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ABSTRACT. In the field of time series prediction, weight learning of Fuzzy Cognitive
Maps (FCMs) has long faced two critical bottlenecks: first, limited predictive capabili-
ty when confronted with long-term dependencies and complex patterns; second, although
existing swarm intelligence and hybrid optimization methods have achieved certain break-
throughs, they suffer from difficulty in large-scale extension, and sensitivity to data
noise. This study addresses these challenges from an optimization theory perspective,
proposing a fast learning scheme for high-order FCMs. The core idea is to reformulate
the weight learning problem as a constrained convex optimization task, which is then
efficiently solved using classical interior-point algorithms. The method systematically op-
timizes key hyperparameters including the high-order decay factor, steepness coefficient,
and number of nodes through parameter scanning. To comprehensively evaluate the pro-
posed scheme, we constructed an experimental framework covering synthetic data, noisy
data and ten publicly available benchmark datasets. Test results demonstrate that predic-
tion accuracy improves significantly compared to state-of-the-art methods; meanwhile, the
approach exhibits excellent performance in both small-scale and large-scale FCM learning
as well as noisy data processing.

Keywords: Fuzzy cognitive map, Convex optimization, Time series prediction, High-
order FCM

1. Introduction. Time series prediction remains challenging in computational intelli-
gence, particularly for systems with uncertainty, nonlinearity, and complex temporal de-
pendencies. Fuzzy Cognitive Maps (FCMs), conceptualized by Kosko [1] and Hagiwara [2],
combine fuzzy logic with graph-based causal reasoning, representing components as nodes
and relationships as weighted directed edges. This intuitive yet rigorous framework enables
successful deployment across diverse domains: healthcare diagnostics and pharmaceutical
research [3, 4], time series forecasting [5, 6], educational assessment [7], epidemic con-
trol [8], and human-robot interaction modeling [9].

FCM effectiveness depends critically on accurate edge weight determination, quantify-
ing causal influences between concepts. This weight learning problem has spawned three
algorithmic philosophies. First, Hebbian learning approaches [10] adopt unsupervised str-
ategies adjusting weights based on node activation correlations. Variants including Nonlin-
ear Hebbian Learning (NHL) [11], Active Hebbian Learning (AHL) [12], and Data-Driven
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Nonlinear Hebbian Learning (DDNHL) [10] demonstrate computational efficiency but are
constrained by convergence to equilibrium states rather than replicating complete tempo-
ral trajectories. Second, bio-inspired computational intelligence recasts weight learning as
global optimization. Population-based strategies — Genetic Algorithm (GA) [13], Particle
Swarm Optimization (PSO) [14], Big Bang-Big Crunch optimization [15] — navigate high-
dimensional weight spaces through evolutionary mechanisms. Recent innovations include
memetic algorithms with mutual information [16], decomposition strategies for large-
scale FCMs [16], and multi-agent genetic algorithms [13]. Third, hybrid algorithms fuse
Hebbian and population-based approaches, initializing weights via Hebbian rules before
evolutionary refinement [11, 12].

Subsequently, advanced frameworks have emerged: Quantum Fuzzy Cognitive Maps
(QFCM) [14] harness quantum superposition for parallel exploration, yet their conver-
gence behavior remains stochastic and hardware-dependent, offering no theoretical opti-
mality guarantees; Interval Type-2 Fuzzy Cognitive Maps (IT2FCM) [13] address uncer-
tainty through double-layered fuzzy representations, but the nested type-reduction opera-
tions escalate computational complexity to super-quadratic levels; Neuro Fuzzy Cognitive
Maps (NFCM) [17] embed neural networks for gradient-based learning, introducing non-
convex loss landscapes susceptible to local optima and requiring extensive hyperparameter
tuning. Across all three variants, the absence of provable convergence guarantees and the
exponential growth of computational cost with problem scale represent fundamental, un-
resolved barriers to reliable deployment.

More broadly, contemporary FCM weight learning faces three notable and intercon-
nected limitations. Limited temporal modeling capacity: methods have demonstrat-
ed persistent difficulty in capturing long-term dependencies and nonlinear patterns, with
population-based algorithms documented to exhibit premature convergence in high-dimen-
sional spaces [13, 14]. Escalating computational overhead: parameters grow quadrat-
ically with node count [16], while quantum operations (QFCM), nested fuzzy evaluations
(IT2FCM), and iterative neural training (NFCM) introduce substantially increased com-
putational demands [13, 14, 17]. Sensitivity to data noise: learning algorithms have
shown reduced robustness under noisy conditions, a notable limitation given FCMs’ in-
herent uncertainty-handling design [18].

Beyond algorithmic challenges lies a fundamental limitation: conventional FCMs as-
sume system state at time ¢ + 1 depends solely on time t. This first-order Markov as-
sumption contradicts dynamical systems theory where evolution exhibits memory effects
and multi-scale correlations. Real-world processes show current behavior shaped by var-
ious historical horizons — recent events exert immediate effects while earlier conditions
contribute attenuated yet significant lag influences.

Therefore, this paper introduces high-order FCM and a paradigm-shifting approach
leveraging convex optimization theory [19]. In sharp contrast to the stochastic convergence
of QFCM, the super-quadratic complexity of I[T2FCM, and the non-convex optimization
of NFCM, we reformulate high-order FCM learning as constrained convex optimization,
enabling interior-point algorithms that provide rigorous global optimality guarantees and
achieve polynomial-time O(n?®) complexity — independent of initialization and free from
local optima traps. This principled formulation fundamentally distinguishes the proposed
method from all existing FCM variants: whereas prior approaches sacrifice either con-
vergence certainty or computational tractability, interior-point methods simultaneously
guarantee both. Consequently, stochastic search inefficiencies are eliminated, determinis-
tic solution quality is ensured, and computational requirements are dramatically reduced
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relative to competing advanced FCM frameworks. Simultaneously, the framework system-
atically optimizes high-order decay factor, activation steepness, and model complexity
through principled parameter scanning.

Section 2 establishes mathematical preliminaries and problem formulation. Section 3
presents convex optimization methodology, algorithm, and hyperparameter tuning. Sec-
tion 4 reports experimental findings with comparative analysis. Section 5 concludes with
insights and future directions.

2. Expansion of FCM from 1-Order to High-Order. The mathematical formulation
for the dynamic behaviors of first-order FCMs is presented in Equation (1).

m
At+1)=f (Z (w,;jAj(t))> (1)
j=1
In this equation, A;(t) denotes the activation level of the jth concept at time ¢, w;; €
[—1, 1] represents the weight coefficient for causal interaction from concept j to concept i,
m indicates the total number of concepts, and f is a nonlinear continuous non-increasing
activation function — commonly the sigmoid function (Equation (2)) [20].

f(x) = ﬁ (2)

Here, A serves as the steepness factor: higher values create steeper activation curves,
enhancing responsiveness to input changes.

High-order FCMs provide more accurate characterization of temporal behaviors in com-
plex dynamic systems. A key principle is that recent states exert greater influence than
earlier ones. The mathematical description is given in Equation (3).

Ai(t+1)

m m m
=f (at Z (w145 A45(t)) + -1y Z woijAj(t —1)) + -+ + g Z (wtijAj(l))> (3)

j=1 j=1 j=1
Here, wyyj, . . ., w—1)ij, Wy correspond to causal weights from the jth node to the ith node
at time steps t,t —1,..., 1. Once finalized, the FCM model performs successive iterations

for predictive functionality.

The decay coefficients ay, ay_1, . . ., a1 regulate historical state influence across different
time scales, following a decreasing sequence (ay > oy > -+ > 1) where recent states

have stronger impact on future state A;(t + 1) than distant ones, capturing temporal at-
tenuation in dynamic systems. This recency-biased weighting structure is well-motivated
by the established principle in time series analysis that the predictive relevance of histor-
ical observations diminishes as they recede in time [21]; exponential decay in particular
provides a parsimonious and mathematically tractable mechanism for implementing this
attenuation, as it assigns geometrically decreasing weights to progressively older states
while maintaining a non-zero contribution from the entire history.

The decay coefficient for the kth order is oy, = % %!, where k € {0,1,...,q — 1}
indexes historical states, o € (0,1) controls decay rate, and ¢ represents FCM order.
The exponential form a? *~! is motivated by the analogy with exponential smoothing
methods [22], where a single base parameter a governs the rate at which past influences are
attenuated: a smaller o enforces rapid forgetting of distant states, while « close to unity
allows long-range dependencies to persist. This assigns unity weight to the most recent
state and exponentially diminishing weights to earlier states, implementing recency-biased
memory for dynamic temporal dependencies.
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3. Proposed Method. This section presents a comprehensive elaboration on the new-
ly proposed approach designed for modeling and predicting large-scale, complex time
series data. A key innovation of the proposed methodology lies in the efficient and accu-
rate estimation of Fuzzy Cognitive Map (FCM) weight coefficients and hyperparameter
optimization. The implementation steps of this approach are systematically outlined in
Algorithm 1 below.

Algorithm 1 Learning weight matrices for high-order FCM via least squares

Require:
1: TFtype: activation function type; A > 0: activation parameter; a € (0,1): decay
parameter

2: m: FCM nodes; 8 = 0.0004: regularization parameter; {x;}}_;: time series data; ¢:
FCM order

Ensure:
3: W € R™*™: learned weight matrix for order k, k =1,...,¢q
4: Imitialization: Wy <~ 0™ for k =1,...,¢q

o

Data Preparation: Construct feature matrices H; from historical states at lag k
fork=1,...,q

6: Construct target matrix Y from future states
7: Optimization:
8: for each node 7 =1 to m do
9: Transform target: y; <— —In <ﬁ — 1)
10: Solve convex optimization problem With variables {wy;}{_;:
11: {min A Z ayHywi, — v +08 Z | Wi ll1
W}
12: Subject to. |Wjlloo <1 for k= 1 ..,q
13: Update wy; for all k =1,...,q using 1nterior—point solver
14: end for
15: return {W}i_, where Wy = [Wyy, ..., W)

Given that a g-order FCM is employed in this framework, the weight structure consists
of ¢ distinct matrices {Wy, Wy, ..., W, }, with each element constrained to the interval
[—1,1].

Consider a fuzzy time series dataset comprising ¢ training sequences, where each se-
quence contains n temporal observations. For the sth sequence, the state at time t is
denoted as Aj. The high-order FCM computes the next state through the sigmoid acti-
vation function as follows:

1

14+ G*A(atAfmﬁatf1Af71W2j+'"+at7q+1Affq+1ij)

(4)

where A > 0 controls the steepness of the sigmoid function, and wy; represents the jth
column of the weight matrix Wy.

The learning objective is to minimize the discrepancy between predicted states 41
and observed states across all sequences, nodes, and time steps. This yields the mean

squared error criterion:

I{t+1)5 =

c n—1

. “ . 2
man— 5
{W} m(n — q) sltq; (403~ Fer )) )
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To facilitate numerical optimization, we apply the inverse sigmoid transformation to
Equation (4), converting the nonlinear activation into a linear form:

1
A (OZtAfWU + Olt_lAf_1W2j + -4 at—q+1A§_q+1ij) =—1In 3 -1 (6)
He+1);

Since the coefficient ;.1 depends only on the lag position k rather than on the
absolute time ¢, we write a; = oy_p41 for brevity. Denoting the right-hand side as y; =
—In (1 / Ies1yj — 1) and consolidating observations across all sequences and time steps,
we obtain a compact matrix formulation:

q
A Z Oékaij = }N/'j (7)
k=1
where Hy aggregates the historical states at lag k£ from all training sequences.
Due to measurement noise and model approximation errors, Equation (7) generally
lacks an exact solution. Therefore, we reformulate the problem as a constrained least
squares optimization:

q
Azakaij -y
k=1 2
subject to |[wijlleo <1, k=1,2,...,¢

min

8
{wkj} ( )

The infinity-norm constraints ensure that all weights remain within [—1, 1], preserving
the interpretability of causal relationships in FCM.

For large-scale FCMs, sparse weight matrices confer substantial computational benefits.
To promote sparsity, we augment the objective function with L, regularization penalties
on each weight vector:

min
{wg;}

q
A Z Oékaij — }N’j
k=1

q
+5Z W1 (9)
2 k=1
subject to |[wyjlleo <1, k=1,2,...,q

where (3 is a regularization hyperparameter controlling sparsity level. The value 5 = 0.0004
was determined empirically on the training set, yielding a favorable balance between
sparsity promotion and prediction accuracy. As reported in [23], sensitivity experiments
across varying § € {0.0001,0.0002,0.0003,0.0004} show that RMSE fluctuations remain
below 2.3% in all tested configurations, and below 0.5% in over 85% of cases, confirming
that model performance is robust to small perturbations of 5. Therefore, we fix § = 0.0004
throughout all experiments.

Equation (9) constitutes a convex optimization problem combining L; and Ly norms.
We employ interior-point methods to solve this problem efficiently. The convexity guar-
antees global optimum convergence for each node-specific weight vector {wy;,..., wg;}.
By solving Equation (9) independently for all m nodes, we obtain the complete weight
matrices {Wy,..., W,} that fully parameterize the high-order FCM for fuzzy time series
forecasting.

4. Experiment. In this section, we conduct a comprehensive empirical study to val-
idate the proposed approach (i.e., TLPHF) through a dual-faceted evaluation strategy.
The first component examines the model’s predictive capabilities across synthetic datasets
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(both noise-free and noise-corrupted) as well as real-world temporal sequences. The sec-
ond component provides a systematic benchmarking analysis against established baseline
methods and contemporary algorithms to assess relative accuracy gains.

The convex optimization formulation presented in Equation (9) is solved using the
ECOS solver, which is seamlessly integrated within the Python ecosystem and provides
robust convergence guarantees for conic programs.

Our experimental evaluation uses ten real-world data sets spanning four canonical time
series categories: trend-dominant, seasonally-varying, stochastic, and hybrid patterns to
evaluate the effectiveness of the proposed method. The 10 data sets include the Soybean
Price, Yahoo Stock, Sunspots, Image Recognition Task Execution Times (Macl), Condi-
tion Monitoring of Hydraulic Systems (Cooling Efficiency), Appliances Energy Prediction
(Press), Appliances Energy Prediction (Power), Power Consumption of Tetouan City (Hu-
midity), Jena Climate (p), and Jena Climate (T},0t) time series. We benchmark the pro-
posed TLPHF against nine competing approaches, including classical methods (AR, MR,
ARIMA), neural networks (NARnet, LSTM), and FCM algorithms (TLSP-DE, QFCM,
NFCM, IT2FCM).

Following standard practice, we employ temporal split validation with 85% training and
15% testing partitions. All experiments are conducted on uniform hardware (HP ProBook
440 G7, Intel Core i7-10510U, 8GB RAM) for fair comparison. Model performance is
evaluated using Root Mean Square Error (RMSE) as defined in Equation (10), where
lower values indicate superior forecasting accuracy.

RMSE — % Z (20 — &) (10)

t=1

Among it, r is the prediction step, that is, the prediction level, x; and Z; represent the
actual observed value and predicted value at time ¢, respectively.

4.1. Synthetic data. To validate the proposed high-order FCM learning algorithm, we
first generate synthetic data through pre-constructed simulated high-order FCMs. For a
simulated FCM with m nodes and order ¢, we randomly select target nodes according
to density level p = 0.3 and assign random weights in [—0.8,0.8] to connection edges.
We generate ¢ weight matrices {Wy, Wao,..., W, } with exponential decay coefficients
reflecting temporal decay characteristics. Dynamic stability is ensured by normalizing
each weight matrix Wy whenever its spectral radius p(Wy,) exceeds 0.9. This criterion is
grounded in the stability theory of FCM-based dynamical systems: a sufficient condition
for the iteration to converge to a unique fixed point is that the spectral radius of the
weight matrix is strictly less than one [24]. The threshold of 0.9, rather than the theoretical
boundary of 1.0, is deliberately adopted as a conservative safety margin. As demonstrated
in [25], FCM dynamics are susceptible to slow convergence or non-convergent behavior
(e.g., cyclic or chaotic patterns) when the spectral radius approaches unity; setting the
threshold at 0.9 provides sufficient distance from this near-critical region to ensure reliable
convergence throughout the synthetic data generation process.

We generate ¢ = 10 training sequences, each containing n temporal observations. Initial
states are created to base vectors from uniform distribution [0.3, 0.7], keeping values within
[0.1,0.9]. Given sigmoid steepness A = 1.0 and iterations k& = 100, the simulated FCM
performs iterative computation according to Equation (4), yielding ¢ response matrices
of size n x m where n =k + q.

Three systematic parameter scanning experiments evaluate algorithm performance: 1)
fixed m = 5, a = 0.5, scanning A € [1.0,4.5] with step 0.5; 2) fixed A = 1.0, a = 0.5,
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testing m € {5,7,8,12,15,20}; 3) fixed m = 5, A = 1.0, scanning 8 values in o € [0.20,
0.90].

For each configuration, we extract training samples using previous ¢ states as inputs and
next-moment state as target. Each node’s constrained convex optimization problem with
L, regularization (Equation (9)) is solved using SLSQP. Learned weights are multiplied by
decay coefficients and sparsified through adaptive thresholding (2% of maximum absolute
weight).

Model performance is evaluated using prediction error RMSE. Results are visualized
through tables and 3D surface plots showing model error variations with respect to steep-
ness factor A, node number m, and decay factor o versus FCM order.

Tables 1, 2, and 3 present the RMSE under different parameter configurations. Figure
1 illustrates the variation of RMSE performance under different parameter combinations.

It is worth noting that the key parameters (concept number m, steepness coefficient A,
and high-order decay factor «) are analyzed independently in the experiments; neverthe-
less, joint optimization of these parameters is expected to further refine their combinations
and improve prediction accuracy.

4.1.1. Influence of sigmoid steepness parameter A. According to Table 1, the steepness
parameter A significantly impacts learning accuracy for fixed network size (m = 5), decay
factor (v = 0.5). For low-order FCMs (Order=1), RMSE decreases from 1.36 x 10~! at
A=1.0to 3.8 x 1072 at A = 4.5, a 72% reduction. High-order systems (Order=70) show
similar trends with 78% improvement. At Order=100, RMSE converges to approximately
1.2 x 1073 across X values from 1.5 to 4.5, indicating reduced sensitivity to A variations in
higher-order systems. The reason for this is that larger A enhances the system’s nonlinear
expression capability for capturing complex dynamics.

TABLE 1. Impact of steepness parameter A\ and FCM order ¢ on model
performance with noise (m =5, a = 0.5)

A |Order=1|0Order=2|0rder=>5|Order=7|0rder=10|0rder=20|0Order=30|Order=40|Order=50|Order=70|Order=100
1.0| 1.36e-1 | 9.5e-2 3.7e-2 2.7e-2 1.7e-2 9.4e-3 6.9e-3 5.1e-3 6.6e-3 3.8e-3 1.3e-3
1.5] 1.10e-1 | 6.4e-2 2.4e-2 1.8e-2 1.1e-2 6.2¢-3 4.6e-3 3.5e-3 5.0e-3 2.6e-3 1.2e-3
2.0 8.7e-2 4.8e-2 1.8e-2 1.3e-2 8.4e-3 4.6e-3 3.5e-3 2.6e-3 3.6e-3 1.9e-3 1.2e-3
2.5 7.0e-2 3.8e-2 1.5e-2 1.1e-2 6.7¢-3 3.7e-3 2.7e-3 2.0e-3 2.8¢e-3 1.6e-3 1.2e-3
3.0/ 5.8e-2 3.1e-2 1.2e-2 8.8e-3 5.5e-3 3.1e-3 2.3e-3 1.7e-3 2.3e-3 1.3e-3 1.2e-3
3.5 4.9e-2 2.7e-2 1.0e-2 7.5e-3 4.7e-3 2.6e-3 1.9e-3 1.4e-3 1.9e-3 1.1e-3 1.2e-3
4.0 4.3e-2 2.3e-2 8.9¢-3 6.5¢-3 4.1e-3 2.3e-3 1.7e-3 1.2e-3 1.6e-3 9.6¢-4 1.2¢e-3
4.5 3.8e-2 2.1e-2 7.9¢-3 5.8e-3 3.6e-3 2.0e-3 1.5e-3 1.1e-3 1.4e-3 8.4e-4 1.2e-3

4.1.2. Influence of network size m. Table 2 shows network size impact under fixed con-
ditions (A = 1.0, @ = 0.5). Increasing nodes from 5 to 20 reduces RMSE by 71% for
Order=1 and 60% for Order=70, achieving minimum RMSE of 3.98 x 10~* at Order=100
with m = 20. The reason for this is that increasing nodes improves state representation

TABLE 2. Impact of network size m and FCM order ¢ on model perfor-
mance with noise (A = 1.0, a = 0.5)

N(;s% Order=1|0Order=2|0Order=>5|0rder=7|Order=10|0Order=20|Order=30|Order=40|Order=50|Order=70|Order=100
5 4.43e-2 | 3.21e-2 | 2.73e-2 | 1.97e-2 | 1.50e-2 | 8.89e-3 | 5.33e-3 | 3.76e-3 | 3.28¢-3 | 1.50e-3 1.39e-3
7 3.94e-2 | 2.86e-2 | 2.07e-2 | 1.61e-2 | 1.34e-2 | 7.42e-3 | 4.26e-3 | 3.00e-3 | 2.20e-3 | 1.76e-3 1.10e-3
8 3.29e-2 | 2.36e-2 | 1.85e-2 | 1.40e-2 | 1.23e-2 | 6.15e-3 | 3.80e-3 | 2.53e-3 | 2.10e-3 | 1.48e-3 1.03e-3
12 2.15e-2 | 2.01e-2 | 1.10e-2 | 1.03e-2 | 7.99e-3 | 3.95e-3 | 2.54e-3 | 1.88e-3 | 1.42e-3 | 9.70e-4 6.75e-4
15 1.81e-2 | 1.42e-2 | 9.50e-3 | 7.99¢-3 | 6.16e-3 | 3.10e-3 | 1.92e-3 | 1.44e-3 | 1.14e-3 | 7.90e-4 5.51e-4
20 1.30e-2 | 1.01e-2 | 7.03e-3 | 6.48¢-3 | 4.67e-3 | 2.43e-3 | 1.43e-3 | 1.05e-3 | 8.12e-4 | 5.95e-4 3.98e-4
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capacity and parallel information processing. However, computational cost increases sig-
nificantly.

4.1.3. Influence of temporal decay factor a. The decay factor a exhibits complex rela-
tionships with learning accuracy (Table 3). For fixed parameters (m = 5, A = 1.0), low
orders show minimal « sensitivity, while high orders demonstrate significant impact. At
Order=50, RMSE varies from 2.06 x 107% (a = 0.20) to 1.68 x 1072 (o = 0.90). Sm-
aller decay factors consistently yield superior performance in high-order systems, with
a = 0.20 achieving minimum RMSE across most orders. The reason for this is that small-
er o optimizes historical information weighting and reduces noise accumulation, especially
beneficial for high-order systems.

TABLE 3. Impact of decay factor « and FCM order ¢ on model performance
with noise (m =5, A = 1.0)

« |Order=1|Order=2|0Order=>5|0Order="7|Order=10|Order=20|Order=30|Order=40|Order=50|Order=70|Order=100
0.20| 1.40e-1 | 6.97e-2 | 1.46e-2 | 1.07e-2 | 6.81e-3 | 2.89e-3 | 2.49e-3 | 2.02¢e-3 | 2.06e-3 | 1.37e-3 8.21e-4
0.30| 1.40e-1 | 7.52e-2 | 1.72e-2 | 1.22e-2 | 7.84e-3 | 3.34e-3 | 2.89e-3 | 2.36e-3 | 2.72¢-3 | 1.59e-3 8.28¢e-4
0.40| 1.40e-1 | 8.07e-2 | 2.07e-2 | 1.43e-2 | 9.22e-3 3.94e-3 3.32e-3 2.82e-3 2.90e-3 1.88e-3 8.42e-4
0.50| 1.40e-1 | 8.62e-2 | 2.50e-2 | 1.72e-2 | 1.12e-2 | 4.80e-3 | 4.02e-3 | 3.48e-3 | 3.76e-3 | 2.26e-3 8.63e-4
0.60| 1.40e-1 | 9.17e-2 | 3.06e-2 | 2.13e-2 | 1.42e-2 | 6.12e-3 | 5.05e-3 | 4.49e-3 | 4.70e-3 | 2.82e-3 8.93e-4
0.70| 1.40e-1 | 9.72e-2 | 3.78e-2 | 2.72¢-2 | 1.90e-2 8.43e-3 6.81e-3 6.21e-3 5.61e-3 3.74e-3 9.51e-4
0.80| 1.40e-1 | 1.03¢-1 | 4.68¢-2 | 3.58¢-2 | 2.69¢-2 | 1.32¢-2 | 1.03e-2 | 9.58e-3 | 9.42¢-3 | 5.55¢-3 1.10e-3
0.90| 1.40e-1 | 1.08¢-1 | 5.81e-2 | 4.82¢-2 | 4.03e-2 | 2.52¢-2 | 2.08¢-2 | 1.97e-2 | 1.68¢-2 | 1.03e-1 1.55e-3

Decay Factor vs Order vs RMSE . Lambda vs Order vs RMSE
Min: a=0.2, q=100, RMSE=0.0008 Min: A=4.5, q=70, RMSE=0.0008

0.10
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s“eyq ot
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FiGure 1. Plots of RMSE trend for parameters as FCM order increasing
for synthetic data

4.1.4. Optimal parameter configuration. The optimal configuration for minimum RMSE
is m = 20, A = 4.5, @ = 0.20, and ¢ = 70-100, achieving RMSE below 6.0 x 10~*. For
practical applications balancing accuracy and efficiency, we recommend m = 8, A = 3.0-
4.0, a = 0.30-0.40, and ¢ = 30-50, providing RMSE of 2.0-3.0 x 1072 with learning time
under 1000 seconds.
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4.2. Synthetic noisy data. To emulate measurement errors, additive Gaussian noise
(0 = 0.02) is applied to synthetic data, creating noise-corrupted response matrices. Ex-
perimental results are also visualized through tables and 3D surface plots showing model
error variations with respect to A\, m, and « versus FCM order. The parameter impacts
are similar to noise-free synthetic data.

Figure 2 illustrates RMSE performance under different parameter combinations. The
optimal configuration for minimum RMSE is m = 20, A = 1.0, a = 0.5, and ¢ = 70,
achieving RMSE of 6.0 x 1074

Decay Factor vs Order vs RMSE Lambda vs Order vs RMSE
Min: @=0.6, q=100, RMSE=0.0010 Min: A=1.5, q=100, RMSE=0.1172
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0.20

RMSE RMSE 018
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0.16

0.14

Nodes Number vs Order vs RMSE
Min: m=10, =100, RMSE=0.1383 Nodes m

0.26
0.24

0.22

022
RMSE

RMSE
RMSE
RMSE

0.20

0.18

0.16

,,,,,

100 107 10
Order q Orderq Orderq

FiGURrE 2. Plots of RMSE trend for parameters as FCM order increasing
for synthetic data with noise

For lambda effects, increasing A from 1.0 to 4.5 consistently reduces RMSE across
all orders: 76% improvement at Order=1 and 67% at Order=70. At Order=100, RMSE
converges to 1.0 x 1073 regardless of A, indicating diminished sensitivity in extremely
high-order systems.

Network size significantly impacts accuracy: expanding from m = 5 to 20 nodes yields
14% RMSE reduction at Order=1 and 67% at Order=70, achieving minimum error of
8.4 x 107* at m = 20, Order=50. However, computational cost increases.

The decay factor exhibits order-dependent behavior, with smaller values (o = 0.20-
0.40) consistently outperforming larger values in high-order systems. At Order=50, RMSE
varies 2.9-fold from 7.6 x 1073 (o = 0.20) to 2.2x 1072 (a = 0.90), while low-order systems
show minimal « sensitivity. This amplifies at Order=70 with 8.3-fold variation, though
Order=100 converges to 9.9 x 10~* across all o values.
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4.3. Real data. Since parameter scanning results across all 10 datasets exhibit consistent
trends, the Yahoo Finance stock dataset — being highly stochastic and volatile — is se-
lected as a representative example for detailed parameter analysis to further demonstrate
the prediction accuracy of high-order FCM, as it poses greater predictive challenges and
more effectively illustrates the sensitivity and robustness of the proposed method under
varying parameter configurations. A comprehensive parameter scanning approach covers
order values from 1 to 100, with A € [1.0,4.5], nodes num € [3,20], and decay _factor
€ [0.20,1.00). Figure 3 illustrates RMSE performance under different parameter combi-
nations. Results show maximum RMSE of 0.2354 at Order=1 and minimum RMSE of
0.1172 at A = 1.5, Order=100.

Lambda vs Order vs RMSE Nodes Number vs Order vs RMSE
Min: A=1.5, q=100, RMSE=0.1172 Min: m=10, q=100, RMSE=0.1383
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Decay Factor vs Order vs RMSE
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RMSE
RMSE

RMSE 018

RMSE

100 100 100 10 10
Order q Order q Order g

Ficure 3. Plots of RMSE trend for parameters as FCM order increasing
for real data

Five key trends emerge: 1) RMSE generally decreases with increasing FCM order across
all parameters; 2) A parameter exhibits moderate impact on RMSE: low-order FCMs show
minimal A sensitivity, while A = 1.5 achieves optimal performance (RMSE = 0.1172) for
high-order systems; 3) m = 3 provides optimal efficiency, achieving RMSE = 0.1398 at
Order=>50, while higher node numbers increase costs. Increasing model order is more
computationally efficient than increasing nodes, offering lower cost and faster computa-
tion; 4) Moderate « values (0.33-0.60) generally yield better performance; 5) Among all
examined parameters, variations in FCM order exhibit the most pronounced impact on
RMSE performance.
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The recommended balanced configuration is A = 1.5, m = 3, a = 0.33, and Order=50,
achieving RMSE = 0.1386, representing excellent accuracy-efficiency trade-off for real-
time applications.

4.4. Comparison with other methods. Table 4 evaluates TLPHF against nine com-
peting approaches across ten real-world datasets. TLPHEF consistently delivers competitive
performance across diverse domains, achieving average accuracy enhancement of approxi-
mately 63% over traditional methods (AR, MA, ARIMA, NARnet, LSTM) and 27% over
advanced FCM-based approaches (TLSP-DE, QFCM, NFCM, IT2FCM).

TABLE 4. Experimental results obtained by TLPHF, AR, MA, ARIMA,
NARnet, LSTM, TLSP-DE, QFCM, NFCM and IT2FCM

(T?;;a/;‘jst) TLPHF| AR | MA |ARIMA NARnet/LSTM|TLSP-DE|QFCM|NFCM|IT2FCM
S%’Z;}gﬁg)ce 14.32 | 67.14 | 66.68 | 67.997 | 58.81 |66.96 | 42.75 |38.49 | 28.34 | 33.25
\ﬁggg /Sig;k 012 |1.599| 1.568 | 1.896 | 1.455 |1.449| 1.331 | 0.605 | 0.768 | 1.361
(3;1;75}’40;;) 7.11 [15.39|14.51| 16.08 | 9.998 | 9.84 | 7.57 | 853 | 6.47 | 7.26

Image Recognition
Task Execution
Times (Macl)
(850/150)
Hydraulic Systems
Cooling Efficiency | 0.13 [0.256 |0.239| 0.285 | 0.195 |0.176| 0.136 | 0.117 | 0.196 | 0.120
(1874/331)
Appliances Energy
Prediction (Press) | 0.009 |0.042]0.039| 0.046 | 0.026 |0.018| 0.013 | 0.015 | 0.014 | 0.012
(16775/2960)
Appliances Energy
Prediction (Power) | 85.6 [262.08|224.29| 269.35 | 184.56 {101.08| 86.34 | 79.93 [107.66| 86.18
(16775/2960)
Power Consumption
of Tetouan City
(Humidity)
(44553/7862)
Jena Climate (p)
(60473/10672)
Jena Climate (T}o0t)
(2797/493)

0.0027 ]0.0052|0.0049| 0.0068 | 0.0036 |0.0035| 0.0029 |0.0029]0.0027| 0.0029

049 |1.540|1.489| 1.605 | 1.013 |0.808 | 0.598 | 0.586 | 0.576 | 0.551

0.28 10.847]0.790| 0.934 | 0.678 |0.331| 0.321 | 0.337 | 0.301 | 0.299

0.09 |0.313|0.326| 0.306 | 0.288 |0.176| 0.176 | 0.104 | 0.150 | 0.115

Performance differences reflect fundamental approach characteristics. Traditional lin-
ear models offer computational efficiency and interpretability but struggle with nonlinear
dynamics in complex datasets. Advanced approaches better model nonlinear patterns,
yielding improved outcomes. However, these approaches typically use metaheuristic op-
timization for parameter learning, potentially converging to local optima. In contrast,
TLPHEF’s convex optimization guarantees global optimum convergence, explaining its su-
perior performance versus other FCM variants and consistently higher prediction accuracy.

5. Conclusion. This paper proposes a high-order FCM-based prediction method for
large-scale complex time series using constrained convex optimization for weight learning.
This approach overcomes traditional FCM limitations in capturing long-term dependen-
cies while addressing computational costs, scalability issues, and noise sensitivity of exist-
ing swarm intelligence methods. The experimental framework covers synthetic data, noisy
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data, and ten public benchmark datasets across four time series types: trend, seasonal,
random, and composite. The procedure includes 1) data normalization; 2) FCM weight
computation via constrained convex optimization; 3) model prediction; and 4) compara-
tive validation. Results demonstrate 63% improvement over traditional methods and 27%
over state-of-the-art methods, with superior computational efficiency across different FCM
scales and noisy scenarios. The study analyzes key parameter impacts (concept number
m, steepness coefficient A\, and high-order decay factor ) but treats parameters indepen-
dently without joint optimization. Future work will develop automated hyperparameter
tuning mechanisms (Bayesian optimization), adaptive parameter selection strategies, and
extensions to multivariate and streaming data scenarios to enhance prediction accuracy
and practicality.
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