately linearly with the number of delay branches N and the filter orders, while
avoiding the high-order internal model typically associated with repetitive control. These
properties make the proposed structure compatible with common motion-control hardware
(DSP/MCU/FPGA) and practical control platforms. When the disturbance period varies,
the controller can be retuned by updating the period parameter and the corresponding
delays, and the numerical example indicates that meaningful attenuation is still achieved
even under period mismatch.

Although this paper focused on numerical verification, the proposed control system is
applicable to non-minimum-phase systems subject to periodic disturbances, such as vibra-
tion control for 3D printers or washing machines during spin cycles, and precision motion
stages in semiconductor manufacturing. Future work will investigate implementation is-
sues on actual hardware platforms and experimental validation in practical applications.
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