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Abstract. For attenuating periodic disturbances and making the output follow a non
periodic reference input, repetitive control is often used. However, using repetitive control,
a controller is high order. In order to design a controller that makes the output follow
a non-periodic reference input without steady state error against periodic disturbances,
this paper proposes a design method of a control system using disturbance observer for
non-minimum-phase systems. Using the proposed design method, the control system can
be constructed by using a low order controller. In this paper, the parameterization of all
stabilizing controller is clarified. Furthermore, control characteristics and design proce-
dure of the control system using disturbance observer for non-minimum-phase systems
are clarified. Finally, we show the numerical example for the effectiveness of the proposed
design method.
Keywords: Parameterization, Disturbance observer, Non-periodic reference input, Pe-
riodic disturbance, Disturbance attenuation, Disturbance observer based control

1. Introduction. It is often an important problem to attenuate the periodic disturbances
and the output follows a reference input without a steady-state error in practical control
systems. To attenuate periodic disturbances, repetitive control has been proposed [1]. In
repetitive control, a controller has the same infinite poles depending on the period of
disturbance on the imaginary axis. From the same principle as the internal model one,
the controller with infinite poles of periodic input on the imaginary axis can effectively
attenuate periodic disturbances.
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A reference input is not always periodic. Pipeleers et al. have proposed a robust higher-
order repetitive control [7]. Using a method proposed in [7], a control system makes the
output follow the non-periodic disturbance and attenuates the influence of the periodic
disturbances. However, the method in [7] has a problem that the order of a controller has a
large order. The above problem is caused by the controller that has the same infinite poles.
A disturbance observer is used to estimate the disturbances in the factory plant [13], and

various papers are proposed [9, 10, 11, 12]. In addition, many papers proposed disturbance
observer control systems [14, 15, 16, 17, 18], and the applications of disturbance observers
have been proposed in many control systems such as a motion-control field [19, 20, 21].
A disturbance observer is used in the motion control field to cancel the disturbance or to
make the closed-loop system robustly stable [22, 23, 24]. Typically, a disturbance observer
includes a disturbance signal generator and an observer, and the disturbance that is nor-
mally considered as a step disturbance is estimated by the observer. Since the disturbance
observer is easy to understand the structure, it is used in many cases [22, 23, 25].
Mita et al. pointed out that disturbance observers are not only alternative design of

complete controllers [24]. Extended H∞ control in [24] has therefore been proposed as an
effective motion control method that cancels disturbances. From another point of view,
Kobayashi et al. considered an observer design method for obtaining phase compensation
based on disturbance observers [25].
Another important control problem is the parameterization problem which is the prob-

lem of finding all stabilizing controllers for the plant [26]. If the parameterization of all
disturbance observers could be obtained, we could express previous studies of disturbance
observers in a uniform manner. In addition, disturbance observers could be designed sys-
tematically. Yamada et al. examined the parameterization of all disturbance observers
[27]. There exists another paper that motion control realization is based on the distur-
bance observer and the Kalman filter [19]. This paper realizes high robustness against
disturbance, parameter variations, effective noise suppression and wide band force sensing
by using disturbance observer and Kalman filter. However, there is a remaining problem
that achieving both high responsiveness and noise-free force estimation in sensor-less mo-
tion control remains difficult due to limitations in disturbance observer bandwidth, noise
in high-order estimations, and computational constraints for real-time implementation.
Recently, the parameterization of all disturbance observer for the periodic disturbance

was clarified [8]. Using this parameterization in [8], we have a possibility to design a con-
trol system for the output to follow non-periodic reference input and to attenuate periodic
disturbance effectively without using repetitive control. For minimum-phase plant, a de-
sign method for control system for the output to follow the non-periodic reference input
and to attenuate the periodic disturbance for non-periodic reference input is examined
by Yamada et al. [32]. In addition, Yamada et al. proposed a design method using a dis-
turbance observer for periodic disturbance for non-minimum-phase plant without using
repetitive control [33]. However, the method in [32, 33] remains a difficulty. Since the
method in [32, 33] does not clarify the parameterization of all stabilizing controllers, we
cannot design the controllers systematically. In order to overcome this problem, Duong
et al. clarified the parameterization of all stabilizing controllers for minimum-phase plant
[34]. However, the method in [34] cannot apply for non-minimum-phase plants. There
exist a lot of non-minimum-phase plants: a pitch control of air planes [35], a control of
inverted pendulum [36, 37], and so on. For non-minimum-phase plants, the results of [34]
do not always make the control system stable because the unstable zeros in a plant often
makes a closed-loop system unstable.
This paper clarifies the parameterization of all stabilizing controllers for non-minimum-

phase plant using the disturbance observer for the periodic disturbances. In addition,
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a design method is proposed for the control system using disturbance observer for the
periodic reference input for non-minimum-phase plants such that the output follows the
non-periodic reference input and the periodic disturbances are attenuated effectively.

This paper is organized as follows. In Section 2, the preliminary result and the problem
formulation in this paper are explained. In Section 3, we examine the parameterization of
all controllers to make functions in the controller for the disturbance observer stable. In
Section 4, we clarify that the obtained controllers in Section 3 make the control system
stable. In Section 5, we summarize the control characteristics of the control system. In
Section 6, a design procedure of the control system is presented. In Section 7, we provide
a numerical example to illustrate the effectiveness of the proposed method. Section 8 gives
concluding remarks.

2. Preliminary Result and Problem Formulation. Consider the plant written by{
ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) + d(t)

, (1)

where x(t) ∈ Rn is the state variable, u(t) ∈ R is the control input, y(t) ∈ R is the output,
d(t) ∈ R is the periodic output disturbance with period T > 0 satisfying

d(t+ T ) = d(t) (∀t ≥ 0), (2)

A ∈ Rn×n, B ∈ Rn and C ∈ R1×n. It is assumed that (A,B) is stabilizable, (C,A) is
detectable, A has no eigenvalue on the imaginary axis,

det

[
A− sI B

C 0

]
= 0 (3)

has roots in the closed right half plane, and u(t) and y(t) are available, but d(t) is un-
available. The transfer function in (1) is denoted by

y(s) = G(s)u(s) + d(s), (4)

where

G(s) = C(sI − A)−1B ∈ R(s), (5)

y(s) = L{y(t)}, u(s) = L{u(t)} and d(s) = L{d(t)}. Note that the assumption that (3)
has roots in the closed right half plane implies that G(s) has zeroes in the closed right
half plane, that is, G(s) in (5) is of non-minimum-phase.

For the non-minimum-phase systems, in order to attenuate the periodic disturbance
and to follow the non-periodic reference input r(s) without steady-state error, the control
system using the disturbance observer shown in Figure 1 is proposed in [33]. Here, C1(s) ∈

Figure 1. Structure of a disturbance observer system
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R(s) and C2(s) are controllers. d̃(s) is disturbance observer for periodic disturbance [8]
written by the form in

d̃(s) = F1(s)e
−sTy(s) + F2(s)e

−sTu(s) (6)

and satisfies

lim
t→∞

(
d(t)− d̃(t)

)
= 0 (7)

for any initial state x(0), control input u(t) and periodic output disturbance d(t). Accord-
ing to [8], the parameterization of all F1(s) and F2(s) is given by

F1(s) = D(s) +Q(s)D(s) ∈ RH∞ (8)

and

F2(s) = −N(s)−Q(s)N(s) ∈ RH∞, (9)

where D(s) ∈ RH∞ and N(s) ∈ RH∞ are coprime factors of G(s) on RH∞ satisfying

G(s) =
N(s)

D(s)
(10)

and Q(s) ∈ RH∞ is any function satisfying

D(si) +Q(si)D(si) = 1 ∀si (i = 0, 1, . . .), (11)

si = jωi, (12)

ωi =
2πi

T
(i = 0, 1, . . .) (13)

and j is the imaginary unit.
Using the disturbance observer for periodic disturbance, in general, the transfer function

from the disturbance d(s) to the output y(s) has an infinite number of poles. In order to
make the transfer function from d(s) to y(s) have a finite number of poles, C2(s) ∈ R(s)
is designed as the form in

C2(s) =
Cn(s)

1 + Cd(s)e
−sT

, (14)

where Cn(s) ∈ R(s) and Cd(s) ∈ R(s). Using C2(s) in (14), the transfer function from
d(s) to y(s) in Figure 1 is given by

y(s)

d(s)
=

1 + (Cd(s) + F2(s)Cn(s))e
−sT

1 + C1(s)G(s) + {(1 + C1(s)G(s))Cd(s) + (F1(s)G(s) + F2(s))Cn(s)}e−sT
. (15)

The condition that the transfer function from d(s) to y(s) has a finite number of poles
is summarized in Lemma 2.1.

Lemma 2.1. The transfer function from d(s) to y(s) in Figure 1 has a finite number of
poles if and only if

(1 + C1(s)Gm(s))Cd(s) + (F1(s)Gm(s) + F2(s))Cn(s) = 0 (16)

holds true [32].

The stability of the control system in Figure 1 satisfying Lemma 2.1 is summarized in
the following lemma.

Lemma 2.2. The control system in Figure 1 is stable if and only if the following expres-
sions hold true [32].

1) C1(s) stabilizes G(s). That is, all transfer functions C1(s)G(s)/(1 + C1(s)G(s)),
G(s)/(1 + C1(s)G(s)), C1(s)/(1 + C1(s)G(s)) and 1/(1 + C1(s)G(s)) are stable.
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2) Cd(s) ∈ RH∞ in (14).
3) Cn(s) ∈ RH∞ in (14).

In order to attenuate periodic disturbance d(s) effectively, from (15), Cn(s) and Cd(s)
have to satisfy

1 + (Cd(s) + F2(s)Cn(s))|si=j 2πi
T

= 0 (i = 0, 1, 2, . . .). (17)

According to [33], from (17), Cn(s) and Cd(s) are designed to satisfy

Cd(s) + F2(s)Cn(s) = −q̄(s)Ni(s), (18)

where q̄(s) ∈ RH∞ is a strictly proper low-pass filter written by

q̄(s) =
1

(1 + τq̄s)
nq̄
, (19)

nq̄ > 0 is positive integer to make q̄(s)/G(s) and q̄(s)/F2(s) proper, and τq̄ > 0 is small
real positive number. Ni(s) ∈ RH∞ is an inner function of N(s) satisfying Ni(0) = 1 and
satisfies

N(s) = Ni(s)No(s) (20)

and No(s) ∈ RH∞ is an outer function of N(s). Then in the frequency range satisfying

q̄(si)Ni(si) ≃ 1 (i = 0, 1, . . . , kmax), (21)

for si (i = 0, 1, . . . , kmax), (17) is satisfied, where kmax is maximum integer. From (9),
F2(s) is factorized as

F2(s) = Ni(s)F̄2(s), (22)

where

F̄2(s) = −No(s)−Q(s)No(s). (23)

This yields F̄2(s) ∈ RH∞. In order to make Cd(s) ∈ RH∞ satisfying (18), we settle

Cd(s) = Ni(s)C̄d(s), (24)

where C̄d(s) ∈ RH∞. By substituting (22) and (24) to (18), we have

Cn(s) = − q̄(s) + C̄d(s)

F̄2(s)
, (25)

and by substituting (20), (22), (24) and (25) to (16), we have

C̄d(s) =

(
F1(s)No(s) + F̄2(s)D(s)

)
q̄(s)Dc(s)(

F̄2(s)Ni(s)Nc(s)− F1(s)Dc(s)
)
No(s)

, (26)

where Nc(s) ∈ RH∞ and Dc(s) ∈ RH∞ are coprime factors of C1(s) satisfying

C1(s) =
Nc(s)

Dc(s)
. (27)

Using the method proposed in [33], even if the controller C1(s) stabilizes the plant G(s),
C1(s) does not necessarily make C̄d(s) in (26) stable.

The problem considered in this paper is to overcome this problem and clarify the
parameterization of all C1(s) to make C̄d(s) in (26) stable and the control system in
Figure 1 stable.

3. Parameterization of All C1(s) to Make C̄d(s) Stable. In this section, we clarify
the parameterization of all C1(s) that makes C̄d(s) in (26) stable.
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The parameterization of all C1(s) that makes C̄d(s) in (26) stable is summarized in the
following theorem.

Theorem 3.1. C1(s) written in (27) makes C̄d(s) in (26) stable if and only if q̄(s)/No(s) ∈
RH∞, and Nc(s) and Dc(s) in (27) are written by

Nc(s) = X̄(s)− F1(s)Q̂(s) (28)

and

Dc(s) = Ȳ (s)− F̄2(s)Ni(s)Q̂(s), (29)

where X̄(s) ∈ RH∞ and Ȳ (s) ∈ RH∞ satisfy

X̄(s)F̄2(s)Ni(s)− Ȳ (s)F1(s) = 1 (30)

and Q̂(s) ∈ RH∞ is any function.

Proof: The necessity is shown, that is, we show that if C̄d(s) in (26) is stable, Nc(s)
and Dc(s) in (27) are written by (28) and (29), respectively. Since Dc(s) ∈ RH∞ and
F1(s) ∈ RH∞ are biproper and No(s) ∈ RH∞, F̄2(s) ∈ RH∞, D(s) ∈ RH∞, q̄(s) ∈ RH∞,
F2(s) ∈ RH∞, Ni(s) ∈ RH∞ and Nc(s) ∈ RH∞, C̄d(s) ∈ RH∞ is satisfied if q̄(s)/No(s) ∈
RH∞ and

F̄2(s)Ni(s)Nc(s)− F1(s)Dc(s) ∈ U . (31)

According to [29], the condition of (31) is equivalent to satisfy

F̄2(s)Ni(s)Nc(s)− F1(s)Dc(s) = I. (32)

Using the result in [29] and simple manipulations, all solutions of Nc(s) and Dc(s) to (32)
are written by (28) and (29), respectively, where X̄(s) ∈ RH∞ and Ȳ (s) ∈ RH∞ satisfy

(30) and Q̂(s) ∈ RH∞ is any function. Since C̄d(s) in (26) is proper, q̄(s)/No(s) ∈ RH∞
holds true. The necessity has been shown.
Next, the sufficiency is shown. That is, we show that if Nc(s) and Dc(s) are written

by (28) and (29), respectively, and q̄(s)/No(s) ∈ RH∞, then C̄d(s) in (26) is stable.
Substituting (28) and (29) to (26), we have

C̄d(s) =

(
F1(s)No(s) + F̄2(s)D(s)

)
q̄(s)

(
Ȳ (s)− F̄2(s)Ni(s)Q̂(s)

)
(
X̄(s)F̄2(s)Ni(s)− Ȳ (s)F1(s)

)
No(s)

. (33)

Since X̄(s)F̄2(s)Ni(s) − Ȳ (s)F1(s) = I and q̄(s)/No(s) ∈ RH∞, C̄d(s) ∈ RH∞ in (33) is
satisfied. The sufficiency has been shown.
In this way, we have thus proved Theorem 3.1. �
Using the result in Theorem 3.1, we can design C1(s) to make C̄d(s) stable. From

Lemma 2.2, C1(s) also needs to make G(s) stable. In the next section, we will clarify that
C1(s) designed in Theorem 3.1 makes G(s) stable.

4. Stability of Control System. In this section, we will clarify that C1(s) satisfying
conditions in Theorem 3.1 makes the control system in Figure 1 stable.
From the definition of internal stability, if all transfer functions C1(s)G(s)/(1+C1(s)G(s)),

G(s)/(1+C1(s)G(s)), C1(s)/(1+C1(s)G(s)) and 1/(1+C1(s)G(s)) are stable, then C1(s)
makes G(s) stable. From (27), (28), (29) and (30), all transfer functions C1(s)G(s)/(1+
C1(s)G(s)), G(s)/(1+C1(s)G(s)), C1(s)/(1+C1(s)G(s)) and 1/(1+C1(s)G(s)) are writ-
ten by

C1(s)G(s)

1 + C1(s)G(s)
= −

(
X̄(s)− F1(s)Q̂(s)

)
Ni(s)No(s), (34)
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G(s)

1 + C1(s)G(s)
= −

(
Ȳ (s)− F̄2(s)Ni(s)Q̂(s)

)
Ni(s)No(s), (35)

C1(s)

1 + C1(s)G(s)
= −

(
X̄(s)− F1(s)Q̂(s)

)
D(s) (36)

and
1

1 + C1(s)G(s)
= −

(
Ȳ (s)− F̄2(s)Ni(s)Q̂(s)

)
D(s). (37)

Since all transfer functions C1(s)G(s)/(1+C1(s)G(s)), G(s)/(1+C1(s)G(s)), C1(s)/(1+
C1(s)G(s)) and 1/(1 + C1(s)G(s)) are stable, C1(s) stabilizes G(s).

Thus, we have found that C1(s) satisfying Theorem 3.1 makes the control system in
Figure 1 stable.

5. Control Characteristics. In this section, we explain control characteristics of the
control system in Figure 1.

First, the input output characteristic of the control system in Figure 1 is shown. The
transfer function from the reference input r(s) to the output y(s) and that from the
reference input r(s) to the error er(s) = r(s)− y(s) are written by

y(s) =
C1(s)G(s)

1 + C1(s)G(s)
r(s) (38)

and

er(s) = r(s)− y(s) =
1

1 + C1(s)G(s)
r(s), (39)

respectively. From the internal model principle [30], in order to make the output y(s) to
follow the non-periodic reference input r(s) without steady-state error, C1(s) should have
an internal model of the reference input r(s). Dc(s) is written by the form

Dc(s) =
Q̃(s)

Cr(s)
, (40)

where Cr(s) is internal model of the reference input r(s) and assumed to be of minimum
phase and bi-proper, and Q̃(s) ∈ RH∞ is a function that makes Q̃(s)/Cr(s) has no
unstable pole-zero cancellation.

In order to design Dc(s) in (40), Q̂(s) is designed such as satisfying

Q̂(s) =
1

F̄2(s)Ni(s)

(
Ȳ (s)− Q̃(s)

Cr(s)

)
, (41)

where Q̃(s) is any function to make (41) stable. Using Q̂(s) in (41), we have

lim
t→∞

e(t) = lim
s→0

se(s) = lim
s→0

s
Q̃(s)

Cr(s)
D(s)(1 +Q(s))r(s) = 0. (42)

This implies that the input output characteristics of the control system in Figure 1 are
improved by using the controller C1(s).

Next, about the disturbance attenuation characteristic, from (17), the disturbance char-
acteristic is specified using controllers Cd(s) and Cn(s) of C2(s) in (14). From (18), the
periodic disturbance with period T is attenuated effectively.

In this way, the purpose of C1(s) is to specify the input/output characteristics, and
that of C2(s) is to specify the disturbance attenuation characteristics. This implies that
the control system in Figure 1 is a kind of two-degree-of-freedom control system.
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6. Design Procedure. In this section, we show a design procedure of the control system
in Figure 1.
A design procedure of the control system in Figure 1 is summarized as follows.

Step 1) Obtain the coprime factors N(s) and D(s) satisfying (10).
Step 2) Obtain the inner functionNi(s) and the outer functionNo(s) in (20) by factorizing

N(s).
Step 3) Design F1(s) ∈ RH∞ and F2(s) ∈ RH∞, and then obtain F̄2(s):

(a) Settle Q(s) in (8) and (9) to satisfy (11).
(b) Design F1(s) ∈ RH∞ and F2(s) ∈ RH∞ using the method in [8].
(c) Obtain F̄2(s) by using (22).

Step 4) Define q̄(s) by (19).

Step 5) Obtain Q̂(s) to make Dc(s) have the form in (40):
(a) Design Q̃(s) to make Q̃(s) in (41) proper.

(b) Obtain Q̂(s) by (41).
Step 6) Find Nc(s) and Dc(s), and then obtain C1(s):

(a) Design Cr(s) which is internal model of the reference input r(s), and of min-
imum phase and bi-proper.

(b) Find X̄(s) and Ȳ (s) satisfying (30).

(c) Obtain Nc(s) and Dc(s) by (28) and (29) with Q̂(s) which is obtained by
previous step.

(d) Obtain C1(s) by (27) with the obtained Nc(s) and Dc(s).
Step 7) Design Cd(s) and Cn(s):

(a) Obtain C̄d(s) by (26).
(b) Obatin Cd(s) and Cn(s) by (24) and (25), respectively.

7. Numerical Example. In this section, a numerical example is shown to illustrate the
effectiveness of the proposed method.
Consider a problem to design the system in Figure 1 to attenuate periodic disturbance

d(s) with period T = π [sec], and follow the reference input r(t) = t for the non minmum-
phase plant G(s) given by

G(s) =
s− 3

(s+ 3)(s− 1)
. (43)

Coprime factors N(s) ∈ RH∞ and D(s) ∈ RH∞ are given as

N(s) =
s− 30

(s+ 10)(s+ 3)
(44)

and

D(s) =
s− 1

s+ 1
, (45)

respectively. The inner function and outer function of N(s) in (45) is given as

Ni(s) =
−(s− 30)

s+ 30
(46)

and

No(s) =
−(s+ 30)

(s+ 3)(s+ 10)
, (47)

respectively.
F1(s) in (8) and F2(s) in (9) are designed based on the results of [8]. To design F1(s)

in (8) and F2(s) in (9) using N(s) in (44) and D(s) in (45), Q(s) is settled as
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Q(s) =
2s+ 9

s+ 1
. (48)

Using Q(s) in (48), F1(s) in (8) and F2(s) in (9) are designed as

F1(s) =
−3s2 − 7 ∗ s+ 10

s2 + 11 ∗ s+ 10
(49)

and

F2(s) =
3 ∗ s2 − 80 ∗ s− 300

s3 + 14 ∗ s2 + 43 ∗ s+ 30
. (50)

From F2(s) in (50) and Ni(s) in (46), F̄2(s) is given by

F̄2(s) =
−3(s+ 30)(s+ 3.333)

(s+ 10)(s+ 3)(s+ 1)
. (51)

q̄(s) in (19) is settled by

q̄(s) =
1

6.2832s+ 1
. (52)

X̄(s) and Ȳ (s) are given by the form in

X̄(s) =
−22(s+ 3)

29(3s+ 10)
(53)

and

Ȳ (s) =
29s+ 370

29(3s+ 10)
, (54)

respectively. Since C1(s) should have twice poles at s = 0 due to following r(s) = L [t] =
1/s2, Cr(s) is designed as

Cr(s) =
−0.44444s2(s+ 43.86)(s+ 2.693)(s+ 2.203)(s+ 0.9569)

(s+ 10)3(s+ 3.333)(s+ 3)(s+ 1)
. (55)

Q̂(s) that makes Q̃(s) in (41) proper is setteled as

Q̂(s) =
116s+ 111

87(s+ 10)
. (56)

Using Q̂(s) in (56), Q̃(s) in (41) is given as

Q̃(s) =
−116s− 111

87s+ 870
. (57)

A pair of X̄(s) and Ȳ (s) satisfying (30) is given by

X̄(s) =
−0.25287(s+ 3)

s+ 3.333
(58)

and

Ȳ (s) =
0.33333(s+ 12.76)

s+ 3.333
. (59)

Using X̄(s) in (53), Ȳ (s) in (54) and Q̂(s) in (56), Nc(s) and Dc(s) are found as

Nc(s) =
−4.2529 (s2 + 1.776s+ 0.8876) (s2 + 5.881s+ 8.83)

(s+ 10)2(s+ 3.333)(s+ 1)
(60)

and

Dc(s) =
0.33333s2(s+ 43.86)(s+ 30)(s+ 2.693)(s+ 2.203)

(s+ 30)(s+ 10)2(s+ 3.333)(s+ 3)(s+ 1)
, (61)
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respectively. From Nc(s) in (60) and Dc(s) in (61), we have

C1(s) =
−12.759(s+ 3) (s2 + 1.776s+ 0.8876) (s2 + 5.881s+ 8.83)

s2(s+ 43.86)(s+ 2.693)(s+ 2.203)
. (62)

Using F1(s) in (49), F2(s) in (50), C1(s) in (62), C2(s) and period T = π [sec], the
control system in Figure 1 is constracted. The response of the error e(t) = r(t) − y(t)
for the ramp reference input r(t) = t in Figure 1 is shown in Figure 2. Figure 2 shows
that the output y(t) follows the ramp reference input r(t) = t without steady-state error.
This is an advantage of system in Figure 1 using a disturbance observer over a repetitive
control with steady-state error for a ramp reference input.

0 2 4 6 8 10
-0.1

-0.05

0

0.05

0.1

0.15

Figure 2. The response of the error e(t) = r(t)− y(t) for r(t) = t

Next, the disturbance attenuation characteristic is shown. When the periodic distur-
bance d(t) is given by

d(t) =


2

π
t 0 ≤ t− kt <

π

2
2

π
(π − t)

π

2
≤ t− kt < π

, (63)

where k is the maximum integer which will not exceed t/T , the disturbance d(t) in (63) is
a triangular wave with the period T . The response of the output y(t) for the disturbance
d(t) in (63) is shown in Figure 4. The solid line in Figure 4 shows the output y(t) for the
disturbance d(t) in (63), and the dotted line in Figure 4 shows the disturbance d(t). From
Figure 4, the periodic disturbance d(t) in (63) is attenuated effectively.
To show the effectiveness of the control system in Figure 1, we compare the proposed

control system in Figure 1 with a modified repetitive control in [39]. The modified repet-
itive controller is given as

Crep(s) = C1(s) + C̄(s), (64)

where C̄(s) is given as

Crep(s) =
q̂(s)e−sT

1− q̂(s)e−sT
, (65)
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with

q̂(s) =
1

0.05s+ 1
. (66)

The responses of the output y(t) for d(t) in (63) from the control system in Figure 1
and those of a modified control system are shown in Figure 5. The solid line in Figure 5
shows the responses of the output y(t) for d(t) in (63) from the control system in Figure
1, and the dotted line shows the responses of the output y(t) for d(t) in (63) from the
modified control system. From Figure 5, the distribution of response of y(t) for d(t) in
(63) from the control system in Figure 1 is smaller than that of the modified repetitive
control system. Furthermore, the maximum value of the error from the control system in
Figure 1 is smaller than that of the modified repetitive controller.

0 2 4 6 8 10
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0.2
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0.6

0.8

1

Figure 3. Triangular wave disturbance with period T = π [sec]
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Figure 4. The response of the output y(t) for the disturbance d(t) in (63)
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The proposed control system
The modified repetitive control system

Figure 5. The responses of the output y(t) for d(t) in (63) from the control
system in Figure 1 and those of a modified repetitive control system

In this way, using the proposed method, we can design the stable control system to
attenuate the periodic disturbance and to follow the reference input without steady-state
error.

8. Conclusion. In this paper, we have considered a design method for control system
using disturbance observer for non-minimum phase plants such that the output follows
a non-periodic reference input and the periodic disturbance is attenuated without using
repetitive control for periodic disturbances. This paper has clarified the parameterization
of all feedback controllers to stabilize a plant to ensure the transfer function from the dis-
turbance to the output has a finite number of poles. In addition, it has been considered
the control characteristics of the control system using a disturbance observer to follow the
output to a non-periodic reference input, and to attenuate periodic disturbances. Con-
sidering the control characteristics of the control system, a design method for the control
system using a disturbance observer has been proposed. Finally, in order to illustrate the
effectiveness of the design method for the control system using a disturbance observer for
periodic disturbance, a numerical example has been shown.
Using the proposed design method, we can construct a control system using a dis-

turbance observer for non-minimum phase plants to follow the output to a non-periodic
reference input and to attenuate periodic disturbances without using repetitive control
for periodic disturbances. However, this proposed design method often amplifies the influ-
ence of disturbances with a period that is different from the period used for the controller
design on the output. In addition, when the disturbance has not only periodic signals but
also non-periodic signals, the proposed design method does not always attenuate non-
periodic disturbances. Thus, a design method for a control system using a disturbance
observer to overcome these problems should be considered. These design methods will be
discussed in other articles.

REFERENCES

[1] S. Hara, Y. Yamamoto, T. Omata and M. Nakano, Repetitive control: A new type servo system for
periodic exogenous signals, IEEE Trans. Automatic Control, vol.33, no.7, pp.659-668, 1988.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.22, NO.5, 2026 1177

[2] B. A. Francis and W. M. Wonham, The internal model principle for linear multivariable regulators,
Appl. Math. Opt., vol.2, pp.170-194, 1975.

[3] M. Tomizuka, Dealing with periodic disturbances in controls of mechanical systems, Annual Reviews
in Control, vol.32, no.2, pp.193-199, 2008.

[4] M. Nakano, T. Inoue, Y. Yamamoto and S. Hara, Repetitive Control, The Society of Instrument and
Control Engineers, 1989 (in Japanese).

[5] T. Inoue, M. Nakano, T. Kubo, S. Matsumoto and H. Baba, High accuracy control of a proton
synchrotron magnet power supply, IFAC Proceedings Volumes, vol.14, no.2, pp.3137-3142, 1981.

[6] Z. Chen, K. Yamada and T. Sakanushi, A new design method of high-order modified repetitive control
systems for reference inputs with uncertain period-time, Mathematical Problems in Engineering,
vol.2013, Article ID 374328, 2013.

[7] G. Pipeleers, B. Demeulenaere, J. D. Schutter and J. Swevers, Robust high-order repetitive control:
Optimal performance trade-offs, Automatica, vol.44, no.10, pp.2628-2634, 2008.

[8] S. Phukapak, D. Koyama, K. Hashikura, M. A. S. Kamal and K. Yamada, The parameterizations
of all disturbance observers for periodic output disturbances, International Journal of Innovative
Computing, Information and Control, vol.19, no.1, pp.163-180, 2023.

[9] S. Phukapak, D. Koyama, K. Hashikura, M. A. S. Kamal, I. Murakami and K. Yamada, The pa-
rameterization of all disturbance observers for periodic input disturbances, ECTI Transactions on
Electrical Engineering, Electronics, and Communications, vol.21, no.2, 2023.

[10] A. Mohammadi, M. Tavakoli, H. J. Marquez and F. Hashemzadeh, Nonlinear disturbance observer
design for robotic manipulators, Control Engineering Practice, vol.21, no.3, pp.253-267, 2013.

[11] S. Ding, W.-H. Chen, K. Mei and D. J. Murray-Smith, Disturbance observer design for nonlin-
ear systems represented by input-output models, IEEE Trans. Industrial Electronics, vol.67, no.2,
pp.1222-1232, 2020.

[12] S. Phukapak, D. Koyama, K. Hashikura, M. A. S. Kamal and K. Yamada, The parameterization
of all disturbance observers for periodic input and output disturbances, International Journal of
Innovative Computing, Information and Control, vol.19, no.3, pp.637-654, 2023.

[13] W.-H. Chen, J. Yang, L. Guo and S. Li, Disturbance-observer-based control and related methods –
An overview, IEEE Trans. Industrial Electronics, vol.63, no.2, pp.1083-1095, 2016.

[14] K.-S. Kim, K.-H. Rew and S. Kim, Disturbance observer for estimating higher order disturbances in
time series expansion, IEEE Trans. Automatic Control, vol.55, no.8, pp.1905-1911, 2010.

[15] J. Na, R. Grino, R. C. Castello, X. Ren and Q. Chen, Repetitive controller for time-delay systems
based on disturbance observer, IET Control Theory and Applications, vol.4, no.11, pp.2391-2404,
2010.

[16] E. Sariyildiz, R. Oboe and K. Ohnishi, Disturbance observer-based robust control and its applica-
tions: 35th anniversary overview, IEEE Trans. Industrial Electronics, vol.67, no.3, pp.2042-2053,
2020.

[17] H. Muramatsu and S. Katsura, An adaptive periodic disturbance observer for periodic disturbance
suppression, IEEE Trans. Industrial Informatics, vol.14, no.10, pp.4446-4456, 2018.

[18] U. Javaid, H. Dong, S. Ijaz, T. Alkarkhi and M. Haque, High-performance adaptive attitude control
of spacecraft with sliding mode disturbance observer, IEEE Access, vol.10, pp.42004-42013, 2022.

[19] T. T. Phuong, K. Ohishi, C. Mitsantisuk, Y. Yokokura, K. Ohnishi, R. Oboe and A. Sabanovic,
Disturbance observer and Kalman filter based motion control realization, IEEJ Journal of Industry
Applications, vol.7, no.1, pp.1-14, 2018.

[20] M. Zheng, S. Zhou and M. Tomizuka, A design methodology for disturbance observer with application
to precision motion control: An H-infinity based approach, 2017 American Control Conference,
pp.3524-3529, 2017.

[21] K. Ohnishi, M. Shibata and T. Murakami, Motion control for advanced mechatronics, IEEE/ASME
Trans. Mechatronics, vol.1, no.1, pp.56-67, 1996.

[22] K. Ohishi, K. Ohnishi and K. Miyachi, Torque-speed regulation of DC motor based on load torque
estimation, Proceedings of IEEJ IPEC-TOKYO, vol.2, pp.1209-1216, 1983.

[23] S. Komada and K. Ohnishi, Force feedback control of robot manipulator by the acceleration tracing
orientation method, IEEE Trans. Industrial Electronics, vol.37, no.1, pp.6-12, 1990.

[24] T. Mita, M. Hirata, K. Murata and H. Zhang, H∞ control versus disturbance-observer-based control,
IEEE Trans. Industrial Electronics, vol.45, no.3, pp.488-495, 1998.

[25] H. Kobayashi, S. Katsura and K. Ohnishi, An analysis of parameter variations of disturbance observer
for motion control, IEEE Trans. Industrial Electronics, vol.54, no.6, pp.3413-3421, 2007.



1178 V. H. DUONG, S. PHUKAPAK, Y. YAMADA ET AL.

[26] C. Desoer, R.-W. Liu, J. Murray and R. Saeks, Feedback system design: The fractional representation
approach to analysis and synthesis, IEEE Trans. Automatic Control, vol.25, no.3, pp.399-412, 1980.

[27] K. Yamada, I. Murakami, Y. Ando, T. Hagiwara, Y. Imai and M. Kobayashi, The parameterization
of all disturbance observers, ICIC Express Letters, vol.2, no.4, pp.421-426, 2008.

[28] K. Yamada, H. Takenaga, H. Yamamoto and K. Kamata, A design method for Smith predictor for
non-minimum-phase time-delay plants with multiple time-delays, The 3rd International Conference
on Innovative Computing, Information and Control, Dalian, China, p.519, 2008.

[29] M. Vidyasagar, Control System Synthesis – A Factorization Approach, MIT Press, 1985.
[30] B. A. Francis and W. M. Wonham, The internal model principle of control theory, Automatica,

vol.12, no.5, pp.457-465, 1976.
[31] H. Maeda and T. Sugie, System Control Theory for Advanced Control, The Society of Systems,

Control and Information Engineers, 1990.
[32] Y. Yamada, H. M. Tien, S. Phukapak, C. Phukapak, N. T. Mai, K. Hashikura, M. A. S. Ka-

mal, I. Murakami and K. Yamada, Control system to attenuate periodic disturbance without using
repetitve control, International Journal of Innovative Computing, Information and Control, vol.20,
no.5, pp.1381-1397, 2024.

[33] Y. Yamada, H. M. Tien, S. Phukapak, C. Phukapak, N. T. Mai, K. Hashikura, M. A. S. Kamal, I.
Murakami and K. Yamada, Control system to attenuate periodic disturbance without using repetitive
control for non-minimum phase plant, International Journal of Innovative Computing, Information
and Control, vol.20, no.6, pp.1819-1835, 2024.

[34] V. H. Duong, Y. Yamada, S. Phukapak, C. Phukapak, N. T. Mai, M. A. S. Kamal, I. Murakami and
K. Yamada, A design method for control system using disturbance observer for periodic disturbance,
International Journal of Innovative Computing, Information and Control, vol.21, no.4, pp.1065-1079,
2025.
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